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Preface 


The principal goal of this edition essentially is the same as that of the first edition, that is, to provide 
the reader with a thorough knowledge of mathematical modeling and analysis of dynamic systems. 
MATLAB®, Simulink®, and Simscape™ are introduced at the outset and are utilized throughout the 
book to perform symbolic, graphical, numerical, and simulation tasks. The textbook, written at the 
junior level, meticulously covers techniques for modeling dynamic systems, methods of response 
analysis, and an introduction to vibration and control systems. 

The book comprises 10 chapters and two appendices. Chapter 1 methodically introduces 
MATLAB, Simulink, and Simscape to the reader. The essential mathematical background is covered 
in Chapter 2 (complex analysis, differential equations, and Laplace transformation) and Chapter 3 
(matrix analysis). Different forms of system model representation (state-space form, transfer func¬ 
tion, input-output equation, block diagram, etc.), as well as linearization, are discussed in Chapter 4. 
Each topic is also handled using MATLAB. Block diagrams are constructed and analyzed by using 
Simulink. 

Chapter 5 treats translational, rotational, and mixed mechanical systems. The free-body diagram 
approach is greatly emphasized in the derivation of the systems’ equations of motion. Electrical and 
electromechanical systems are covered in Chapter 6. Also included are operational amplifiers and 
impedance methods. Chapter 7 discusses pneumatic, liquid-level, and thermal systems. Modeling 
and analysis of dynamic systems ranging from mechanical to thermal using Simulink and Simscape 
are fully integrated in Chapters 5 through 7. 

Chapter 8 deals with time-domain and frequency-domain analysis of dynamic systems. Time- 
domain analysis entails transient response of first-, second-, and higher-order systems. The sinu¬ 
soidal transfer function (frequency response function) is introduced and utilized in obtaining the 
system’s frequency response, as well as the Bode diagram. Analytical solution of the state equation 
is also included in this chapter. MATLAB and Simulink play significant roles in determining and 
simulating system response, and are used throughout the chapter. 

Chapter 9 presents an introduction to vibrations and includes free and forced vibrations of single 
and multiple-degrees-of-freedom systems, vibration suppression including vibration isolators and 
absorbers, modal analysis, and vibration testing. Also included are some applications of vibrations: 
logarithmic decrement for experimental determination of the damping ratio, rotating unbalance, 
and harmonic base excitation. 

Chapter 10 gives an introduction to control systems analysis and design in the time and frequency 
domains. Basic concepts and terminology are presented first, followed by stability analysis, types of 
control, root-locus analysis. Bode plot, and full-state feedback. All these analytical techniques are 
implemented using MATLAB, Simulink, and Simscape. 

APPENDICES 

Appendix A gives a summary of systems of units and conversion tables. Appendix B contains use¬ 
ful formulas such as trigonometric identities and integrals. 

EXAMPLES AND EXERCISES 

Each covered topic is followed by at least one example for a better comprehension of the sub¬ 
ject matter at hand. More complex topics will be accompanied by multiple, painstakingly worked- 
out examples. Each section of each chapter is followed by several exercises so that the reader can 
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immediately apply the ideas just learned. End-of-chapter review exercises help in learning how a 
combination of different ideas can be used to analyze a problem. 

CHAPTER SUMMARIES 

Chapter summaries provide succinct reviews of the key aspects of each chapter. 

INSTRUCTOR'S SOLUTIONS MANUAL 

A solutions manual, featuring complete solution details of all exercises, is prepared by the authors 
and will be available to instructors adopting the book. 

NEW TO THIS EDITION 

The main new features of this edition revolve around its full integration of the MATLAB Simscape 
Toolbox, as well as the usage of Simulink for new purposes. In particular, 

1. Modeling and analysis of dynamic systems ranging from mechanical to thermal using 
Simscape is fully covered in Chapters 5 through 7. 

2. Simulink is utilized for linearization, as well as simulation of nonlinear dynamic systems. 

3. Integration of Simscape into Simulink for control system analysis and design gives the 
reader better insight into the involvement of actual physical components rather than their 
mathematical representations. 


Ramin S. Esfandiari, PhD 
Bei Lu, PhD 

MATLAB® is a registered trademark of The MathWorks, Inc. For product information, please 
contact: 

The MathWorks, Inc. 

3 Apple Hill Drive 
Natick, MA 01760-2098 USA 
Tel: 508-647-7000 
Fax: 508-647-7001 
E-mail: info@mathworks.com 
Web: www.mathworks.com 
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Introduction to MATLAB®, 


Simulink®, and Simscape' 


i® 


This chapter introduces the fundamental features of MATLAB, Simulink, and Simscape that are 
important in modeling and analysis of dynamic systems. These include the descriptions and appli¬ 
cations of several commonly used built-in functions (commands) in MATLAB and the basics of 
building block diagrams for the purpose of simulation of dynamic systems using Simulink and 
Simscape. MATLAB, Simulink, and Simscape are fully integrated throughout the book, and the 
fundamental features and capabilities introduced in this chapter will play a crucial role in better 
understanding the more advanced applications in the subsequent chapters. 


1.1 MATLAB COMMAND WINDOW AND COMMAND PROMPT 

Once a MATLAB session is opened, commands can be entered at the MATLAB command prompt 



"»" (Figure 1.1). For example. 


can be calculated as 


>> sqrt(sin(3*pi/4)) 

0.8409 

The outcome of a calculation can be stored under a variable name, and suppressed by using a 
semicolon at the end of the statement: 

>> s = sqrt(sin(3*pi/4)); 

Commands such as sqrt (square root) and sin (sine of an angle in radians) are built-in func¬ 
tions in MATLAB. Each of these functions is accompanied by a brief but sufficient description 
through the help command. 

>> help sqrt 
SQRT Square root. 

SQRT(X) is the square root of the elements of X. Complex 
results are produced if X is not positive. 

See also sqrtm, realsqrt, hypot. 

Overloaded methods: 
sym/sqrt 

Reference page in Help browser 


doc sqrt 


Other elementary functions—assuming the variable name is “a”—include abs(a) for |«|, 
log (a) for lna, loglO (a) for log 10 (a), exp (a) for e“, and many more. Descriptions of these func¬ 
tions are available through the help command. 


1 
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FIGURE 1.1 Screen capture of a MATLAB session. 

1.2 USER-DEFINED FUNCTIONS AND SCRIPT FILES 

User-defined M file functions and scripts may be created, saved, and edited in MATLAB using the 
edit command. For example, suppose we want to create a function (say, Cone) that returns the 
surface area and volume of a cone with specified base radius and height. The function can be saved 
in a folder on the MATLAB path or in the current directory. The current directory can be viewed 
or changed using the drop-down menu at the top of the MATLAB Command Window. Once the 
current directory has been properly selected, type: 

>> edit Cone 

This will open a new window in which the function is constructed by typing the following code: 

function [S V] = Cone(r,h) 

% 

% Cone calculates the surface area and volume of a cone with base 
% radius r and height h. 

S = pi*r*sqrt(h^2+r^2) + pi*r^2; 

V = (1/3)*pi*r^2*h; 

To execute this successfully, the current directory must be where the function was saved. Also, 
the two input arguments (r, h) must be supplied. For example, for a cone with a base radius of 
0.25 m and a height of 0.5 m, we find: 

» [S V] = Cone(0.25,0.5) 

S = 

0.6354 % square meters 

V = 

0.0327 % cubic meters 
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1.2.1 Creating a Script File 

A script file is composed of a list of commands as if they were typed at the command line. Script 
files can be created in the MATLAB Editor, and saved as an M file. For example, typing 

>> edit My_script_file 

opens the Editor Window, where the script can be created and saved under the name My_script_ 
file. It is recommended that a script start with the functions clear and clc. The first one clears 
all the previously generated variables, and the second one clears the Command Window. Suppose 
we type the following lines in the Editor Window: 

clear 

clc 

x = 1; N = 10; 

Q = sin (x) '“'2*N; 

While in the Editor Window, select “Run My_script_file.m” under the Debug pull-down menu. 
This will execute the lines in the script file and return the Command Prompt. Simply type Q at the 
prompt to see the result. 

>> My_script_file 
» Q 
Q = 

7.0807 

This can also be done by highlighting the contents and selecting “Evaluate Selection.” An obvi¬ 
ous advantage of creating a script file is that it allows us to simply make changes to the contents 
without having to retype all the commands. 


1.3 DEFINING AND EVALUATING FUNCTIONS 

The built-in function inline is ideal for defining and evaluating functions of one or more vari¬ 
ables. For instance, consider h(t) = t 2 , which is a function of a single variable t and hence must be 
defined as such: 

>> h = inline( 1 t A 2 1 , 1 1 1 ) 
h = 

Inline function: 
h(t) = t a 2 

For the case of one independent variable, as above, dependence on t may simply be omitted: 

>> h = inline( 1 t A 2 1 ); 

For functions of two or more independent variables, for example, g = ysinx, the desired order of 
the variables must be specified. Otherwise, MATLAB will list them in alphabetical order. 

» 9 = inline(’y*sin(x)') 

g = 

Inline function: 
g(x,y) = y*sin(x) 


Modeling and Analysis of Dynamic Systems 


If g(y,x) is desired, then 

» g = inline('y*sin(x) 1 ,'y','x') 

9 = 

Inline function: 
g(y,x) = y*sin(x) 

To evaluate g(y,x) when x = %/3 and y= 1.1, 

» g(1.1,pi/3) 

0.9526 

Another way to define and evaluate a function is as follows. Let g = ysinx as before. Then, func¬ 
tion g is defined symbolically in one of two ways: 

» g = 'y*sin(x)' 

g = 

y*sin(x) 
or 


>> g = sym('y*sin(x) ' ) 

g = 

y*sin(x) 

The evaluation of a function can be achieved by using the subs command: 

>> help subs 

Utilities for obsolete MUTOOLS commands. 
subs is both a directory and a function. 

SUBS Symbolic substitution. 

SUBS(S) replaces all the variables in the symbolic expression S with 
values obtained from the calling function, or the MATLAB workspace. 
SUBS(S,NEW) replaces the free symbolic variable in S with NEW. 

SUBS(S,OLD,NEW) replaces OLD with NEW in the symbolic expression S. 

For instance, to evaluate g when x = ji/ 3 and y = 1.1 

» x = pi/3; y = 1.1; 

>> subs(g) 

0.9526 % Agrees with the earlier result 


1.4 ITERATIVE CALCULATIONS 


Iterations involve statements that are repeated a specific or indefinite number of times. For a specific 
number of repeated statements, the command for is used. As an example, to generate the sequence 
{i. I, g, ,' 6 , ij, we proceed as follows: 


» for n = 1:5, 
x (n) = 1/ (2 A 'n) ; 
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0.5000 0.2500 0.1250 0.0625 0.0313 

The situations entailing an indefinite number of repeated statements can be handled in several 
ways. One way is to use the command for in conjunction with the command if, as follows. The 
code below will generate the elements of the sequence x n = 1 In (n = 1, 2, 3, ...), terminating the 
process as soon as jx, — < 0.1 is met. 

>> x(l) = 1; % Define the first element 

>> for n = 2:20, % Maximum number of iterations is 20 

x (n) = 1/n; % Generate subsequent elements 

if abs(x(n) - x(n-l)) < 0.1, break; end % Terminating condition 
end 


1.0000 0.5000 0.3333 0.2500 

Note that not all 20 values of the index n were used here because the terminating condition was 
satisfied when n = 4. 

1.5 MATRICES AND VECTORS 

A matrix can be created by using brackets enclosing all elements of the matrix, rows separated by 
a semicolon. 

» A = [-1 1 2;2 0 -1;0 15] % 3-by-3 matrix A 

A = 

-112 
2 0-1 

0 15 

An entry can be accessed by using the row and column number of the location of that entry. 

>> A(3,2) % Entry at the intersection of the 3rd row and 2nd column 


An entire row or an entire column of a matrix is accessed via a colon operator. 

>> Row2 = A(2,:) % Second row of A and any column 

Row2 = 

2 0-1 

>> Col3 = A(:,3) % Third column of A and any row 

Col3 = 

2 


To replace an entire column of matrix A by a given vector v, we proceed as follows. 


[ - 4 ; 1; 2 ] 


% Define the given vector 


Modeling and Analysis of Dynamic Systems 


>> Anew = A; % Preallocate matrix Anew 

>> Anew(:,2) = v % Assign vector v to the second column of Anew 

Anew = 

-1 -4 2 

2 1-1 

0 2 5 % Same as A except for the 2nd column, which is v 

The m x n zero matrix is created by using zeros (m,n); for instance, the 2 x 3 zero matrix: 

>> A = zeros(2,3) 

A = 

0 0 0 

0 0 0 

This is a common way of preallocating memory for a matrix. Now, any entry can be altered 
whereas others remain unchanged. 

» A(2,2) = -1; A(1,3) = 2; 

>> A 

A = 

0 0 2 
0-10 

Suppose we wish to construct a 4 x 4 matrix whose diagonal elements are all -l’s, entries directly 
above the diagonal are 2’s, entries directly below are -2’s, and all other entries are zeros. This can 
be achieved by using flow control commands if, elseif, and for. 

>> for m = 1:4, 
for n = 1:4, 
if m == n, 

A(m,n) = -1; 

elseif m-n == 1 

A(m,n) = -2; 

elseif n-m == 1 

A(m,n) = 2; 

end 

end 

end 

>> A 

A = 

-12 0 0 
-2-12 0 
0 - 2-1 2 
0 0 - 2-1 

1.6 DIFFERENTIATION AND INTEGRATION 

Differentiation of a function with respect to an independent variable is done through the "dif f" 
command. Suppose x = t 1 - sinf and we are interested in dx/dt. We first need to define the function 
symbolically. As mentioned in Section 1.3, this can be done in one of two ways: 

>> x = sym( 1 t A 2-sin(t)'); 
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or 


» x = 1 t*2-sin(t)'; 

Then, dxldt is calculated as 

>> dxdt = diff(x) 
dxdt = 

2*t-cos(t) 

To evaluate dxdt when t = 1, we use the subs command as before. 

>> eval(subs(dxdt, 1 1 1 )) 

1.4597 

The second derivative d 2 xldt 2 can be obtained as 

» diff(x,2) 

2+sin(t) 

Now consider a function of two variables, say, g = t 2 + asin.y 2 , where a = const. The partial deriva¬ 
tives of g with respect to its independent variables t and s are found as follows: 

>> syms a % Define variable a symbolically 
>> g = 1 t A 2+a*sin(s^2) 1 ; % Define function g 

>> diff(g,'t') % Differentiate with respect to t 

2*t 

>> diff(g,’s') % Differentiate with respect to s 

2*a*cos (s a 2)*s 

Definite (and indefinite) integrals are calculated in MATLAB via the "int" command. 

INT Integrate. 

INT(S) is the indefinite integral of S with respect to its symbolic 
variable as defined by FINDSYM. S is a SYM (matrix or scalar). 

If S is a constant, the integral is with respect to 'x'. 

INT(S,v) is the indefinite integral of S with respect to v. v is a 
scalar SYM. 

INT(S,a,b) is the definite integral of S with respect to its 
symbolic variable from a to b. a and b are each double or 
symbolic scalars. 

INT(S,v,a,b) is the definite integral of S with respect to v 
from a to b. 


The definite integral J (a + 21) dt, where a = const, is evaluated as 

>> syms a t 
» int(a+2*t,t,0,1) 


a+1 
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1.7 PLOTTING IN MATLAB 
1.7.1 Plotting Data Points 

Plotting a vector of values versus another vector of values is done by using the plot command. 

>> help plot 
PLOT Linear plot. 

PLOT(X,Y) plots vector Y versus vector X. If X or Y is a matrix, 
then the vector is plotted versus the rows or columns of the matrix, 
whichever line up. If X is a scalar and Y is a vector, disconnected 
line objects are created and plotted as discrete points vertically at X. 

For instance, to plot y = e~ ,n sin t versus t e [0, \ it] using 100 points, we proceed as follows: 


>> t = linspace(0,7*pi/2); % Generate 100 (default) equally spaced points 

>> y = exp(-t/2).*sin(t); % Evaluate the function at these points 

>> plot(t,y) % Generate Figure 1.2 
>> grid on % Add grid 

Because t is an array, we have used ".*" to allow for element-by-element multiplication. The 
plot command can also be used to generate multiple plots. For example, to plot x x = e~' /3 sin2f and 
x 2 = e~' /2 sin t versus 0 < t < 10, the code below may be executed. 

>> t = linspace(0,10) ; 

>> xl = exp(-t/3).*sin(2*t); x2 = exp(-t/2).*sin(t); 

>> plot(t,xl,t,x2) % Figure 1.3 

>> grid on 

The built-in command subplot is designed to create multiple figures in tiled positions. 

>> help subplot 

SUBPLOT Create axes in tiled positions. 

H = SUBPLOT(m,n,p), or SUBPLOT(mnp), breaks the Figure window into an 
m-by-n matrix of small axes, selects the p-th axes for the current 



FIGURE 1.2 Single plot. 
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sin(t)/exp(£/2) 



0123456789 10 


FIGURE 1.3 Multiple plots. 

plot, and returns the axis handle. The axes are counted along the top 
row of the Figure window, then the second row, etc. 


Let u(x, t ) = e -x sin(f + 3x) where 0 < x < 5. To plot u(x,t ) versus x for t = 0,1, 2, 3, we execute the 
following code: 


>> x = linspace(0,5); 

» t = 0:1:3; 

>> for i = 1:4, 
for j = 1:100, 

u (j , i) = exp (-x (j ) ) *sin (t (i) +3*x (j ) ) ,- 

end 

end 


» subplot(2,2,1), 
» title('t = O') 
>> subplot(2,2,2) , 
>> title('t = 1') 
» subplot(2,2,3) , 
>> title('t = 2 1 ) 
>> subplot(2,2,4), 
» title('t = 3 ') 


plot(x,u(:,1)), grid on 

plot(x,u(:,2)), grid on 

plot(x,u(:,3)), grid on 

plot(x,u(:,4)), grid on 
% Complete Figure 1.4 


% Initiate Figure 1.4 


1.7.2 Plotting Analytical Expressions 

An alternative method is to use the ezplot command, which plots the function without requiring 
data generation. 


>> y = exp(-t/2)*sin(t); 

>> ezplot(y,[0,7*pi/2]) % Also generates Figure 1.2 

Multiple plots can also be generated by using ezplot. Reconsidering an earlier example (which 
led to Figure 1.3), we plot the two functions = e~ ,/3 sin2f and x 2 = e~" 2 smt versus 0 < f < 10 as 
follows: 
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FIGURE 1.4 Subplot. 


» xl=exp(-t/3)*sin(2*t); 

» x2=exp(-t/2)*sin(t); 

>> ezplot(xl, [0,10]) % Initiate plot 

» hold on 

>> ezplot(x2,[0,10]) % Complete plot 

>> axis([0 10 -0.6 0.8]) % Set the limits to resemble Figure 1.3 

>> grid on 

Note that the limits for the horizontal and vertical axes have been reset so that the resulting graph 
matches that in Figure 1.3. 

1.8 SIMULINK 

Simulink is a powerful software package widely used in academia and industry for modeling, analy¬ 
sis, and simulation of dynamic systems. In the modeling phase, models are built as block diagrams 
(Section 4.5) using a graphical user interface (GUI). Once a model is built, it can be simulated with 
the aid of Simulink menus or by entering commands in MATLAB’s Command Window. One of the 
greatest advantages of Simulink is the fact that it allows for the analysis and simulation of the more 
realistic nonlinear models rather than the idealized linear ones. 


1.8.1 Block Library 

Typing Simulink at the MATLAB command prompt opens a new window labeled Simulink 
Library Browser (Figure 1.5), which includes a complete block library of sinks, sources, compo¬ 
nents, and connectors. Clicking on any of the categories reveals the list of blocks it contains. For 
instance, clicking on Commonly Used Blocks results in the window shown in Figure 1.6. 
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FIGURE 1.5 Simulink library. 



FIGURE 1.6 Commonly used blocks. 
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1.8.2 Building a New Model 

To create a new model, select Model from the New submenu of the Simulink library window’s File 
menu or simply press the New Model button on the Library Browser’s toolbar. This will open a 
new model window (Figure 1.7). Suppose we want to build a model that integrates a step signal and 
displays the result, along with the step signal itself. The block diagram of this model will resemble 
Figure 1.8. To create this model, we will need to copy (drag and drop) the following blocks into our 
new model: 

• The step signal (from Sources library) 

• The Integrator block (from Continuous library) 

• The Mux block (from Signal Routing library) 

• The Scope block (from Sinks library) 

This results in what is shown in Figure 1.9. Note that double-clicking on each block reveals more 
detailed properties for that block. The ">" symbol pointing out of a block is an output port. The 
symbol " >" pointing to a block is an input port. A signal travels through a connecting line out of an 
output port of a block and into an input port of another block. The port symbols disappear as soon 
as the blocks are connected. Let us now connect the blocks. First, connect the Step block to the top 



FIGURE 1.7 A new model window. 



Integrator 


FIGURE 1.8 New model. 
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FIGURE 1.9 Basic blocks involved in a 

mew model. 
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FIGURE 1.10 Connecting line. 
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FIGURE 1.11 Branch line. 


input port of the Mux block: place the pointer over the output port of the Step block and note that 
the cursor shape changes to crosshairs. Hold down the mouse button and move the cursor to the top 
input port of the Mux block, then release the mouse button. If the connecting line is not straight, 
simply drag the Step block up or down until the ports are lined up (Figure 1.10). The signal going 
from the Step block to the Mux block must also go through the integrator. This may be done using 
a branch line. Place the pointer on the connecting line between the Step and Mux blocks. Press and 
hold down the Ctrl key. Press the mouse button and drag the pointer to the Integrator block’s input 
port, then release the mouse button (this results in Figure 1.11). Finally, connect from the output port 
of the Integrator to the bottom input port of the Mux block, and draw a connecting line from the 
output port of the Mux to the input port of the Scope. The completed block diagram will look like 
the original in Figure 1.8. 

1.8.3 Simulation 

The simulation parameters can be set by choosing Configuration Parameters from the Simulation 
menu. Note that the default stop time is 10.0. Next, choose Start from the Simulation menu. 
Double-click on the Scope block and then choose the binocular option (auto scale) to see the step 
signal as well as its integral (Figure 1.12). Obviously, the simulation stops when the stop time of 10.0 
is reached. The simulation thus obtained cannot be copied and pasted into a document and is only 
for observation while in a MATLAB session. To gain access to the actual output data, the following 
needs be done. Select the Outl block from the Commonly Used Blocks library and copy it onto the 
existing model. Then, draw the appropriate branch line to obtain the completed diagram shown in 
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FIGURE 1.12 Simulation. 



FIGURE 1.13 Storing output data. 

Figure 1.13. Once again, run the simulation. As a result, the time vector is automatically saved in 
tout, whereas the output is saved in yout. Next, at the MATLAB command prompt, type 

>> plot(tout,yout) 

This yields Figure 1.14. Note that this is the same result as observed in the simulation. 

1.9 SIMSCAPE 

Simscape is a powerful software package that extends the Simuhnk product line with tools for model¬ 
ing and simulation of physical systems, such as those with mechanical, electrical, hydraulic, thermal, 
and pneumatic components. Unlike other Simuhnk blocks, which represent mathematical operations 
or operate on signals, Simscape blocks directly represent physical components or relationships. With 
Simscape blocks, a system model is built the same way a physical system is assembled. 

Simscape models use a Physical Network approach to model building: components (blocks) cor¬ 
responding to physical elements such as pumps, motors, and op-amps, are joined by lines corre¬ 
sponding to the physical connections that transmit power. This approach allows for the description 
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FIGURE 1.14 Output data. 

of the physical structure of a system rather than the causal mathematics. Simscape automatically 
constructs, from the model, equations that characterize the system behavior, which are in turn inte¬ 
grated with the rest of the Simulink model. Simscape functions and utilities support functionality 
common to other Simulink products that use physical connections between their blocks. Simscape 
serves as the platform product for these add-on products of the Physical Modeling family: 

• SimHydraulics®, for modeling and simulating hydraulic systems 

• SimDriveline™, for modeling and simulating power train systems 

• SimMechanics™, for modeling and simulating general mechanical systems 

• SimElectronics®, for modeling and simulating electromechanical and electronic systems 

• SimPowerSystems™, for modeling and simulating electrical power systems 

These products can be used together to model physical systems in the Simulink environment. 

1.9.1 Block Library 

The Simscape block library contains two top-level libraries: Foundation Library and Utilities. If 
any add-on Physical Modeling products have been installed, they will appear under the Simscape 
library. Type Simulink at the MATLAB command prompt and expand the Simscape entry 
in the contents tree (Figure 1.15). Each library can he expanded by double-clicking on its icon. 
Double-clicking on the Foundation Library icon and Utilities icon results in the menus displayed in 
Figures 1.16 and 1.17, respectively. 

1.9.2 Building a New Model and Simulation 

A physical model can be built by using a combination of blocks from the Simscape Foundation 
and Utilities libraries. Each Simscape diagram must contain a Solver Configuration block from the 
Simscape Utilities library (Figure 1.17). Regular Simulink blocks (such as sources or scopes) can 
be connected to the physical network diagram using connector blocks; the Simulink-PS Converter 
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FIGURE 1.15 Simscape libraries. 



FIGURE 1.16 Simscape Foundation library contents. 
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FIGURE 1.17 Simscape Utilities library contents. 

block is used to connect Simulink outports to Physical Signal inports; the PS-Simulink Converter 
block is used to connect Physical Signal outports to Simulink inports. Physical Signals, unlike 
Simulink signals, have units, which may be specified via the Simscape block dialogs. Input and 
output signal units can be specified through the converter blocks. 

Suppose we want to create a Simscape diagram equivalent to the simple RLC electrical circuit 
in Figure 1.18, which consists of a resistor, an inductor, and a capacitor, and is driven by an applied 
voltage. We can vary the model parameters, such as the resistance or the applied voltage, and view 
the subsequent changes to the electric current. 

To create a new model, select Model from the New submenu of the Simulink library window’s 
File menu. This will open a new Model Editor Window. Open the Simscape > Foundation Library > 
Electrical > Electrical Elements library. Drag the Capacitor, Resistor, Inductor, and (one) Electrical 
Reference blocks into the model window. The representation of the applied voltage can be added 
by opening the Simscape > Foundation Library > Electrical > Electrical Sources library and add¬ 
ing the Controlled Voltage Source to the diagram. The current sensor can be added by opening the 
Simscape > Foundation Library > Electrical > Electrical Sensors library. Note that the current sen¬ 
sor must be connected with the electrical elements in series. The Solver Configuration block, and 


R 



FIGURE 1.18 An RLC circuit. 
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FIGURE 1.19 Simscape model for an RLC circuit. 

the PS-Simulink and Simulink-PS converters are found in the Simscape Utilities library. For simulation 
purposes, a Signal Builder block from the Sources menu of Simulink is added to the model. This block 
will be used to define the input signal. The corresponding output—the outcome of simulation—will be 
stored in the Scope block. However, as explained in Section 1.8, the simulation thus obtained cannot be 
copied and pasted into a document and is only for observation while in a MATLAB session. To have 
access to the actual output data, the Outl block from the Commonly Used Blocks library must be added 
to the existing model. The completed new model is shown in Figure 1.19. 

1.9.3 Simulation 

Suppose the input is a unit pulse between t = 1 and t = 2. The parameter values are assumed to 
be R = 1 £2, L = 1 H, and C = 0.2°F. Select a Simulink solver. On the top menu bar of the model 



Whm, i i n ii i 


FIGURE 1.20 Simulation of the RLC circuit. 
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FIGURE 1.21 Output of the simulation of the RLC circuit. 


window, select Simulation > Configuration Parameters. The Configuration Parameters dialog box 
opens. Under Solver options, set Solver to odel5s (Stiff/NDF), which is recommended for solv¬ 
ing stiff differential equations, and set max step size to 0.2. Choose Start from the Simulation 
menu. Double-click on the Scope block and then choose the binocular option (auto scale) to see 
the output (Figure 1.20). Typing plot(tout,yout) at the MATLAB command prompt yields 
Figure 1.21. 

REVIEW PROBLEMS 

1. Write a user-defined function with function call C = temp_conv(F) that converts the 
temperature from Fahrenheit (F) to Celsius (C). Execute the function for the case of 
F = 86. 

2. Write a user-defined function with function call [P A] =circ(r) that computes the 
perimeter (P) and area (A) of a circle of radius (r). Execute the function to calculate the 
perimeter and area of a circle with radius r = 1.70. 

3. Write a user-defined function with function call val = evalf (f,a,b) where f is an inline 
function, and a and b are constants such that a < b. The function calculates the midpoint m 
of the interval [a, b\ and returns the value of \ f(a ) + y /(m) + \ f(b). Execute the function 
for fix) = e~ x cos2x, a = -l,b = 3. 

4. Write a user-defined function with function call Q = laplace_eval (f, a,b) where f is 
a function defined symbolically, and a and b are constants. The function calculates^ +f yy , 
and evaluates the result at x = a, y = b. Execute the function for/= x 2 cosy - 1/y, a = 0,b= 1. 

5. Write a user-defined function with function call P = partial _eval (f ,g, a) where f and 
g are functions defined symbolically, and a is a constant. The function returns the value of 
f'+g' at x = a. Execute the function for/= x 2 + e~ xn , g = cosx, and a = 0.65. 

6. Write a user-defined function with function call m = mid_point(a,b,e) where a and b 
are constants, and e is a tolerance. The function calculates the midpoint of [a, fe], called 
m u then the midpoint of [a, m,], called m 2 , then the midpoint of [a, m 2 ], called m 3 , and so 
on. The process terminates when \m k - m k _ x < e is met. Allow a maximum of 20 iterations. 
The function output will be the sequence of generated midpoints m u m 2 , .... Execute the 
function for the case of a = 1, b = 8, and e = 10 -2 (in MATLAB, written as le-2). 
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7. Plot J e x ~' sin (3 x)dx versus 0.1 < f < 7. 

8. Plot J (x + t) 2 e~ (2, ~ x) dx versus -0.5 < t < 1. 

9. Evaluate J S ' nA dx. 

10. Differentiate h(x) = 3* -2 sinx - e 3-2 * with respect to x, and evaluate at x = 0.75. 

11. Write a script file that uses any combination of the flow control commands to generate 


A = 


0 

-1 

0 

0 

0 


-1 

0 


0 0 
0 0 
3 0 
0 3 
5 0 
0 6 


12. Write a script file that uses any combination of the flow control commands to generate 


4 1 -3 2 0 0 
0 4 -1 3 2 0 
0 0 4 1 -3 2 
0 0 0 4 -1 3 
0 0 0 0 4 1 
0 0 0 0 0 4 


13. Plot the two functions x x (f) = ,n sin(~f) and x 2 (t) = te~' versus 0 < f < 10 in the same 
graph. Adjust the limits of the vertical axis to -0.1 and 0.4. Add grid and label. 

14. Plot the three functions y l2r3 (t) = e~ al2 cos^ t), corresponding to a = 1, 1.5, 2, versus 0 < t 
< 10 in the same graph. Adjust the limits of the vertical axis to -0.8 and 0.8. Add grid and 
label. 

15. Plot w(x,t) = sin^ rtx)cos('f nt) versus 0 < x < 4 for t = 0.1, 0.5, 1,1.5 in a 2x2 tile and add 
title. 

16. Plot u(x, f) = (1 - sinx)e _( ' +l) versus 0 < x < 5 for t = 1,2 in a 1 x 2 tile. Add grid and title. 

17. Create the Simulink model shown in Figure 1.22. Double-clicking on each block allows 
you to explore its properties. Choose the signal generator as a square wave with amplitude 
of j and frequency of 1 rad/s. To flip the gain block (Commonly Used Blocks), right click 
on it, then go to Format and choose the “Flip Block” option. Perform a simulation and 
generate a figure that can be imported into a document. 

18. Repeat Problem 17 for the model shown in Figure 1.23, where the input signal is a sine 
wave. Note that double-clicking on the sum (Commonly Used Blocks) allows control over 
the list of desired signs. 

19. Build the model shown in Figure 1.24, perform a simulation and generate a figure that can 
be imported into a document. 
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FIGURE 1.22 Problem 17. 
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FIGURE 1.23 Problem 18. 



FIGURE 1.24 Problem 19. 



FIGURE 1.25 Problem 20. 
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FIGURE 1.26 Problem 21. 

20. Build the model shown in Figure 1.25, perform a simulation, and generate a figure that can 
be imported into a document. 

21. Figure 1.26 shows the Simulink model of the RLC circuit considered in this chapter and 
is equivalent to the Simscape model presented in Figure 1.19. Perform the simulation to 
confirm that both models yield the same response. 

22. Consider an RL circuit with parameters and input signal identical to the RLC circuit con¬ 
sidered in this chapter, but with the capacitor removed. Build the Simscape model, run the 
simulation, and generate the response plot. 







Complex Analysis, 
Differential Equations, and 
Laplace Transformation 


This chapter comprises complex analysis, differential equations, and Laplace transformation, essential 
tools that facilitate the comprehension of various ideas and the implementation of many techniques 
involved in the analysis of dynamic systems. Complex analysis refers to the study of complex numbers, 
variables, and functions. Ordinary differential equations (ODEs) arise in situations involving the rate 
of change of a function with respect to its sole independent variable. Differential equations of various 
orders—with constant coefficients—are generally difficult to solve. To that end, Laplace transforma¬ 
tion is employed to transform the data from time domain to the s domain, in which equations are 
algebraic and hence easier to work with. Back transformation of the information from the .v domain to 
the time domain ultimately describes the solution of the differential equation. 

2.1 COMPLEX ANALYSIS 

Complex analysis consists of complex numbers, variables, and functions, which occur in a wide 
range of areas in dynamic systems analysis from the calculation of a system’s natural frequencies to 
the analysis of a system’s frequency response. 

2.1.1 Complex Numbers in Rectangular Form 

A complex number z in rectangular form is expressed as 


z = x + jy, j = = imaginary number 


( 2 . 1 ) 


where x and y are real numbers, known as the real and imaginary parts of z, respectively, and are 
denoted by x = Re{z}, y = Im{z}. For example, if z = -1 + 2/, then x = Re{z} = -1 and y = Im{z} = 2. 
A complex number with zero real part is called pure imaginary, for example, z = 2/'. Two complex 
numbers are equal if and only if their respective real and imaginary parts are equal. The addition of 
complex numbers is performed component-wise, that is, if Z\ = x, + jy t and z 2 = x 2 +jy 2 , then 


Zi + z 2 = (Xi + jy,)+(x 2 + jy 2 ) 
= (x, + x 2 ) + j(y t + y 2 ) 


Multiplication of two complex numbers is performed in the same way as two binomials with the 
provision that j 2 = - 1 , that is. 


z x z 2 = (x, + jy,)(x 2 + jy 2 ) = x 2 x 2 + jy t x 2 + jx x y 2 + j 2 y,y 2 
= (x x x 2 - y^ 2 ) + j(xtf 2 + x 2 y x ) 
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Imaginary axis 

A 



Real axis 


FIGURE 2.1 Geometry of a complex number. 


Imaginary axis 



> Real axis 


0 


FIG U R E 2.2 Addition of complex numbers. 


Because they consist of a real part and an imaginary part, complex numbers have a two-dimen¬ 
sional character. Therefore, they may be represented geometrically as points in a Cartesian coordi¬ 
nate system, known as the complex plane. The x axis of the complex plane is the real axis, and the 
y axis is the imaginary axis (Figure 2.1). Because z = x+jy is uniquely identified by an ordered pair 
(x,y) of real numbers, it can be represented as a position vector in the complex plane, with initial 
point 0 and terminal point z = x + jy. The concept of vector addition therefore applies to the addi¬ 
tion of complex numbers. For example, consider z t = 3 +j and z 2 = — 2 + 4 j as in Figure 2.2. It is then 
readily seen that the sum Zi + z 2 = 1 + 5 j agrees precisely with the resultant of the position vectors 
of Z\ and z 2 . 

2.1.1.1 Magnitude 

The magnitude (or modulus) of a complex number z = x+jy is denoted by la and is defined as 



( 2 . 2 ) 


Referring to Figure 2.1, the magnitude of z is simply the distance from the origin to z. If z is a real 
number (z = x), it is on a real axis, and its magnitude is equal to its absolute value. If z is pure imagi¬ 
nary (z — jy), it is on the imaginary axis and |z| = y. The distance between two complex numbers 
z, and z 2 is given by |zi - z 2 |. The addition of complex numbers follows the triangle inequality rule, 


|z l + z 2 |<|z 1 ]+]z 2 | 


(2.3) 
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Example 2.1: Magnitude 

Let z, = -1 - 2 j, z 2 = 3 - 4/. 

a. Calculate the distance between z, and z 2 , and verify the triangle inequality. 

b. Perform Part (a) in MATLAB®. 

Solution 

a. z, - z 2 = -4 + 2j and |z f - z 2 1 = + 2 2 = V20. The triangle inequality (Equation 2.3) can 

also be verified as follows. First, 

(z 1 |=I»1-2yj=V5, |z 2 = | 3-4/j = 5, jz, + z 2 =|2-6/| = -v/40 

Subsequently, it is observed that -y/40 < 1/5 + 5. 

b. 4fV 

» zl = z2 = 3-4*j; 

% MATLAB recognizes both i and j as the imaginary number 
>> abs(zl - z2) 


4.4721 % sqrt(20) 

>> abs(zl + z2) 


6.3246 % sqrt(40) 

>> sqrt(5) + 5 


7.2361 % Triangle inequality is verified 

2.1.1.2 Complex Conjugate 

The complex conjugate of z = x + jy is denoted by z and is defined as z = x - jy. The product of 
a complex number (z * 0 ) and its conjugate is a positive, real number, equal to the square of the 
magnitude of z, 

zz = O + jy)(x - jy) = x’ + y 2 = |«j* (2.4) 

Geometrically, z is the reflection of z through the real axis. Conjugates play an important role 
in the division of complex numbers. Let us consider z,/z 2 , where z, = x x + jfy, and z 2 = x 2 + jy 2 
(z 2 * 0). Multiplication of the numerator and the denominator by the conjugate of the denominator 
(z 2 =x 2 -jy 2 ) results in 

Xx+M = (x 1 +jy 1 Xx 2 -jy 2 ) (x 1 x 2 + y 1 y 2 ) + jjy^-y^) 

X 2 +jy 2 (X 2 +jy 2 )(x 2 ~jy 2 ) m the denominator X 2 + y\ 

= XjX 2 + yty 2+ y,x 2 - y 2 x t 
xl + yl x 2 2 + y 2 2 


Note that the resulting complex number has been expressed in standard rectangular form. 
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Example 2.2: Conjugation 

a. Perform (3 + 2/)/(1 - 3/) and express the result in rectangular form. 

b. ^ Repeat (a) in MATLAB. 


Solution 

3 + 2 / = (3 + 2/X1-3/) = (3+2/X1+3/) _ - 3 + 11/ _ -3 ^ 11 . 

3 ' 1-3 / (1-3/X1-3/) (T-3/X1+3/) 10 10 10 U 

b. 

Following the exact steps as in the solution above, and using the conj command, we find 
» (3 + 2* j ) *conj (1 - 3* j ) / ((1 - 3* j ) *conj (1 - 3* j ) ) 

-0.3000 + l.lOOOi % Note that MATLAB returns i instead of j 
Alternatively, we can let MATLAB perform the division directly. 

» (3 + 2* j ) / (1 - 3* j ) 

-0.3000 + l.lOOOi % Both results agree with (a) 


2.1.2 Complex Numbers in Polar Form 

The standard rectangular form z = x + jy turns out to be very inefficient in many situations; for 
instance, a simple calculation such as (3 - 2 j) 5 . To remedy this, the polar form of a complex num¬ 
ber is utilized. As its name suggests, the polar form uses polar coordinates to represent a complex 
number in the complex plane. The location of any point z = x + jy in the complex plane can be 
determined by a radial coordinate r and an angular coordinate 9. The relationships between the 
rectangular and polar coordinates are given by (see Figure 2.3) 


x = rcos0, y = rsin0 


> Imaginary axis 





FIGURE 2.3 Connection between polar and rectangular coordinates. 
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We first introduce Euler’s formula, 

e iB = cos 0 + j sin 0 ( 

Consequently, 

z = x+ jy= rcos 0 + j rsinG = r (cos 0 + j sin 0 ) = re jB ( 

The result, z = re j0 , is known as the polar form of z. Here, r is the magnitude of z given by 
t »j*jfW(Re{z}) 2 + (!m{z}) 2 = y/x 2 + y 2 
and the phase (argument) of z is determined by 


0 = argz = tan 1 


Tmfc}Y 

,Re{z}J 


(2.7) 


The angle 0 is measured from the positive real axis and, by convention, is regarded as positive in the 
counterclockwise direction. It is measured in radians (rad) and is determined in terms of integer multiples 
of 2 ji. The specific value of 0 that lies in the interval (-jt,jt] is called the principal value of arg z and is 
denoted by Arg z. In engineering applications, it is also common to express the polar form as 

z = rz 0 


where z denotes the angle. 


Example 2.3: Polar Form 

a. Express z = -2 - j in polar form. 

b. Repeat in MATLAB. 

Solution 

a. Location of z (Figure 2.4), will facilitate the phase calculation. By Equation 2.7, 
0 = tan" 1 = 0.4636 rad = 26.5651° 





FIGURE 2.4 Phase calculation in Example 2.3. 
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This, however, is not the phase. Because z is in the third quadrant, the phase in the 
positive sense (counterclockwise) is calculated as 0.4636 + Jt = 3.6052 rad, whereas in the 
negative sense (clockwise) it is % - 0.4636 = 2.6780 rad, which has the smaller measure 
between the two. Noting that r = ^5, and using the phase in the negative direction, we find 

z = -2- j = \[5 e- lb7m > 


b. 4V 

>> mag = abs(z) ; 

>> theta = pi - atan(imag(z)/real(z)); 
>> mag*exp(-j*theta) 


-2.0000 - l.OOOOi % Agrees with the original z 

2.1.2.1 Complex Algebra Using the Polar Form 

Working with the polar form considerably simplifies complex algebra. Consider two complex num¬ 
bers, in their respective polar forms, z, = r { e i&1 and z 2 = r 2 e jei . Then, 

Z,Z 2 = r 1 r 2 e j(ei+<>2) or alternatively, r ] r 2 A (0, + 0 2 ) 

This means that the magnitude and phase of the product Z\Z 2 are 

(3K1Z21 = r \ r i = |®i|]%| and arg(z,z 2 ) = 0, + 0 2 = arg(z,) + arg(z 2 ) 

Similarly, in the case of division, 


or l_ Z ( 0 i _e 2 ) 

Z 2 h h 


Therefore, the magnitude and phase of zjz 2 are 

N = —= and arg(^ L ] = 0 1 -0 2 = arg(z 1 )-arg(z 2 ) 

m r 2 W W 


Example 2.4: Division Using Polar Form 

Express the result in polar form: 


-2+1 

w 
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Solution 

The numerator and the denominator are in the second and fourth quadrants, respectively. Hence, 
their polar forms are 


-2+ j = J5 e 2 ' 6760 ', 1 - j = 4l e- W4)i 


As a result, 


-2+j Se 2b7mi {5 , 4634 ,- 

1 


This may be verified as follows: 


-2+j 1 + y = -3-/ = -3 1 . Pol " fom ' 

T-y 1 + y ” I ~ 2 2 1 third quadrant 


Given z = re J0 , its conjugate is derived as 



z=x -jy = r cos9 - j(r sin9) = r(cos9 - j sin0) = r[cos(-9) + ysin(-9)] = re je 

This makes sense geometrically because a complex number and its conjugate are reflections of 
one another through the real axis. Hence, they are equidistant from the origin, that is, z — Z — r, 
and their phases are equal but opposite in sign, that is, arg(z) = -arg(z) (Figure 2.5). The magnitude 
property of complex conjugation (Equation 2.4) can now be confirmed as 

zz= lre je ][re- je l = r 2 = i 



FIGURE 2.5 A complex number and its conjugate. 
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2.1.2.2 Integer Powers of Complex Numbers 

As mentioned at the outset of this section, one area that demonstrates the efficacy of the polar form 
is in dealing with expressions in the form z" for integer n. The idea is simple and shown below: 


r”(cos«G + y'sinnG) 
r n cos nQ + jr n sinnG 


( 2 . 8 ) 


Example 2.5: Integer Power 

Simplify (-2 -y) 4 . 

Solution 

Using the result of Example 2.3, and following Equation 2.8, we have 

(-2- jf = (x/5 e - 2 - 6780 ') 4 = 25e“ m7120 ' = -7 + 24 j 

2.1.2.3 Roots of Complex Numbers 

In real calculus, if a is a real number, then yja has a single value. On the contrary, given a complex 
number z * 0, and a positive integer n, the nth root of z, written yfz , is multivalued. In fact, there 
are n different values of '4z corresponding to each value of z * 0. If z = re' 0 , it can then readily be 
shown that 


„r nl ( Q + 2kn . . G + 2£jC\ , . 

vz=vr Gflf--Eysm- , fe = 0,1,...,n — 1 


Geometrically, these n values lie on a circle centered at the origin with a radius of > 'Jr and are the 
n vertices of an n-sided regular polygon. 


Example 2.6: Fourth Roots of 1 

Calculate all four values of \f\. 


Solution 

The objective is to find w = tfz where z = 1. Noting that z = 1 is located on the positive real axis, 
one unit from the origin, we have r = 1 and 0 = 0, hence z = 1 = e i<0) . Using Equation 2.9 with n = 4, 
r ■ 1, and 0 = 0, we find 
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This yields the four values of ±1, ±j. Note that all four roots lie on a circle of radius = 1 cen¬ 
tered at the origin, and are the vertices of a regular four-sided polygon, as asserted. 

2.1.3 Complex Variables and Functions 

If x or y or both vary, then z = x+jy is called a complex variable. The Laplace variable (Section 2.3) 
is a recognized example of a complex variable. A complex function F defined on a set S' is a rule 
which assigns a complex number w to each z e S. The notation is w = F(z) and set S is the domain of 
definition of F. For instance, the domain of the function F(z) = z,/(z - 1) is any region that excludes 
the point z = 1. Because z assumes different values from set S, it is clearly a complex variable. 
Transfer functions (Section 4.4) and frequency response functions (Section 8.3) are examples of 
complex functions that frequently arise in the analysis of dynamic systems. 


PROBLEM SET 2.1 

In Problems 1 through 4, 

a. Perform Z\lz 2 and express the result in rectangular form. 

b. Verify that |%/^| = kM^I- 

c. ^ Repeat Part (a) in MATLAB. 

1 . 

V 

2. 2 + j 

1-2 j 


4. —— 

-4 + 3; 

In Problems 5 through 8, express each complex number in its polar form. 

5. — v/3-3 j 

6. 1-f; 

7. 3 + ;V3 

8 - - 1 + 4 ; 


In Problems 9 through 16, perform the operations using polar form and express the result in 


rectangular form. 

9. 

3 + 2 j 
-1 + 3 j 

10. 

73+3 j 

3-;73 

11. 

3-5 j 


2; 
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12. 


3 7_ 
1-7 


13. 

14. 

15. 


(4 + 3I/) 3 

(0.9511 + 0.3090/) 10 
(1 + 3 j ) 3 
(- 1 + 2 jf 


16. 


5j 

(1 + 4 y) 3 


In Problems 17 through 20, find all possible values for each expression. 

17. (—1) l/6 

18. (-1 +7’) 1/3 

19. (v/3-3 j) m 

20 . yjl + jyH 


2.2 DIFFERENTIAL EQUATIONS 

Differential equations are divided into two general categories: ordinary differential equations 
(ODEs) and partial differential equations (PDEs). An equation involving an unknown function and 
one or more of its derivatives is called a differential equation. When there is only one independent 
variable, the equation is called an ODE. For example, x + 2x = e~‘ is an ODE involving the unknown 
function x(t), its first derivative x = dx/dt, as well as a given function e~‘. Similarly, tic + xx = cos t 
is an ODE relating x(t) and its first and second derivatives with respect to t, as well as the function 
cost. In dynamic system models, the independent variable is generally time t. The derivative of the 
highest order of the unknown function x(t) with respect to t is the order of the ODE. For instance, 
x + 2x = e~‘ is of order 1 and tic + xx = cos t is of order 2. Consider an nth-order ODE in the form 

a n x (n) + a n _ l x (n ~ 1) + ...+a l x + a 0 x= F{t ) (2.10) 

where x = x(t) and x {n) = d n x/dt n . If all coefficients a 0 , a u ... , a n are either constants or functions of 
the independent variable t, then the ODE is linear. Otherwise, the ODE is nonlinear. If F(t) = 0, the 
ODE is homogeneous. Otherwise, it is nonhomogeneous. Therefore, x + 2x = e~‘ is linear, whereas 
tx + xx = cos t is nonlinear, and both are nonhomogeneous. If the unknown function is a function of 
more than one independent variable, the equation is called a partial differential equation. 

2.2.1 Linear, First-Order Differential Equations 

In accordance with Equation 2.10, linear, first-order ODEs are expressed as 

<hx + a 0 x = F{t) i + g(t)x = /« (2-11) 


with a general solution in the form 


x(t) = 


‘[JV/(f)*+c], h=jg(f)dt 


( 2 . 12 ) 
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where c is a constant. To derive a particular solution, an initial condition must be specified. Assuming 
that the initial time is t = t 0 , the initial condition for x refers to the value of x immediately prior to the 
initial time and is denoted by x(t 0 ). On the other hand, the initial value of x is its value immediately 
after the initial time and is expressed as x(tg). Although initial condition and initial value of a quan¬ 
tity are almost always the same, there are rare instances in dynamic systems analysis in which they 
are different (see Section 2.3). In the meantime, we simply assume that the two are the same and are 
denoted by x(t 0 ). That said, a first-order initial-value problem (IVP) is described by 

x + g(t)x = f(t), x(t 0 ) = x 0 


Example 2.7: Initial-Value Problem 

Solve tx + x = e', x(1) = -1. 

Solution 

1 e ( 1 e' 

Rewrite the ODE as x + -x = — so that g(t) = - and f(t) = — in Equation 2.11. Then, by Equation 
2.12, we have h= J^ = lnt, and a general solution is 

x(t) = e“ lnt |j e lnt ~ dt+ cj = ^ J e'c/t + cj = | (e 1 + c) 


Using the initial condition, we find c = -1 - e, and consequently x(t) = j(e‘ — 1 — e). 

2.2.2 Second-Order Differential Equations with Constant Coefficients 

A special class of linear, second-order ODEs that arises in dynamic system models is in the form 


a 2 x + apt + a 0 x - F(t) x + bx + cx = fit) (2.13) 

Constant coefficients 

This equation is normally accompanied by a set of two initial conditions, x(f 0 ) and i(f 0 ), where t 0 
denotes the initial time and is usually zero. A general solution x(t) of Equation 2.13 is a superposi¬ 
tion of the homogeneous solution x h (f), sometimes called the complementary solution x c (t), and the 
particular solution x p (t), that is, x(t) = x h {i) + x p (t). 

2.2.2.1 Homogeneous Solution 

To obtain x h (t), we solve the homogeneous equation 

x + bx + cx = 0 

as follows: Assume x = e kl , with X to be determined, and substitute in the previous equation to find 


(X 2 + bX + c)e >d = 0 


X" + Vk + c = 0 

Characteristic equation 


Xj 

x 2 
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The characteristic values X! and X 2 establish the two linearly independent solutions that form 
x h (f). 

Case (1) / X 2 rea l 

The two independent solutions are e ll ‘ and e'" 2 ', and a linear combination of the two yields 
x h (f) = + c 2 e Xl ‘, c,,c 2 = const 


Case (2) k l =X 2 = 'k 

The independent solutions are e Xt and te' fJ so that 


x h (t) = (cj + c 2 t)e u , Ci,c 2 = const 


Case (3) X 2 = \ complex conjugates 

If >4 = a + j\), then the two independent solutions are e“'cosPf and e“'sinPf, leading to 


x h (t) = e“'(c 1 cosPf + c 2 sinpt), c,,c 2 = const 


2.2.2.2 Particular Solution 

The particular solution x p (t ) of Equation 2.13 is obtained by using the method of undetermined 
coefficients. The method is limited in its applications and only handles cases in which/(f) is a poly¬ 
nomial, exponential, sinusoidal, or some combination of these. Table 2.1 contains the recommended 
x p (t) for different scenarios of/(f). These recommended expressions are subject to modification in 
some special cases as follows. If x p contains a term that coincides with a solution of the homoge¬ 
neous equation, and the solution corresponds to a nonrepeated characteristic value, then the recom¬ 
mended x p must be multiplied by f. If the characteristic value is repeated—as in Case (2)—then x p 
must be multiplied by f 2 . 

Example 2.8: Second-Order ODE 

Solve x + 3x + 2x = e~‘, x(0) = 1, x(0) = 0. 


TABLE 2.1 

Selection of Particular Solution (Method 
of Undetermined Coefficients) 

Term in f(t) Recommended x p (t) 

A n r+ ... +A l t + A 0 K n r+ ...+K,t + K 0 


Asincof or Acosraf ^costof + KjSimnf 

Ae^sinoof or Ae“cosa)f (^costor + _Sf 2 sina>f) 
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Solution 


The characteristic equation, X 2 + 3X + 2 = 0, yields X = -1,-2 so that x h = c,e _t + c 2 e~ 2t . Based 
on Table 2.1, we choose x p = Ke~ l . However, e _t coincides with the independent solution in x h 
associated with X = —1. Therefore, x p is modified to x p = Kte~‘. Inserting into the original ODE 
and equating the two sides, we find K = 1 so that x p = te~ l . This means a general solution is 
x = c,e _t + c 2 e~ 2t + te~‘. Finally, application of the initial conditions results in q = 1, c 2 = 0, hence 
x(t) = e' (1 + t). 

Example 2.9: Second-Order ODE 

Solve x+co 2 x = 0 (co = const), x(0) = 0, x(0) = 1. 


Solution 


The characteristic equation X 2 + co 2 = 0 has roots X = ±jm so that x(f) = qcoscot + qsinwt. Applying 
the initial conditions leads to q = 0, c 2 = 1/co, hence x(t) = sincot/ro. 

2.2.2.2.1 Expressing Acosmt + Bsinmt as Dsinfmt + (|y) 

In systems analysis, we often encounter expressions in the form Acoscot + fisincot, where the sine and 
cosine waves have the same frequency co. In these situations, it is preferred to replace this expression 
with a single trigonometric term such as Dsin(cof + c|>), where D is the amplitude and c() is the phase 
shift. Using a trigonometric expansion, 


Dsin(cof + (|)) = Dsinwfcos(|) + Dcoscotsin(|) 


Comparing with Acoscot + /isincof, we find 



Next, we construct a right triangle in which the angle (|) satisfies tanc|) = A/B (Figure 2.6). Then, 


sine)} = 


A 


COS(j) = 


B 




Noting that sinc|) = AID and cosc|) = BID, we find D = si A 2 + B 2 . In summary. 



A 


B 


FIGURE 2.6 Phase shift. 
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Acoscaf + Bsincot = Dsin(cot + <]>), 


<\> = tan 


A 

B 


(2.14) 


Example 2.10: Amplitude, Phase Shift 

Express 2sint - cost as Dsin(t + (J)). 


Solution 

Comparing with the general form, we have A = -1 and B = 2 so that Dsintj) = A < 0 and 
Dcostj) = B > 0. But because D = -v/5 > 0, it is clear that sin<|) < 0 and cos(J> > 0, hence t|> is in 
the fourth quadrant and 4> = tan _1 (-1/2) = -26.5651° = -0.4636 rad agrees with the location 
of (|). In conclusion, 


2 sint - cost = V5 sin(t - 0.4636) 


PROBLEM SET 2.2 

In Problems 1 through 10, solve the IVP. 

1. i + x = sint, x(0) = -l 

2. }x + x = 0,x(0) = } 

3. 2y + ty = t, y(0) = 2 

4. u = (1 - u) sinf, u{n/2) = 2 

5. (t-l)y+ty = 2t, y(0) = l 

6. x + 2x + x= e~ 2 ', x(0) = 1, i(0) = 1 

7. x + 4x = 17 cost, x(0) = —1, i(0) = 0 

8. u + u= sin2t, m( 0) = 1, t)(0) = 0 

9. ii + 4u + 3u = 4e~‘, w(0) = 0, ii(0) = —1 

10. 2y + 3y + y = 0, y(0) = 0, y(0) = ^ 

In Problems 11 through 14, write the expression in the form Dsin(cot + ())). 

11. cost + 3sint 

12. cos2t - sin2f 

13. -sin2t-|cos2t 

14. 3sincot - coscot 

In Problems 15 and 16, write the expression in the form Dcos(cot + (|>). 

15. ycosf-sint 

16. 4cost + 3sinf 
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2.3 LAPLACE TRANSFORMATION 

In Section 2.2, we solved ODEs with constant coefficients entirely in the time domain using the 
method of undetermined coefficients, which has limitations in its applications. In this section, we 
introduce an alternative and systematic approach to solve these equations with the advantage that 
the arbitrary constants in a general solution do not need to be obtained separately. The idea is to 
transform an IVP to the s domain, in which the transformed problem is an algebraic one, and is thus 
much easier to handle. This algebraic problem is then properly solved, and the data is ultimately 
transformed back to the time domain to find the solution of the original problem. If a function x(t) 
is defined for all t > 0, its Laplace transform is defined by 



(2.15) 


provided that the integral exists. The complex variable s is the Laplace variable, and £ is the Laplace 
transform operator. It is common practice to denote a time-dependent function by a lowercase letter 
such as x(t) and its Laplace transform by the same letter in capital, X(s). Transforming the data back 
to the time domain is done through inverse Laplace transformation Z’ -1 as (see Figure 2.7) 


x(t) = £-'{X(s)} 


Laplace transforms of several functions are listed in Table 2.2 and will be referred to frequently. 

Example 2.11: Laplace Transform 

a. Find £{e at ], a = const. 

b. Repeat in MATLAB. 


Solution 



b. 




>> F = laplace(exp(a*t)) 


F 


-l/(a 


Initial-value problem 
with dependent variable 


Laplace transform 


C 


Algebraic equation Solve 
• with unknown 



x(t) 


m 


c~ l 


Inverse Laplace transform 


FIGURE 2.7 Solution process for IVPs using Laplace transformation. 
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TABLE 2.2 

Laplace Transform Pairs 

no. m 

1 Unit impulse 8(r) 

2 1, Unit step u£t) 


t. Unit ramp u r {t) 


6 

7 

9 

10 


8(f - a) 
u(t - a ) 
1,2,3,... 
f- 1 , a>0 


a, - e '“) ,a±b 
— —be~ b> ) ,a^b 



14 —t(-l+at + e “) 

15 

16 sintof 

17 cosot 


19 

20 

21 

22 

23 



F(s) 

l 

er°* 

er^ts 

(n-l)!/j» 

T(a)ls° 

1 

1 

(i + a) 2 
(i + a )" +1 
(s + a)(s + b) 

(s + a)(s + b ) 

1 

s(s + a)(s + b) 

1 

v%4-a) 

1 

i(i + a) 2 


r s ’ <jj 2 i a»- 
(s+a) 2 + or 
i(/ + to 2 ) 

sV+ffl 2 ) 

(/•tVf 


(i 2 +ro 2 ) 2 


( continued) 









Complex Analysis, Differential Equations, and Laplace Transformation 


39 


TABLE 2.2 (Continued) 

Laplace Transform Pairs 

no. m 

24 —(sincof-wrcoscor) 
2w 3 

25 —(sincof + corcoscof) 



—^—- — sinhar- —sinhfo . a ^ 


31 

32 

33 

34 

35 

36 

37 

38 

39 


a 2 -b 2 la b J’ 

2 ^ [cosh at -coshfa], a*b 



[cosh atsinat - smh at cos at] 


—sinhafsinar 
2 a 2 


(sinhaf - sin at) 
^y(coshaf-cosar) 


m 

i 

(j 2 +(B 2 ) 2 

(i 2 +ra 2 ) 2 

1 

(/+a) 2 X/+co|) 
(/ + co 2 Xs 2 + ro 2 ) 


(s 2 - a 2 )(s 2 - b 2 ) 


(s 2 -a 2 )(s 2 -b 2 ) 


s 3 -a 3 

,v 3 -« 3 

1 

j 4 + 4 a 4 
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2.3.1 Linearity of Laplace and Inverse Laplace Transforms 

The Laplace transform operator £ is linear, that is, if the Laplace transforms of functions x,(t) and 
x 2 (t) exist, and c, and c 2 are constant scalars, then 


£{c 1 x l (t) + c 2 x 2 (t)} = je Jt [c 1 x 1 (f) + c 2 x 2 (f)]r/f = c 1 je sl x l (t)dt+c 2 j e s, x 2 (t)dt 
= c t £ {x, (/)} +c 2 £ {x 2 (t)} =c 1 X 1 (s)+c 2 X 2 (s) 

To establish the linearity of £~\ take the inverse Laplace transforms of the expressions on the far 
left and far right of the equation above to obtain 

c x x x {t) + c 2 x 2 (t) = XrHqXiO) + c 2 X 2 (s)} 


Noting that xfi) = ^'{XJs)} and x 2 (t) = £- 1 {X 2 (s)}, the result follows. 

2.3.2 Differentiation and Integration of Laplace Transforms 

We now consider two specific types of situations: £{tg(t)} and £{g(t)/t). In both cases, it is assumed 
that G(.s) = £{g(t)} is either known directly from Table 2.2 or can be determined by other means. 
Either way, once G(s) is available, the two above-mentioned transforms will be obtained in terms 
of the derivative and the integral of G(s), respectively. We first make the following definition. If a 
transform function is in the form G(s) = N(s)/D(s), then any value of .S' for which D(s) = 0 is called a 
pole of G(,s). A pole with a multiplicity (number of occurrences) of one is known as a simple pole. 

2.3.2.1 Differentiation of Laplace Transforms 

If G(.s) = £{g{t)\ exists, then at any point except at the poles of G(.s), we have 


£{tg(t)} 


dG(s ) 
ds 


(2.16) 


In the general case. 


£{t n g(t)} = (-!)" 


d n G(s ) 
ds n 


Example 2.12: Derivative of Laplace Transforms 

a. Find £ {te~ 2t }. 

b. -4^ Repeat (a) in MATLAB. 
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Solution 


a. Comparison with Equation 2.16 reveals g(t) = e~ 2t so that G(s) = —— . Then, 


rite- 21 }= 

ds 



b. 


>> laplace(t*exp(-2*t)) 

l/(s + 2)"2 

2.3.2.2 Integration of Laplace Transforms 

If r{g(t)/t] exists and the order of integration can be interchanged, then 



G(c)do 


(2.17) 


Example 2.13: Integral of Laplace Transforms 



b. 4V Repeat in MATLAB. 


Solution 




1 + (o/co) 2 



--tan ’ — = tan 
2 co 


co 



b. 4V 




w t 


laplace(sin(w*t)/t) 


.(w/s) 
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2.3.3 Special Functions 

Dynamic systems characteristics, such as stability and damping levels, can be largely determined by 
studying their responses to external excitations or disturbances, which are mathematically modeled 
as special functions. In this section, we introduce the step, ramp, pulse, and impulse functions, as 
well as their Laplace transforms. 

2.3.3.1 Unit-Step Function 

The unit-step function (Figure 2.8) is defined as 



fl if f>0 
0 if t < 0 

[undefined (finite) if t = 0 


Physically, this may be realized as a constant signal (of magnitude 1) suddenly applied to the 
system at time t = 0. Using the definition of the Laplace transform (Equation 2.15), we find 



When the magnitude is A, the signal is called a step function, denoted by Au(t ) and 


£[Aum = j 



If the step occurs at a * 0 (Figure 2.9), it is then denoted by Au(t - a), where 



To find the Laplace transform of Au(t - a), we need the following shifting property. 


u{p) 


0 


> 


FIGURE 2.8 Unit-step at t = 0. 
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A Au{t-a) 


A 


0 

FIGURE 2.9 Time-delayed step function. 


Shift on t axis: If F(s) = exists and a > 0, then 

£{f(t - a)u(t - a)} = e~ as F(s ) (2.18) 

Comparing £{Au(t - a )} to the left side of Equation 2.18, we find f(t - a) = A which in turn 
implies/© = A and hence F(s) =A/s. Therefore, 


Ae“ as 

£{Au(t -a)} = - 


Example 2.14: Shift on t Axis 

Consider the function g(t) defined in Figure 2.10. 

a. Express g(f) in terms of unit-step functions. 

b. Find G(s) using the shift on t axis (Equation 2.18). 

c. Confirm the result in MATLAB. 


Solution 

a. Following the definition of unit-step, it is readily seen that g(t) - u(t - 1 )-u{t - 2). 

b. Applying Equation 2.18 to each term, yields 


G(s) =-= - 










0 

1 2 


FIGURE 2.10 Example 2.14. 
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c. 4 \ 


» g = heaviside(t-1) - heaviside(t-2); % heaviside represents the unit-step 

>> G = laplace(g) 

(exp(-s) - exp (- 2 * s) ) /s 

2.3.3.2 Unit-Ramp Function 

The unit-ramp function (Figure 2.11) is defined as 



Physically, this models a signal that changes linearly with a unit rate. By Equation 2.15, 


£{u r (t)} = UAs)=\ 



In general, when the rate is A, the signal is called a ramp function, denoted by Au T (t ) and 


£{Au T (t)} = 


s' 


2.3.3.3 Unit-Pulse Function 

The unit-pulse function (Figure 2.12a) is defined as 


\\lt x if 0 < r < f, 

Id if t < 0 or t > t x 


The word “unit” signifies the unit area that the signal occupies. It is readily verified that 
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(a) (b) (c) 

FIGURE 2.12 (a) Unit-pulse, (b) t y —> 0, and (c) unit-impulse. 


uJt) = -[u(t)-u(t-t l )\ 


£{uM = 7 \ — \ = - 


In general, if the signal occupies an area A, it is called a pulse function and is denoted by Au p (t). 

2.3.3.4 Unit-Impulse (Dirac Delta) Function 

In the unit-pulse function of Figure 2.12a, let r, —> 0 (Figure 2.12b). In the limit, the rectangular¬ 
shaped signal occupies a region with an infinitesimally small width and an infinitely large height 
(Figure 2.12c). The area, however, remains unit throughout the process. This limiting signal is 
known as the unit-impulse (or Dirac delta) function, denoted by 8(f). In general, if the area is A, the 
signal is called an impulse, denoted by A8(f). An impulse with zero duration and infinite magnitude 
is a mathematical fabrication and does not occur physically. However, if an external disturbance 
(such as an applied force, voltage, torque, etc.) is a pulse with a very large magnitude and is applied 
for a very short period, then it can be approximated as an impulse. Because 8(f) is the limit of u p (t) 
as f, -h> 0, we have 


r{8(f)} N0 = 0n (*) = lim j' J s ''} LHo ^ lsrale ^j^-”>j = 1 

If the unit-impulse occurs at f = a, it is represented by 8(f - a ) and has the properties 

8(f-a) = {° f * a 
if t = a 


and 


J 8(f - a) dt= l 
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It can also be shown that 


£{b(t - a)} = e~ as 


2.3.3.5 The Relation between Unit-Impulse and Unit-Step Functions 

Noting that t = a is a point of discontinuity of u(t - a), the unit-impulse signal 8(f - a) can be 
regarded as the derivative of u(t - a ) at this point of discontinuity, that is, 


u (t -a) = 8(f - a) 


Therefore, the idea of the impulse function allows for the differentiation of time-variant func¬ 
tions with discontinuities. 

2.3.3.6 Periodic Functions 

Physical systems are often subjected to excitations that exhibit repeated behavior over long periods. 
To determine a system’s response to this type of input, the Laplace transform of the input must 
be identified properly. A function/(f) is periodic with period P > 0 if it is defined for all t > 0, and 
f(t + P) =/(f) for all t > 0. We assume that/(f) is also piecewise continuous, as basically all signals 
of physical interest are. By Equation 2.15, 



To make the lower- and upper-limits of the integral independent of P, we introduce the dummy 
variable t = t-kP. Then, 



Note that the summation only affects the exponential term because the integral term is indepen¬ 
dent of the summation index k. But the exponential term is a geometric series so that 



Geometric s 


Using this information in the expression of F(s), we find 
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FIGURE 2.13 Periodic signal in Example 2.15. 

Therefore, the Laplace transform of the periodic function is determined as 


F(s)= , J e " f(t)dt 


(2.19) 


Example 2.15: Periodic Signal 

Find the Laplace transform of the periodic function f(t) defined in Figure 2.13. 


Solution 

It is clear that the period is P = 2. Noting that f(t) = 1 for 0 < t < 1 and 0 otherwise, the integral in 
Equation 2.19 is evaluated as, 


J e 5, f(t)dt = J e st c/t = — 


Then, by Equation 2.19, 


2.3.4 Laplace Transforms of Derivatives and Integrals 

Mathematical models of dynamic systems generally involve differential equations of various orders. 
In other occasions, such as electrical circuits involving capacitors, the system may be described by 
an equation that contains derivatives, as well as integrals of a function. Consequently, using the 
Laplace transform approach to solve such equations requires knowledge of the Laplace transform 
of derivatives and integrals. 

2.3.4.1 Laplace Transforms of Derivatives 

The Laplace transforms of the first and second derivatives of a function x(t) are defined by 
£{k(t)} = sX(s)-x(Q) 


£{x{t)} = s 2 X{s)-sx{Q)-k{Q) 


(2.20) 
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In general, 


r{x ( ' l) (0} = ^W-rt(0)-rt(0)- ... -t M (0) 


2.3.4.2 Laplace Transforms of Integrals 

The Laplace transform of the integral of a function x(t) is 



Equivalently, 


( 2 . 21 ) 


( 2 . 22 ) 


Example 2.16: Inverse Laplace 

b. 4\ Confirm in MATLAB. 

Solution 

a. Comparing with the left side of Equation 2.22, X(s) = 1/(s + 2) so that x(t) = e~ 2t . Then, 




b. 4 


» ilaplace(1/s/(s + 2)) 

l/2-l/2*exp(-2*t) 

% Alternatively, performing the integration above yields the same result. 

>> int(exp(-2*t),0,t) 

l/2-l/2*exp(-2*t) % Result confirmed 

2.3.5 Inverse Laplace Transformation 

As indicated in Figure 2.7, the final step in solving an IVP involves inverse Laplace transform £~ ] {X(s)}. 
This can be done in many ways, but the simplest involves either the direct use of the table of Laplace 
transforms (Table 2.2), if possible, or the partial-fraction expansion method. 
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2.3.5.1 Partial-Fraction Expansion Method 

In system dynamics, the transform function X(s) is normally in the form 

x ^ _ N(s) _ Polynomial of degree m m<n ^ 2 ^ 

D(s ) Polynomial of degree n ’ 

The idea behind the partial-fraction expansion method is to express X(s) as a sum of suitable 
fractions, find the inverse Laplace transform of each fraction, and ultimately, through the linearity 
of £r x , the sum of the resulting time functions yields x(t). How these partial fractions are formed 
depends on the nature of the poles of X(s), that is, the roots of D(s), which can be real or complex. 

• All roots of D(s ) are real 

Suppose D(s) = ,v 3 + 3.s' 2 + 2s so that its roots are .v = 0,-1,-2 (all real). In this case, we 
express D(s) as a product of linear factors, as D(s) = s(s + l)(.y + 2). 

• D(.s) has real and complex roots 

Suppose D(s) = .s' 3 + 2.S' 2 + 2s so that its roots are s = 0,-1 ± j. In this case, instead of writ¬ 
ing D(s) = s{s + 1 + j)(s + 1 - j), we write D(s) = s(s 2 + 2s + 2) with the second-degree poly¬ 
nomial with complex roots remaining intact. Any second-degree polynomial with complex 
roots is called an irreducible polynomial. 

Regardless of whether poles of A(.v) are real or complex, four possible cases could arise. 

Case (1) Linear factor s - p t 

If p t is a simple pole of X(s), then D(s) contains the factor s - p t . This factor is associated with a 
fraction in the form of 


where A = const is called a residue and is to be determined appropriately. 


Example 2.17: Linear Factors 


a. Find 2J _1 {X(s)} where X(s) = 

b. Verify in MATLAB. 


i. D(s) contains two linear factors because the poles of X(s) are real and distinct: -1,-2. Each 
linear term is associated with a simple fraction as mentioned above. Thus, 


(s + IXs + 2) 15 +11 


= A(s + 2) + fi(s + 1) = (A+B)s + 2A+t 
(s + 1)(s + 2) (s + IXs + 2) 


The denominators of the original and the final fractions are identical (by design), so v\ 
force their respective numerators to be identical, that is, 


s + 3 = (A + B)s + 2A + B 
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However, this identity holds only if the coefficients of like powers of s on both sides are 
the same. So, we have 

Coefficient of s: 1 = A+B Solve A = 2 
Constant term: 3 = 2 A+B B = -1 

Insert the two residues into the partial fractions, and perform term-by-term inverse 
Laplace transformation to obtain 


b. 4V 




>> X = ilaplace((s+3)/(s+1)/(s+2)) 


2 * exp(-1)-exp( -2*t) 

Case (2) Repeated linear factor (s - p-) k 

If Pi is a pole of X(s) with multiplicity k, then D(s) contains the factor (s -p t ) k . This factor is then 
associated with partial fractions 

A, A, , A, A. 

- *— 1 - —Sac *- +•-^-+ = 

(s-Pi) ( s-p ,) (s-Pi) s ~Pi 

where the residues A k , ...,A l are determined as in Case (1). 

Case (3) Irreducible polynomial s 2 + as + b 

Each irreducible polynomial is associated with a single fraction in the form of 

Bs + C 
s 2 + as + b 

with constants B and C to be determined. Before taking the inverse Laplace transform, we com¬ 
plete the square in the irreducible polynomial, that is, s 2 + as + b = (5 + a) 2 + co 2 . For example, 
i 2 + 2s + 2 = (s + l) 2 + l 2 . Then, at some point, we need to determine 

Bs + C 
0 + a) 2 + co 2 

The key is to split the fraction in terms of the two expressions 

co s + o 

0 + a) 2 + co 2 ’ 0 + a) 2 + co 2 

so that we can ultimately use the relations (see Table 2.2) 


£ -yj = e “ simof, £ *{-—yl = e m coscof 

tCs+a) +<d J lXs+a) +00 J 
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Example 2.18: Real and Complex Poles 

Find 2L'{X(s)} where X(s) =-, 2 -. 

(s + 3)(s 2 + 2s + 5) 

Solution 

The term s 2 + 2s + 5 = (s + I) 2 + 2 2 is irreducible, whereas s + 3 is a linear factor. Therefore, 


A(s 2 + 2s + 5) + (5s + C)(s + 3) 

(s + 3)(s 2 + 2s + 5) 

(A + B)s 2 + (2A + 3fi + C)s + 5A + 3C 
(s + 3)(s 2 + 2s + 5) 

Proceeding as before, 

A+B =0 A = j 

2A + 3S + C = 0 S = -{ 

5A + 3C = 2 C = | 


(s + 3)(s 2 + 2s + 5) 



Substituting into the partial fractions, we arrive at 


4Ls + 3 s 2 + 2s + 5J 


s + 1 

(s +1) 2 + 2 


Term-by-term Laplace inversion yields x(t) = ^[e 3 '-e ‘cos2t + e f sin2t]. 

Case (4) Repeated irreducible polynomial (s 2 + as + b) k 

Each factor (s 2 + as + b) k in D(s) is associated with partial fractions 


MjgS + C k B 2 s + C 2 B t s+ C’| 

(f+as+b'f (s 2 +as+b)' S+imb 


2.3.5.2 41 Performing Partial Fractions in MATLAB 

As we saw in Example 2.17, the command ilaplace returns the inverse Laplace transform but not 
the actual partial fractions. For that purpose, the residue command is used instead. This com¬ 
mand is concerned with the partial-fraction expansion of the ratio of two polynomials B(s)/A(s) in 
which, unlike the restriction cited in Equation 2.23, the degree of B(s) can be higher than that of 
A(s). When degfl(.v) > degA(.v), polynomial division results in 


AO) s-P( 1) s-P( 2) 


R(n) 

> ~ P(n) 


(2.24) 
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where K(s) is called the direct term and R(l),R{ri) are the residues. Note that the assumption here 
is that there are no multiple poles. For further information, type help residue at the MATLAB 
command prompt. The structure [R,P,K] = residue (B, A) indicates that there are two input 

arguments (B,A) and three outputs [R,P,K]. Here, B and A are vectors of the coefficients of the 
numerator and denominator, respectively. The residues are returned in the column vector R, the pole 
locations in column vector P, and the direct terms in the row vector K. 

Example 2.19: Revisiting Example 2.17 

Find the partial-fraction expansion forX(s) = -— 2) 

Solution 

>> A = [1 3 2] ; % denominator s A 2+3*s+2 

>> B = [1 3] ; % numerator s+3 

>> [R,P,K] = residue (B, A) 

R = 

-1 

2 % residues are -1 and 2 

P = 

-2 

-1 % poles (corresponding to residues) are -2 and -1 


K 


[] 


% empty set because deg B(s)<deg A(s) 


Following the standard form in Equation 2.24, we find 



which completely agrees with the result of Example 2.17. 


Example 2.20: Revisiting Example 2.18 


Find the partial-fraction expansion for X(s) = 


2 


(s + 3)(s 2 + 2s + 5)' 


Solution 


>> B 


>> A 


conv( [1 3] , [1 


2 5]) 


% "conv" gives the product 


A 


[R, P, K] 


11 15 

residue (B, A) 
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R = 

0.2500 


-0.1250 + 0.1250i 

- 3.0000 

-1.0000 + 2.OOOOi 
-1.0000 - 2.OOOOi 


K =3 

[] 

Based on these findings, the partial fractions are formed as 

X(s) =- 2 -=- + 

(s + 3)(s 2 + 2s + 5) s - (-3) s-(-1 + 2y) s-(-1-2y) 

Inspection confirms that the above is equivalent to the expansion obtained in Example 2.18. 

2.3.5.3 Convolution Method 

In addition to partial-fraction expansion, there is a second method of practical importance known as 
the convolution method. In systems analysis, the problem of determining the time history of a func¬ 
tion often boils down to finding £~' {} where F(s) = G(s)H(s) and gif) and hif) are available. Then, 

>£ _ 1 {F(s)} = fit) = (g * h)it) = J g(x)h(t - x) dx S ” J h(x)git -x)dx = ih* g)it) 


To prove this, it suffices to show 

r|jg(x)/r(t-x)dxJ = GW7TW 

First, using the fact that u{t - x) = 0 for all x > t, the left side is rewritten 
A] gix)hit-X)d\ = A j gix)hit-x)uit-x)dx\ 


Next, using Equation 2.15 and switching the order of integration, the above reduces to 

zrj j gix)hit - x)uit - x)dxj = j e~“ J g(x)hit - x)uit - x)dx j dt 

= J e^hit - x)uit - x) dt J g(x) dx 
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This is allowed because the Laplace transforms of g and h exist. Once again, because u(t - t) = 0 for 
11 t > t, the first integral can be rewritten to give 


£ |j g(T)h(t - i)u{t - x) dxj = J e~ s, h(t - x) dt j g(x) di 
Introducing the change of variables % = t - x, the above becomes 

^||^(x)Mf-x)M(f-t)t/x|= jg(T)dx 

= J e^h(%) dE, J e^gi'i) d% = H(s)G(s ) 


Example 2.21: Convolution 

Find £~'\ 1 —1. 

ls 2 (s + 1)J 


Solution 

Let F(s) = '— = C(s)/7(s) with C(s) = H(s) = 1 . Noting g(t) = t and h(t) = e~\ 

s (s + 1) s s + 1 

» Integration by parts » 

f (t) = (g * fi)(t) = I x • e * ^ dx = [xe“ < '“'' ) JT=o - I e ft_T) c/x = t -1 + e _t 


2.3.5.3.1 Solving IVPs 

The foregoing analysis has provided us with the necessary tools to complete the procedure of solv¬ 
ing IVPs as depicted in Figure 2.7. This will be illustrated by the following examples. 


Example 2.22: Initial-Value Problem 

a. Solve x + 4x = 2u(t), x(0) = 0, x(0) = 0, where u(t) is the unit-step function. 

b. Repeat in MATLAB. 


Solution 

a. Laplace transformation of the ODE (using Equation 2.20), taking into account the zero initial 
conditions, we arrive at 


X(s) = 


ip+4l 


A fefC . 

s + sNSff 


l.\^Bts'+Ci+4A 
s(s 2 +4) 


(s 2 + 4)X(s) = - 
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Equating the coefficients of like powers of s on both sides yields A = \,B = - C = 0. 
Then, 


s(s +4) s s +4 2|_s s +4] 


Inverse Laplace transformation gives x(t) = y(1-cos2t), t S 0. Of course, the convolution 
method would have led to the same result, 
b. 

>> x = simple(dsolve( 1 D2x + 4*x = 2*heaviside(t)','x(0) = 0, Dx(0) = 0')) 


heaviside(t)*sin(t) A 2 

Noting that sin 2 (t) = |(1-cos2t) and heaviside represents the unit-step function, the result 
agrees with that in Part (a). 

Example 2.23: Initial-Value Problem 

Solve x + 3x + 2x = 0, x(0) = 0, x(0) = 1. 

Solution 

Taking the Laplace transform, 

s 2 X(s) - sx(0) - x(0) + 3[sX(s) - x(0)] + 2X(s) = 0 


Using the given initial conditions and solving for X(s), yields 


2.3.6 Final-Value Theorem and Initial-Value Theorem 

Suppose that a function x(t) attains a finite limit as t -> °°, that is, it settles down after a sufficiently 
long time. This finite limit is the steady-state value (or final value) of x(f), denoted by x ss . However, 
there are many situations in which the time history x(t) is not available, but instead X(.s) is. The 
final-value theorem (FVT) allows us to find x ss , if it exists, by directly using X(s) without knowledge 
of x{t). 


2.3.6.1 Final-Value Theorem 

Suppose X(s) has no poles in the right half-plane (RHP) or on the imaginary axis, except possibly 
a simple pole (multiplicity of 1) at the origin. Then, xif) has a definite steady-state value given by 

x ss = limfsX'Cs')} (2.25) 
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The FVT must be used only when it is applicable. Using the FVT when the required conditions 
do not hold may yield incorrect results. 


Example 2.24: Final-Value Theorem 


a. Find x« if X(s) = —z - 

ss s(s 2 + 2s + 2 

b. Confirm in MATLAB. 


Solution 

a. The poles of X(s) are at 0 and -1 ±j. The complex conjugate pair lie in the left half-plane, and 
0 is a simple pole (at the origin), all allowed by the FVT. Therefore, 


x ss =lim{sX(s)} = lim 


2 


b. 4V 


» X = (s + l)/s/ (s'"'2+2*s+2) ; 
» xss = limit(s*X,s,0) 


1/2 

% Re-confirm the result by inspecting the limit of x(t) as t goes to infinity 
>> xt = ilaplace(X) 

1/2+1/2*(-cos(t)+sin(t))*exp(-t) % time history x(t) 

» syms t 

>> xss m limit(xt,t,inf) 


1/2 


Example 2.25: FVT Not Applicable 

Let X(s) = —- 1 — so that its poles are at ±2/, on the imaginary axis, not permitted by the FVT. 
s +4 

Therefore, FVT is not applicable and should not be applied! If it were to be applied, it would 
yield 


= lim{sX(s)} = lir 
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which is obviously false. To explain this, we first find x(t) = C '{X(s)} =\ sin2t. Then, it is clear that 
limx(t) does not exist because x(t) is oscillatory and there is no steady-state value. 

2.3.6.2 Initial-Value Theorem 

If lim{.yX(x)} exists, then the initial value (see Section 2.2) of x(t) is given by 


x(0 + )- hm{xZ(s)} 


(2.26) 


Note that in the case of the initial-value theorem (IVT), the poles of 2f(i) are not limited to spe¬ 
cific regions in the complex plane as they were with the FVT. 

Example 2.26: Initial-Value Theorem 

If X(s) = / +3 , find x(0 + ). 
s (2s + 1) 

Solution 

By Equation 2.26, 



Example 2.27: Initial Condition * Initial Value 

Consider x + x + 2x = 8(t), x(0~) = 0, x(0“) = 0 where 8(t) denotes the unit-impulse. Recall that 0~ 
refers to the time immediately prior to t = 0 and x(0~) is the initial condition of x. Determine the 
initial values of x and x, that is, x(0 + ) and x(0 + ). 

Solution 

Taking the Laplace transform of the ODE and using the zero initial conditions, we find 



By the IVT, 

x(0 + ) = lim{sX(s)} = lim 15 -> = 0 

«“ls 2 +s + 2j 

Thus, x(0 + ) = x(0~). To evaluate x(0 + ), we apply the IVT while x is replaced with x: 

x(0 + ) = lim{s/’{x}} = lim{s[sX(s)]} = lim i —--[ = 1 

s->°° l s 2 + S + 2 J 
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Therefore, x(0 + ) # x(0 ). This clearly shows that when impulsive forces are present in the sys¬ 
tem, initial values and initial conditions are indeed different. 

PROBLEM SET 2.3 

In Problems 1 through 8, 

a. Find the Laplace transform of the given function (use Table 2.2 when applicable). 

b. 4 Confirm the result in MATLAB. 

1. e a '~ b , a,b = const 

2. ff 2 -l 

3. sin(oof + ())), co, c|> = const 

4. cos(ro t - c(>), co, c)> = const 

5. cos 2 f 

6. fcosf 

7. /sinoof 

8. fsinh f 

In Problems 9 through 12, 

a. Express the signal in terms of unit-step functions. 

b. Find the Laplace transform of the expression in Part (a) using the shift on f axis. 



if 0<f<l 
otherwise 


10. g(t) 


fO if f < 0 


11. g(0 = jf if 0<f<l 

h if t > 1 



12. g(t) = U-t if 0 < f < 1 

lo if t > 1 


In Problems 13 through 16, find the Laplace transform of each periodic function whose definition 
in one period is given. 



14. /(f) = 2(1 - f), 0 < f < 1 




17. Find the Laplace transform of the periodic function/© in Figure 2.14. 

18. Find the Laplace transform of the periodic function/(f) in Figure 2.15. 
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■fit) 


lit 3 
2 | | 2 


~>t 


FIGURE 2.14 Periodic function in Problem 17. 


Jif) 


b 

0 



FIGURE 2.15 Periodic function in Problem 18. 


In Problems 19 through 24, 


a. Find the inverse Laplace transform using the partial-fraction expansion method. 


b. 4V 

19. 

20. 
21. 
22. 


Repeat in MATLAB. 
3s + 4 
s(s +1) 

3s 2 + 2s + 2 
(s 2 + 1)(s + 2) 
s +10 

s(s 2 + Is + 5) 

As + 5 

s 2 (s 2 +4S + 5) 


23. 

24. 


s -8 

5(i + 2) 2 

s 2 + s -1 

(s + 3)(s 2 + 2s + 2) 


In Problems 25 through 30, 

a. Solve the IVP. 

b. Confirm the result in MATLAB. 

25. x+2x= 2u(t) — u{t — 1), x(0) = 0 

26. x + 2 x + x = g(t), x(0) = 0, i(0) = 0, g(f) = f 1 1<t<2 

10 otherwise 
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27. 3x + x = e~‘, x(0) = 0, i(0) = | 

28. x + 9je = sm/, x(0) = l, jc(0) = 0 

29. x+x-2x = e', x(0) = 0, i(0) = l 

30. x + 3x= 1, jc( 0) = 2, i(0) = 0 


In Problems 31 through 36, decide whether the FVT is applicable, and if so, find x ss . 


31. 

32. 


(s + 4)(s + 4s + 5) 


33. 

34. 

35. 

36. 


X(s) = 


X(s) = 


s + 1 

s 2 (s + 3)(s + 2) 
s + 3 

(s + 2) 2 (s + l) 


X(s) = 


s 2 + l 
s(s +1) 2 


In Problems 37 through 40, evaluate x(0 + ) using the IVT. 


37. 

38. 

39. 

40. 


X(s) = 


X(s) = 


s 2 +1 

s(2s 2 + s + 3) 
3s+ 2 

(s + l)(s + 2) 2 


X(s) = 


s(s + 4) 

(s + l)(s + 2)(s + 3) 


X(s) = 


s 2 + 2 

(3s + 1)(s 2 + 9) 


2.4 SUMMARY 

The rectangular form of a complex number z is z = x + /’y, whe re x and y are the real and imaginary 
parts of z, respectively. The magnitude of z is |z| = \]x 2 +y 2 . The distance between two complex 
numbers Z\ and z 2 is z, - z 2 - The complex conjugate of z, denoted by z, is defined as z—x-jy, 
and zz = x 2 + y 2 - |z| . The polar form of z is z = re j(> where r = |z| and 0 is measured from the posi¬ 
tive real axis, and regarded as positive in the counterclockwise direction. Given a complex number 
z = re je * 0, and a positive integer n, the nth root of z is multivalued and defined by 

„rl Q + 2kn . . 0 + 2£jt\ , ,, , , 

\z=vr cos-l-jsm-, k = 0,1,...,n-1 


An nth-order ODE 


+ ... +a 1 x + a 0 x = F(t) 
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is linear if coefficients a 0 , a u ..., a n are either constants or functions of the independent variable t. 
If F(f) = 0, the ODE is called homogeneous. Otherwise, it is nonhomogeneous. A linear, first-order 
ODE 


has a general solution 


x+ g (t)x=m 


x{t) = e h ^ J e h f(t ) dt + c J, h - J g(t)dt, c = const 

If a function x(i) is defined for all t > 0, its Laplace transform is defined by 

Notation Definition /• 

X(s) = £{x{t)} = J e- s, x(t)dt 


provided that the integral exists. If F(s) = £{f(f)} exists and a> 0, then 
£{f(t-a) u{t - a)} = e~^F{s) 

If f(t) is periodic with period P, then 


F (s)= 1 ^je-«f(t)dt 


The Laplace transforms of the first and second derivatives of a function x(t) are defined by 

r{i(f)}-^(i)-x(0) 

£{x(t)\- s 2 X(s)- «(Q)-x(0) 

The Laplace transform of the integral of a function x(t) is 



Inverse Laplace transformation can be performed by either partial-fraction expansion or the 
convolution method, which states 


£~\G(s)H(s)} = (g * h){t) ^ = J g(T)h(t - x)dx S ” J h(T)g(t - x)dx = (h * g)(t) 
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FVT. If X(s) has no poles in the RHP or on the imaginary axis, except possibly a simple pole at 
the origin, then x(t) has a definite steady-state value given by 

x ss = lim{sX(s)} 


IVT: If lim {.sA'(v)} exists, then 


x(0 + ) = lim{iZ(s)} 


REVIEW PROBLEMS 

In Problems 1 through 4, perform the operations and express the result in rectangular form. 

, (1-3J) 2 
2 + 7 

2 1 + i/ 

27(3-27) 

3. (O.6-O.87) 5 

4 q + 37) 4 

(3 + 7 - ) 3 

/ \ 1/3 

5. Find all possible values of (-3 - 4 7) • 

6. Find all possible values of ^/l - 0.3 j. 

7. Solve the IVP 3y + y = 2 1, y(0) = -4. 

8. Express cost - 2sint in the form Dcos(f + 4>) for suitable amplitude D and phase c|>. 

9. Solve x + 3x = 3e~ 3 ', x(Q) = 0, i(0) = 2 using 

a. The method of undetermined coefficients. 

b. Laplace transformation. 

10. Solve the IVP x + 2x = 5 (t - 1), x(0) = 0, i(0) = 1- 

11. Find the Laplace transform of the periodic function in Figure 2.16. 

12. Find the Laplace transform of the periodic function whose definition in one period is 

m = t 2 , 0 < f < 1. 

13. Evaluate the convolution u(t - a)*t. 

14. Find the convolution u(t - d)*e~‘. 



FIGURE 2.16 


Problem 11. 








Complex Analysis, Differential Equations, and Laplace Transformation 


63 


15. Using partial-fraction expansion, find 

UW+i)j 

16. Using convolution, find 

C {(.¥ +1 )(v 2 +1)} 

17. Consider 


a. Using the FVT, if applicable, evaluate x ss . 

b. Confirm the result of Part (a) by evaluating lim{x(t)}. 


18. Repeat Problem 17 for X(s) = 

19. Consider 


s + 0.1 

s(s 2 +0.2s+ 25.01) ' 


X(s) = 


3 s 

2(s 2 +0.4s+ 1.04) 


a. Using the IVT, evaluate x(0 + ). 

b. Confirm the result of Part (a) by evaluating lim {x(t)}. 


20. Assuming X (s) = 


0.4s+ 0.3 
s(3s 2 +1) 


evaluate x(0 + ) using the IVT. 









Matrix Analysis 


The fundamentals of matrix analysis, including vector and matrix operations and properties, as well 
as matrix characteristics such as the rank, the determinant, and the inverse are presented in this 
chapter. The methods of matrix analysis are mainly useful in the treatment of systems of algebraic 
equations that are heavily coupled, that is, when several unknown variables are involved in several 
equations within the system. Also discussed in this chapter is the matrix eigenvalue problem, which 
plays a key role in the determination of a system’s natural frequencies, as well as the solution pro¬ 
cess for a system of differential equations. We focus on algebraic systems first, and then extend the 
ideas to systems of differential equations and the matrix eigenvalues problem. 


3.1 VECTORS AND MATRICES 


An n-dimensional vector v is an ordered set of n scalars, written as 



where each v,- (i = 1,2, ... , ri) is called a component of vector v. A matrix is a collection of numbers 
(real or complex) or possibly functions, arranged in a rectangular array and enclosed by square 
brackets. Each of the elements in a matrix is called an entry of the matrix. The horizontal and verti¬ 
cal lines of entries are the rows and columns of the matrix, respectively. The number of rows and 
columns of a matrix determine the size of that matrix. If a matrix A has m rows and n columns, then 
it is said to be of size mxn. If a matrix has the same number of rows as columns, it is called a square 
matrix. Otherwise, it is called rectangular. It is customary to denote matrices by bold-faced capital 
letters, such as A. The abbreviated form of an mxn matrix is 


A = [ayl mxn , i= 1,2,..., 


m, j = 1,2, ...,n 


where a tJ is known as the (i,f) entry of A, located at the intersection of the ith row and the y'th col¬ 
umn of A. Therefore, a u , for instance, occupies the entry at the intersection of the first row and the 
second column. If A is a square matrix ( m = ri), the elements a n , a 22 , ■ .., a nn are the diagonal entries 
of A. These diagonal elements form the main diagonal of A. Two matrices A = [a i; ] and B = [b^] 
are equal if they have the same size and the same entries in the respective locations. If any rows 
or columns (or possibly both) of A are deleted, a submatrix of A is generated. The sum of A = [a,- / ] mXK 
and B = [&,y] mxn is C = [c, :/ ] mXH = [a Lj + b^ myn . The product of a scalar k and matrix A = [a,j] mx „ is 
kA = [ka^ myn . Consider A = [a, :/ ] mx „ and B = [&y]„ xp so that the number of columns of A is equal to 
the number of rows of B. Then, their product C = AB is mxp whose entries are obtained as 
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FIGURE 3.1 Construction of the matrix product. 


This is schematically shown in Figure 3.1. If the number of columns of A does not match the 
number of rows of B, the product is undefined. If the product is defined, then the (ij) entry of C is 
simply the dot (inner) product of the 2th row of A and the yth column of B. 

Given an mxn matrix A, its transpose, denoted by A 7 , is an n xm matrix with the property that 
its first row is the first column of A, its second row is the second column of A, and so on. Given that 
all matrix operations are valid, 


(A + B) r = A r + B r 
(kA) T = kA T , k = scalar 
(AB) 7 = B'A 7 


Example 3.1: Transpose 

Consider 


a. Verify (AB) 7 = BW. 

b. 4V Confirm the result in MATLAB®. 


Solution 


a. Performing the operations on the left side of the identity, we find 



Performing the operations on the right side, we have 
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b. 

>> A = [4 —1; 0 3 ] ; B = [-1 2;1 -2] ; 

>> Left_side = (A*B).' % .' returns the non-conjugate transpose 

Left_side = 

-5 3 


>> Right_side = B.'*A.' 

Right_side = 

-5 3 

10 -6 

3.1.1 Special Matrices 

A square matrix A is symmetric if A r = A and skew-symmetric if A T = -A. A square matrix A nxn = 
[flj] is upper-triangular if a tJ = 0 for all i > j, that is, all entries below the main diagonal are zeros; lower- 
triangular if a tj = 0 for all i < j, that is, all elements above the main diagonal are zeros; and diagonal if 
a tj = 0 for all i * j. In the upper-triangular and lower-triangular matrices, the diagonal elements may be 
all zeros. However, in a diagonal matrix, at least one diagonal entry must be nonzero. The nxn identity 
matrix, denoted by I, is a diagonal matrix whose diagonal entries are all equal to 1. 

3.1.2 Elementary Row Operations 

In matrix analysis, we often encounter matrices that do not appear in a special form such as trian¬ 
gular or diagonal. Because special matrices are so much easier to work with, it is desirable to trans¬ 
form (or reduce) a general matrix into one of the special forms mentioned earlier. This is done with 
the aid of elementary row operations (EROs). There are three types of EROs: 

• ERO,: Multiply a row by a nonzero constant. 

• ERO z : Interchange two rows. 

• ER0 3 : Multiply row i by a = const * 0, add the result to row k, then replace row k with the 
outcome. In this process, row i is called the pivot row. 

It is important to note that a matrix and its transformed form are not the same, but depending 
on the transformation, certain characteristics of the original matrix may be preserved. These EROs 
are often used to transform a matrix A into an upper-triangular form. The form of matrix A in the 
final step of this process is called the row-echelon form of A, denoted by REF(A). We reiterate that 
the original matrix and any subsequent one generated by an ERO are completely different matrices. 
Furthermore, the row-echelon form of a matrix is not unique. 

Example 3.2: Row-Echelon Form 

Find the row-echelon form of 


A = 
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ER 0 3 



FIGURE 3.2 Steps in construction of the row-echelon form. 

Solution 

The details are depicted in Figure 3.2. In the first segment, the first row is the pivot row and used 
to generate zeros beneath the (1,1) entry. In the second segment, the lower two rows are switched 
to replace the entry of 4 with -1 to avoid fractions. In the third segment, the new second row is the 
pivot row, which is used to create a zero under the (2,2) entry. The final matrix represents REF(A). 
The row-echelon form is clearly not unique, and depends on the manner in which the ultimate 
upper-triangular matrix is achieved. 

3.1.3 Rank of a Matrix 

The rank of a matrix A, denoted by rank(A), is the number of nonzero rows in the row-echelon form 
of A. This number is independent of the sequence of EROs used. The rank is sometimes called the 
row rank. If A is mxn, then rank(A) can at most be equal to m or n, whichever is smaller. For instance, 
the rank of a 3x4 matrix can at most be 3. If elementary column operations are employed to find the 
column-echelon form, then the number of nonzero columns is the column rank of the matrix. It turns 
out that the row rank and the column rank of a matrix are the same, and consequently, 

rank(A) = rank(A r ) 


Example 3.3: Rank 

For the matrix given below, 


a. Find the row-echelon form and rank. 

b. Repeat in MATLAB. 


A = 


a. The details are shown in Figure 3.3. 
Because there are two nonzero row 


/-echelon form of A, we have rank(A) = 2. 


ER 0 3 r-l 2 
■ Q> 0 7 ] 

+U 0 7 ] 


FIGURE 3.3 Construction of REF in Example 3.3. 
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b. ^^The rref command in MATLAB produces the reduced row-echelon form by trying 
to create ones in the diagonal entries and zeros elsewhere for a square matrix. For non¬ 
square matrices, the outcome will contain either an additional row or an additional column 
depending on the size of the matrix. 


» A = [-1 2 4;3 1 —2; 2 3 2] ; 
» rref (A) 

1.0000 0 -1.1429 

0 1.0000 1.4286 

0 0 0 

» rank(A) 


3.1.4 Determinant of a Matrix 

The determinant of a square matrix A = is a real scalar denoted by |a| or det(A). The most 
trivial case is A = [a 1( | lx)) for which the determinant is simply |a| = a n . For n > 2, the determi¬ 
nant may be calculated using any row—with preference given to the row with the most number of 
zeros—as 


|A| = £ a ik (-l) i+ * M ik , i = 1,2,..., n 


(3-D 


In Equation 3.1, M ik is called the minor of the entry a ik , defined as the determinant of the (n- 1) x 
(n - 1) submatrix of A obtained by deleting the fth row and the ldh column of A. The quantity (-1 ) i+k M ik 
is the cofactor of a ik and is denoted by C ik . Also note that (-1)‘ + * is responsible for whether a term is mul¬ 
tiplied by +1 or -1. A square matrix with a nonzero determinant is called nonsingular. Otherwise, it is 
called singular. 


Example 3.4: Determinant 


a. Calculate the determinant of 


b. 4\ Repeat in MATLAB. 
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Solution 

a. We will use the first row because it contains the smallest (in magnitude) entries. 


3 


4 

-2 


-2 


12-1 12 4 

+ 3-1 4-33-12 

15-2 15 6 


Each of the four 3x3 determinants is computed via Equation 3.1, resulting in 


|A| = -2(32) - (-4) + (-14) - 3(16) = -122 


b. 4V 


» A = [-211 3;1 2 4 -1;3 -1 2 4;1 5 6 -2]; 
>> det(A) 


-122 

3.1.4.1 Properties of Determinant 

The following properties are associated with the determinant: 

• If an entire row (or column) of A is zero, then |a| = 0, that is, A is singular. 

• If any rows (or columns) of A are linearly dependent, then A is singular. 

• If A is n x n and rank(A) < n, then A is singular. 

• l A 1=W 

. |ab| = |a||b| 

• The determinant of a lower triangular, upper triangular, or diagonal matrix is the product 
of the diagonal entries. 

• If k is a scalar and A is nxn, then kA = k n |A|. 

• If any two rows of A are interchanged (ER0 2 ), then the determinant of the resulting matrix 
is —|A|. 

• |A| is preserved under ER0 3 . 

3.1.4.2 Rank in Terms of Determinant 

The rank of any matrix A is the size of the largest nonsingular submatrix of A. In other words, 
rank(A) = r if there exists an rxr submatrix of A with nonzero determinant and any other pxp 
(with p>r ) submatrix of A is singular. If A„ x „ is nonsingular, then rank(A) = n. If A = 0, then 
rank(A)<n. 
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Example 3.5: Rank via Determinant 

a. Find the rank of 


2 



3 


0 


b. 4V Confirm in MATLAB. 


Solution 

a. Because A is 4x3, rank(A) can at most be 3. Inspection of all possible 3x3 submatrices of 
A yields 


2 3 4 

0-12 

= 0, 

2 3 4 

0-12 

= 0, 

2 3 4 

1 1 3 

= 0, 

0-12 

1 1 3 

1 1 3 


1 0 5 


1 0 5 


1 0 5 


This implies rank(A) < 3, hence it may be either 2 or 1. Because \ ^ =-2^0, we con¬ 
clude that rank(A) = 2. 0-1 

b. 

>> A = [2 3 4; 0 -1 2;1 1 3;1 0 5] ; 

>> rank(A) 


3.1.4.3 Block Diagonal and Block Triangular Matrices 

A block diagonal matrix is defined as a square matrix partitioned such that its diagonal elements 
are square matrices, whereas all other elements are zeros (Figure 3.4a). Similarly, we define a block 
triangular matrix as a square matrix partitioned in such a way that its diagonal elements are square 
blocks, whereas all entries either above or below this main block diagonal are zeros (Figure 3.4b 
and c). It is interesting to note that many properties of these special block matrices essentially gen¬ 
eralize those of diagonal and triangular matrices. In particular, the determinant of each of these 
matrices is equal to the product of the individual determinants of the blocks along the main diago¬ 
nal. Consequently, a block diagonal (or triangular) matrix is singular if and only if one of the blocks 


o 


o 


o 


13 Tl : 
k -3 ( 

5 0-4" 

5 5 0 

lo 

1 -1 l 

2 o| 


FIGURE 3.4 (a) Block diagonal, (b) block lower-triangular, (c) block upper-triangular. 
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(a) (b) 


FIGURE 3.5 Block diagonal in Example 3.6: (a) three blocks, (b) two blocks. 


along the main diagonal is singular. We also mention that the rank of a block triangular matrix is at 
least equal to the sum of the ranks of the individual diagonal blocks. 


Example 3.6: Block Diagonal Matrix 

Evaluate det(A) and rank(A), where 


13 0 0 

-2 4 0 0 

0 0 5 0 

_ 0 0 0 2_ 


Solution 

This matrix can be thought of as a block diagonal matrix in two ways, as listed in Figure 3.5. 

In Figure 3.5a, the 2 x2 block in the upper-left corner has a determinant of 10 and a rank of 2, 
whereas the other two blocks (single entries) are 5 and 2, each with a rank of 1. Therefore, 

|A| = (10)(5)(2) = 100 and rank(A) = 2 + 1 + 1 = 4. In Figure 3.5b, the two 2 x2 blocks each have 
a determinant of 10 and a rank of 2, thus the determinant of the matrix is (10)(10) = 100 and its 
rank is 4, as asserted. 

3.1.5 Inverse of a Matrix 

The inverse of a square matrix A nxn is denoted by A -1 with the property AA _I = I = A -1 A where I 
is the nxn identity matrix. The inverse of A exists only if |a| * 0 and is obtained using the adjoint 
matrix of A, denoted by adj(A). 

3.1.5.1 Adjoint Matrix 

If A = [a y ] KX „, then the adjoint of A is defined as 



'(-1) 1+1 M U 

(-1 ) 2+1 M 21 .. 

. (-1 r 

hl M nl 


"c u 

C 2 1 . 

.. C n 1" 

adj(A) = 

(-1 ) 1+2 m 12 

(-1 ) 2+2 M 22 .. 

. (-i r 

2 M n2 

= 

c 12 

C22 

.. c n2 


_(—1 ) 1+n M ln 

(-1 ) 2+n M 2n .. 

. (-i r 

nM nn 


Cj„ 

C 2n . 

.. C m 
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where M tj is the minor of a tj and C tj = (~Y) i+j M tJ is the cofactor of a tj . Note that each minor M Vj (or 
cofactor C i} ) occupies the (j,i) position in the adjoint matrix, the opposite of what one would nor¬ 
mally expect. Then, 


A 


r-T adj(A) 


(3.3) 


Equation 3.3 clearly indicates that A must be nonsingular for A -1 to exist. 


Example 3.7: Inverse 

a. Find the inverse of 



b. 4\ Confirm in MATLAB. 

Solution 


a. Noting that |a| = -8 * 0, the inverse exists. The first few minors and cofactors are computed 
as 


M n = | ^ ^ ==-3, Cj, = (-1) 1 ’ , M 1 . =-3 


M n = r * = -1, C 12 = (-1) ,+2 M 12 = 1 


M 21 = h ° =1, C 21 =(-1) 2+1 M 21 =-1 


Continuing this process, using Equation 3.3, we find 


C m 

C 32 

c 33 


adj(A) = 
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Finally, 



-3 -1 


2 

-6 


b. 4V 


>> A = [3 1 0; 1 -1 2; 1 1 1] ; 

» inv(A) 

0.3750 0.1250 -0.2500 

-0.1250 -0.3750 0.7500 

-0.2500 -0.2500 0.5000 

Example 3.8: Inverse of a Symbolic Matrix 

a. Determine (si - A) -1 where s is the Laplace variable, I is the 2 x2 identity matrix, and 



b. 4V Repeat in MATLAB. 


Solution 


a. First, 




Then, by Equation 3.3, 


s + 5 1 



(s + IXs + 4) (s + 1)(s + 4) 


b. 4V 


syms s 

A = [0 1;-4 -5] ; inv(s*eye(2) - A) 
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[ (s+5)/(s"2+5*s+4) , 1/ (s'‘2+5*s+4) ] 

[ -4/(s"2+5*s+4), s/(s"2+5*s+4)] 

The following properties are associated with the inverse of a matrix: 

• (A -1 ) -1 = A 

• (AB)- 1 = BA 1 

• (A- 1 )? = (A?)- 1 4 5 6 , p = integer > 0 

• |A-M = 1/|A| 

• (A-')' = (A 7 8 )- 1 

• Inverse of a (nonsingular) symmetric matrix is symmetric. 

• Inverse of a diagonal matrix is diagonal whose entries are the reciprocals of the entries of 
the original matrix. 

PROBLEM SET 3.1 

In Problems 1 through 8, perform the indicated operations, if defined, for the vectors and matrices 
below. 



1. B + vw r 

2. v r B + w 

3. w r w + v T v 

4. (vw r ) r + B T 

5. Avw r - B r A 

6. BB y + Avv r 

7. Av - 2Bw 

8. w'B'v 

In Problems 9 through 14, 

a. Find the row-echelon form and use it to determine the rank. 

b. 4\ Confirm using MATLAB. 



10. A = 


-1 


-2 

-5. 
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2 -1 1 
11. A= -l 3 2 

.4 -2 0. 


12. 



-1 

2 


13. 



-2 

-1 

2 

1 


0 1 

-1 0 

4 1 

3 I. 


1 -1 

3 2 

2 3 

4 1 


2 

0 

-2 

2 


0 

1 

1 

1_ 


In Problems 15 through 20 evaluate the determinant. 


15. 


-1 

0 

0 

0 


16. 


0 

0 

0 


2 

0 

1 

0 

-1 

b 

0 

0 


3 5 

1 4 

5 -1 

0 1 
a 2 
0 1 
-3 -2 

0 2 a 


a,b = parameters 


•s + 1 


17. 0 


1 -1 

s + 2 2 , 

2 5 


s = parameter 


18. 


-2 

3 

2 


2 3 5 
2 1 4 
1 0 -1 
1 -3 1 


3 

0 

0 

0 


0 0 
4 -1 

2 5 

0 0 


0 

0 

0 

-2 


1 2 0-60 
-2 3 0 0 10 

0 0 6 0 0 

0 0 0 -1 2 

0 0 0 3 5 


20. 
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In Problems 21 through 28, find the inverse of the matrix. 


21. 

22. 

23. 

24. 

25. 

26. 

27. 


A = 


A = 


A = 


A = 


A = 


A = 


A = 



cos0 sin0 
- sin0 cos0 


4 0 1 

0-3 2 

. 1 2 1 . 

10 2 
0 2-1 
0 0 3 _ 

3 0 O' 

1 -1 0 

.2 0 -2. 

'a 0 -1 

0 a + 1 2 , 

.1 0 a + 2_ 

3a 0 0 

0 a + 1 0 

0 0 3(a +1) 


a = parameter 


a = parameter 


-Lj sinOj - L 2 sinC©! + 0 2 ) -L 2 sin(0! + 0 2 ) 
Lj cos©! + L 2 cos(0! + 0 2 ) L 2 cos(0j + 0 2 ) 


L l ,L 2 ,Q l ,Q 2 = parameters 


29. Given A„ x „ and scalar a, show that (aA) = A . 

a 

30. Show that the inverse of a (nonsingular) symmetric matrix is symmetric. 


3.2 SOLUTION OF LINEAR SYSTEMS OF EQUATIONS 

A linear system of n algebraic equations in n unknowns appears in the form 


a x x x x + a l2 x 2 + ... + a ln x n = b t 
a 2x x x + a 22 x 2 + ... + a 2n x n = b 2 

a nl x j + a n2 x 2 + ... + a nn x n = b n 


(3.4) 


where aj (i,j = 1,2, n) and b k (k = 1,2, ..., n) are known constants, and ay’s are the coefficients. 
Equation 3.4 can be expressed in matrix form, as 


Ax = b 


(3.5) 
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b = 


bi 

b 2 

b n 


where A is the coefficient matrix. A set of values for x u x 2 , ... ,x n satisfying Equation 3.4 forms a 
solution of the system. The vector x with components x lt x 2 , ... ,x n is the solution of Equation 3.5. 
If x 1 = 0 = x 2 = ... =x n , the solution x = 0„ xl is called the trivial solution. The augmented matrix for 
Equation 3.5 is defined as 


a n 


[A|b] = 


a 2l 



(3.6) 


3.2.1 Gauss Elimination Method 

Gauss elimination is a basic method to solve a linear system in the form of Equation 3.5, when n 
is not large, and comprises two main steps: (1) Use the EROs to transform the augmented matrix 
[A|b] into upper triangular form, and (2) find the unknowns through back-substitution. 


Example 3.9: Gauss Elimination Method 

Using Gauss elimination, solve 

1 -2 ll[*i] [-4 

2 0 3 | x 2 r = j 1 

-1 1 2 J [ x 3 J [5 


Solution 

Figure 3.6 shows the steps involved in transforming the augmented matrix into the upper-triangular 
form. The third row yields 13x 3 = 13, which implies x 3 = 1. Using this in the second row, we have 
-x 2 + 3 = 1, hence x 2 = 2. Finally, using the first row, we find x, = -1. 



FIGURE 3.6 Gauss elimination method. 
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3.2.2 Using the Inverse of the Coefficient Matrix 

If the coefficient matrix A in Equation 3.5 is nonsingular, then the vector solution is readily obtained 
as x = A _1 b. 

Example 3.10: Coefficient Matrix 

Solve the system in Example 3.9 using 

a. The inverse of the coefficient matrix. 

b. 4V The "\" operator in MATLAB. 

Solution 

a. The inverse is calculated as 

1 -2 
2 0 
-1 1 

Therefore, 

13 

b. wv 

» A = [1 -2 1;2 0 3;-l 1 2] ; b = [-4; 1; 5] ; 

>> x = A\b % More efficient than inv(A)*b 



3.2.3 Cramer's Rule 

Consider the linear system in Equation 3.5. Assuming the coefficient matrix is nonsingular, each 
unknown jc, (i = 1,2, ... , n) is uniquely determined via 


x i — 


D t 

D 
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where determinants D and D i are described as 


ci n a n ... 


an - ,th T ofD ... ai„ 

Cl 2i CI22 • • • CI2 n 

D ~ 

a 2 i ... b 2 ... a 2n 

- ;;; 





a n 1 ... ... a„„ 


Example 3.11: Cramer's Rule 

Consider the system in Example 3.9. 

a. Solve using Cramer's rule. 

b. 4V Repeat in MATLAB. 

Solution 

a. The determinant of the coefficient matrix is computed first, 
1 _2 1 

D= 2 0 3 =13*0 

|-1 1 2 


Subsequently, the three determinants are calculated as 


D,= 

-4 -2 1 

1 0 3 

= -13, D 2 = 

1 -4 1 

2 1 3 

= 26, D 3 = 

1 -2 -4 

2 ° 1 


5 12 


-1 5 2 


-1 1 5 


The solutions are therefore obtained as 



b. 4V 

>> A = [1 -2 1; 2 0 3; -1 1 2] ; b = [-4;1;5] ; d = det (A) ; 
» A1=A; Al(:,l)=b; dl=det(Al); 

>> A2=A; A2(:,2)=b; d2=det(A2); 

>> A3=A; A3(:,3)=b; d3=det(A3); 


L=dl/d; x2=d2/d; x3=d3/d; x=[xl;x2;x3] 
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3.2.4 Homogeneous Systems 

Consider a homogeneous system of n equations Ax = 0 and let A be nonsingular. Because b = 0„ xl , 
every determinant D, defined in Cramer’s rule contains a column of all zero entries, and hence is zero. 
Consequently, x t = DJD = 0 for i = 1,2 ,... ,n and the only possible solution is the trivial solution x = 0„ xl . 

For Ax = 0 to have a nontrivial solution, the coefficient matrix must be singular, |a| = 0. This 
assures that the equations are linearly dependent so that there is at least one free variable that can 
ultimately generate infinitely many solutions. 


PROBLEM SET 3.2 

In Problems 1 through 6, solve the linear system Ax = b using Gauss elimination. 


In Problems 7 through 10, solve the linear system Ax = b using 

a. A -1 . 

b. ^Vthe "\" command in MATLAB. 


2 -ii r o ] 

0 2 , b = • b\, b = parameter 

1 -2J M 


a 


a 

b = • 4 a 

,3a + 2 


8. A = 


-1 


1 -2 

2 a 1 

1 3 a 


a = parameter 
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2 

0 

.0 


10. 



4 

3 

2 


b = 


b = 


0 

2 

1 . 


In Problems 11 through 14, 

a. Solve the linear system Ax = b using Cramer’s rule. 

b. 40V Repeat in MATLAB. 


1 1 -2 , 
.3-1 2. 


In Problems 15 through 18, solve the homogeneous linear system Ax = 0 for which the coefficient 
matrix is provided. The components of x are x h x 2 , ... , x n where n is the system size. 


15. 


16. 


17. 



4 

1 

5. 

l" 

3 
3. 

2 

4 

6 . 


18. A = 


1 0 1 
0 1 0 
.1 0 1 . 
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3.3 MATRIX EIGENVALUE PROBLEM 

The matrix eigenvalue problem associated with a square matrix A nxn is formulated as 

Av = Xv, v * 0„ xl , X = scalar (3.7) 

A number X, complex in general, for which Equation 3.7 has a nontrivial solution (v * 0„ xl ) is 
called an eigenvalue or characteristic value of matrix A. The corresponding solution (v * 0) of 
Equation 3.7 is the eigenvector or characteristic vector of A corresponding to X. The set of all eigen¬ 
values of A is the spectrum of A, denoted by X(A). The largest eigenvalue of A, in absolute value, 
is the spectral radius of A. 

3.3.1 Solving the Eigenvalue Problem 

Rewrite Equation 3.7 as 


Av - 


Xv = 0 nxl 


Note that every single term here is an n x 1 vector. On the left-hand side, both terms contain vec¬ 
tor v. Although in the second term, X and v commute, the same is not true with A and v in the first 
term. Therefore, we can only factor out v from the right to obtain 

(A - XI)v = 0 (3.8) 

The identity matrix I has been inserted so that the two terms in parentheses are compatible. 
Equation 3.8 has a nontrivial solution (v * 0) if and only if the coefficient matrix A - XI is singular 
(see Section 3.2). Thus, 


This is called the characteristic equation of A. The determinant I A —All is an nth-degree 
polynomial in X and is known as the characteristic polynomial of A whose roots are precisely the 
eigenvalues of A. For each eigenvalue, we find the corresponding eigenvector by solving Equation 
3.8. Because A - XI is singular, it has at least one row dependent on the other rows, which means the 
row-echelon form of A - XI will have at least one zero row. Therefore, for each fixed X, Equation 
3.8 has infinitely many solutions. A basis of solutions then represents all eigenvectors associated 
with each X. 

Eigenvalue Properties of Matrices 

• Eigenvalues of upper-triangular and lower-triangular and diagonal matrices are the 
entries along the main diagonal of the matrix. 

• The determinant of a matrix is the product of its eigenvalues. 

• All eigenvalues of a symmetric matrix are real. 

• Eigenvalues of a skew-symmetric matrix are either zero or pure imaginary. 

• A matrix A is orthogonal if A T = A -1 . All eigenvalues of an orthogonal matrix have 
absolute values of 1. 

• The eigenvalues of block diagonal and block triangular matrices are the eigenvalues of 
the block matrices along the diagonal. 
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Example 3.12: Matrix Eigenvalue Problem 

a. Find all eigenvalues and eigenvectors of 
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|"l 0 ll 

A= 0 1 0 

Li 0 1J 

b. Repeat in MATLAB. 

Solution 

a. The characteristic equation yields 
|l-l 0 0 

|A-ll| = 0 1-1 0 = (1 -1) 3 - (1 -1) = 1(1 -1)(1 - 2) = 0 1 1; 2, 3 =0,1,2 

1 0 1-1 

For 1, = 0, we solve 

ri o lira] foi 

(A-l,l)v, = 0 Av, =0 |o 1 0 I |6j = jOj 



The second row gives 6 = 0. The first row yields a + c = 0. The last row of zeros suggests a free 
variable exists, which can be either a or c. Choosing a = 1 results in c = -1 and 

v,= jo 

Forl 2 = 1, we solve 

[° 0 l] [a] [ol 

(A-1 2 I)v 2 =0 (A-I)v 2 =0 o 0 0 6 = 0 

Li 0 oj LcJ LoJ 

The first and third rows suggest c = 0 and a = 0, respectively. Therefore, 6 must be the free 
variable. Noting that an eigenvector cannot be the zero vector, we let 6 = 1 so that 


Matrix Analysis 

For \ 3 = 2, solve 


85 


(A - 2I)v 3 


= 0 



0 

0. 



[°l 

l°l 

Lo J 


The second row gives 6 = 0 whereas the first row yields a = c. The last row suggests one free 
variable, which can be either a or c. Choosing a = 1 results in c = 1, and 


b. 4V 


» A = [1 0 1; 0 1 0; 1 0 1] ; 

To find the eigenvalues as well as the eigenvectors, we use the command "eig" in the form 
of [V,D] =eig(A) so that matrix V contains the eigenvectors (normalized as unit vectors) in its 
columns and diagonal matrix D has the eigenvalues along its main diagonal. The eigenvalue in the 
(1,1) entry of D corresponds to the eigenvector in the first column of V, and so on. 


» [V, D] = eig (A) 
V = 


0 -1.0000 0 


-0.7071 


0.7071 


As mentioned above, the eigenvectors are normalized to unit vectors by dividing the vector by 
its length (norm). For instance, eigenvector v, in Part (a) has length 4l and 




0.7071 1 
° 

.-0.7071 J 


This is returned by the "eig" command in MATLAB. Also note that v 2 returned by "eig" 
matches the one in (a)—except for a negative multiple—because it is a unit vector to begin with. 
This, of course, is not a concern because they both have the same basis. 
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3.3.2 Algebraic Multiplicity and Geometric Multiplicity 

The algebraic multiplicity (AM) of an eigenvalue is the number of times it occurs. Its geomet¬ 
ric multiplicity (GM) is the number of linearly independent eigenvectors associated with it. For 
instance, in Example 3.12, each of the three eigenvalues has an AM of 1 because each occurs only 
once, and a GM of 1 because there is only one independent eigenvector for each. In general, we have 
GM < AM. Therefore, any eigenvalue with an AM of 1 automatically has a GM of 1. 


Example 3.13: AM, GM 

Find all eigenvalues and eigenvectors of 

0 —3l 

1 2 

0 -2J 



Solution 

Because A is upper-triangular, X{\) = 1,1,-2 so that X = 1 has AM of 2 and X = -2 has AM of 1. 
For X = 1, we solve 



The first row gives c = 0. Two zero rows indicate two free variables (a and b here) so that two 
linearly independent eigenvectors can be obtained. Letting a = 1, b = 0, and a = 0, b = 1 yields 
two independent eigenvectors associated with X = 1: 



Therefore, X = 1 has a GM of 2. For X = -2 the only independent eigenvector is obtained as 


[ 3 
\-2 
[ 3 


Thus, X = -2 has GM of 1. 

3.3.2.1 Generalized Eigenvectors 

Suppose AM of a certain eigenvalue X is m so that m corresponding eigenvectors are expected for 
X. However, if the GM of X is k<m, then only k linearly independent eigenvectors will be generated 
for X. This implies that there are m - k missing eigenvectors. These missing eigenvectors are called 
generalized eigenvectors and can be found using a systematic approach (see Reference [6]). Any 
matrix with a generalized eigenvector is called defective. The following example illustrates how 
defective matrices can be handled in MATLAB. 
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Example 3.14: Generalized Eigenvectors 

Find the eigenvalues and eigenvectors of 



Solution 


» A = [1 -1 -3; 0 4 0; —3 1 1] ; 
>> [V,D] = eig(A) 


0.7071 


0.7071 0.7071 

0 0.0000 

0.7071 -0.7071 

0 0 


0 0 4.0000 


Because the first and third columns of V are the same eigenvector, we conclude that there is a 
generalized eigenvector. To find this missing eigenvector, we switch from "eig" to "jordan," 
which is specifically designed for this purpose. 

>> [V,J] = jordan (A) 


0.1667 


-1.0000 0.1667 

0 1.0000 


1.0000 -0.1667 


-2 0 0 

0 4 1 


Note that matrix J is no longer diagonal and is known as a Jordan matrix. The eigenvalues of A 
are -2,4,4. The first column of V contains the eigenvector for \ = -2. The next two columns cor¬ 
respond to k = 4, with the last one being a generalized eigenvector. 

3.3.2.2 Similarity Transformations 

Two matrices A nxn and B„ xn are similar if there exists a nonsingular matrix S„ x „ such that 


B = S-'AS 


(3.9) 
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We say that B is obtained from A through a similarity transformation. Eigenvalues of a matrix 
are preserved under similarity transformation. Similarity transformations are customarily used to 
transform a matrix into a diagonal matrix, with eigenvectors playing a key role in that process. 

3.3.2.3 Matrix Diagonalization 

Suppose A nxn has eigenvalues X,, k 2 , ■ .., and corresponding linearly independent eigenvectors v h 
v 2 , ..., v„ with no generalized eigenvectors. Form the modal matrix \ nxn = [v, v 2 ... vj, which is 
guaranteed to be nonsingular because its columns are linearly independent (see properties of the 
determinant). Then, 


V _1 AV 


0 


0 



(3.10) 


Matrix A has clearly been transformed into a diagonal matrix D by a similarity transformation. 

3.3.2.4 Defective Matrices 

Suppose A nxn has eigenvalues X 2 , .... and linearly independent eigenvectors v,, v 2 , ..., v„ 
including at least one generalized eigenvector. Again, the modal matrix \ nxn = v 2 ... vj is guar¬ 
anteed to be nonsingular because its columns are linearly independent, and 


V- 1 AY = J 


(3.11) 


where J is not diagonal and is called a Jordan matrix (see Example 3.14). 


Example 3.15: Diagonalization 4V 

In Example 3.12, we found k(A) = 0,1,2 and no generalized eigenvectors. The modal matrix then 
transforms A into the diagonal matrix D as in Equation 3.10. 


» D = V\A*V % Perform D = V _1 AV 
D = 


0 0 2 % Diagonal matrix D comprises the eigenvalues of A 


Example 3.16: Jordan Matrix 

In Example 3.14, we found k(A) = -2,4,4 and one generalized eigenvector. The modal matrix 
transforms A into a Jordan matrix J as in Equation 3.11. 
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» J = V\A*V % Perform J = V^AV 


i Jordan matrix 


PROBLEM SET 3.3 

In Problems 1 through 10, 

a. Find the eigenvalues and eigenvectors of the matrix. 

b. Repeat in MATLAB. 


1. A = 

2. A = 

3. A = 

4. A = 

5. A = 

6. A = 

7. A = 

8. A = 

9. A = 

10. A = 



2 

.0 

"l 

0 

.0 

' 3 
-4 
-2 

' 2 
-1 
.-5 

’ 2 
-1 
0 
. 1 

0 

0 

0 

.0 



^ J, a = parameter 

1 o' 

2 0 
0 1. 

3 1 " 

2 -3 

0 - 1 . 

-1 2 ' 

4 -6 

1 - 1 . 

-2 4 ' 

3 2 

10 -1. 

2 -2 O' 

-3 2 -2 
-3 2 -3 
2-2 1 . 

0 0 o' 

-4 1 0 

-5 2 0 

0 0 -1. 
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^ In Problems 11 through 18, find the eigenvalues, eigenvectors, AM, and GM of each eigen¬ 
value, and decide whether the matrix is defective or not. Then transform the matrix into either a 
diagonal or a Jordan matrix, whichever is applicable. 


Li 1 \ 

r-3 -i 


-i -i -i. 
-2 -1 -1 


19. Prove that if A 2x2 has a repeated eigenvalue X, then A must be defective. 

20. Prove that a singular matrix must have at least one zero eigenvalue. 


3.4 SUMMARY 

A matrix is a collection of elements arranged in a rectangular array and enclosed by square brack¬ 
ets. Matrix A mxn has m rows and n columns, and is said to be of size mxn. The abbreviated form of 
an mxn matrix is 


A = [ay] mx „, i = 1,2,... ,m, j=l,2, 

Matrix addition is performed entry-wise. If k is scalar, then kA = [ka ( jl mxn . If A = [a^] mxn and 
B = [b,j\ nyp , then C = AB is mxp whose entries are obtained as 
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The transpose of A mxn , denoted by A T , is an n x m matrix whose rows are the columns of A. 

A nxn = [«;,] is symmetric if A T = A, upper-triangular if a tJ = 0 for all i > j, lower-triangular if a tj = 
0 for all i < j, and diagonal if a tj = 0 for all i * j. Matrix transformations may be achieved by using 
EROs: 

• ERO,: Multiply a row by a nonzero constant. 

• ERO z : Interchange two rows. 

• ER0 3 : Multiply row i by a = const * 0, add the result to row k, then replace row k with the 
outcome. In this process, row i is called the pivot row. 

The rank of A is the number of nonzero rows in the row-echelon form of A. The determinant of 
A nxn is a real scalar, calculated as 

Ml = X°*« 

where M ik is the minor of a ik and (-1 ) m M ik is the cofactor of a ik . The adjoint matrix of A is defined as 



'(-l) 1+1 M n 

(—1) 2+1 M 21 .. 

. (—i r l M nl ' 


"c u 

C 2i . 

•• Cm 

adj(A) = 

(—1 ) 1+2 M 12 

(-1) 2+2 M 22 .. 

. (—i r +2 M n2 


C I2 

f-22 

• • c n2 


(-1 ) l+n M ln 

(—1 ) 2+n M 2n .. 

. (—1 T n M nn _ 


Cj„ 

c 2n ■ 

.. C nn 


Then, the inverse of matrix A is obtained 


adj(A) 


The eigenvalue problem for matrix A is formulated as 

A nx „ V nxl = k lxl v„ xl , v„ xl * 0 KXl 

where X is an eigenvalue of A and v is the corresponding eigenvector. The eigenvalues are the roots of the 
characteristic equation | A - /J = 0. The AM of an eigenvalue is the number of times it occurs. Its GM 
is the number of linearly independent eigenvectors associated with it. In general, we have GM < AM. 
If GM < AM for an eigenvalue, then the matrix has at least one generalized eigenvector. A matrix with 
at least one generalized eigenvector is called defective. Any nondefective matrix A can be diagonalized 
via a similarity transformation WAV = D where \ nxn = [Vj v 2 ... vj is the modal matrix of A, whose 
columns are the (linearly independent) eigenvectors of A, and D is a diagonal matrix comprised of the 
eigenvalues of A. For defective matrices, matrix D is replaced with the Jordan matrix J. 

REVIEW PROBLEMS 

1. Prove that if A is nxn and rank(A) < n, then A -1 does not exist. 

2. Show that if A is lower triangular and one of its diagonal entries is zero, then A -1 does not 
exist. 
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3. Prove that the product of two symmetric matrices is not necessarily symmetric. 

4. If A is mxm and symmetric, and B is a general mxn matrix, show that B r AB is nxn 
and symmetric. 

5. Find the rank of 


-2 1 0-3 

A= 4 9-2 7 

.3 4-1 5 . 

6. Determine a such that rank(A) = 3, where 


a = parameter 


7. Find a such that the following homogeneous system has a nontrivial (x * 0) solution: 


2 1 -ll [O 

-2 3 a ■ x 2 \ = 0 ■ 

. 2 5 2 j x 3 \ [0 

8. Find the value(s) of a for which the following system only has a trivial solution: 


"-1 4 3l *1 [ 0 ] 

2 -2 1 * 2 \ = 0 \ 

.a 2 4J [*3] [oj 

9. Using Gauss elimination, solve 


2021] *1 [ 1 ] 



.2 -1-1 4 J X4 [ 7 J 


10. Solve the system in Problem 9 using the inverse of the coefficient matrix. 

11. Find the inverse of the rotation matrix 


COS0 

-sinO 
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12. Solve the following system using 

a. Cramer’s rule. 

b. The "\" operator. 


Ax = b, 




-2 

4 

2 


13. Solve using Cramer’s rule: 


Ax = b, 


-1 



3 

-1 

1 

0 



14. Show that any matrix with distinct eigenvalues is nondefective. 

15. a. Find all eigenvalues and eigenvectors of 


0 

0 

2 . 


b. 4fV Repeat in MATLAB. 

16. Find the eigenvalues and the AM and GM of each, and decide whether the matrix is 
defective: 

"1 0 0 O' 

a- -2 3 0 0 

10-11 

. 0 2 0 - 1 . 


17. Prove that the eigenvalues of a matrix are preserved under a similarity transformation, that 
is, if S' 1 AS = B, then the eigenvalues of A and B are the same. Hint: show that if X is an 
eigenvalue of B, it is also an eigenvalue of A. 

18. Find the modal matrix and use it to transform A into a diagonal or a Jordan matrix: 

"t 4 -1 2 " 

A= 0 3 1 4 

0 0 10 

.0 0 2 -3. 


19. Prove that if A nxn has eigenvalues ..., X n , then A -1 exists if X t * 0 for 1=1,..., n. 

20. Prove that if k = const and A nxn has eigenvalues X h ..., X n with corresponding eigenvectors 
V|, ..., v„, then the eigenvalues of kA are kX lt kX n with eigenvectors v h ..., v„. 
















System Model Representation 


This chapter presents various forms involved in the representation of mathematical models of 
dynamic systems. The techniques to derive these models will be introduced in Chapters 5 through 7. 
The main topics covered in this chapter include the configuration form, state-space form, input-out- 
put (I/O) equation, transfer function, and block diagram representation. Also included is how any 
of these forms may be obtained from another. All of these will be discussed on the premise that the 
dynamic system is linear. Linearization of nonlinear systems is covered in the final section of this 
chapter. 

4.1 CONFIGURATION FORM 

A set of coordinates that completely describes the motion of a system is known as a set of general¬ 
ized coordinates. This set is not unique so that more than one set of coordinates can be chosen for 
this purpose. The number of coordinates, however, remains the same regardless of the set selected 
for a specific system. If there are n generalized coordinates, they are usually denoted by q u q 2 , ... , 
q n . Suppose a dynamic system model is described by 


9i = M<lu<h, ~> 9„,9u 92^ — < 9n,t) 

^n=fn(9 1.?2.— . 9nA i.«2>-"> ?»>*) 


where q u q 2 ,..., q n are the generalized velocities and/,,/ 2 ,... ,/„, known as the generalized forces, 
are algebraic functions of q t , q t (i = 1,2, ... , n) and time t. Assuming initial time is t = 0, Equation 4.1 
is subjected to initial generalized coordinates <^(0), q 2 (0),..., q n ( 0) and initial generalized velocities 
<7 i (0),<7 2 (0), ..., q n ( 0) and is called the configuration form. 


Example 4.1: Configuration Form 

The mechanical system shown in Figure 4.1 consists of blocks m, and m 2 , linear springs with stiff¬ 
ness coefficients k, and k 2 , a linear damper with coefficient of viscous damping c, and force f(t) 
applied to block m,. The equations of motion are derived as (Chapter 5) 


fm,x, + cx, + k,X, - k 2 (x 2 - x, ) = f(t) 
[m 2 x 2 + k 2 (x 2 -x,) = 0 


where x„ x 2 are the displacements of the blocks and x v x 2 are their respective velocities. The sys¬ 
tem is subjected to initial conditions x,(0) = x 10 , x 2 (0) =x 20 , x 1 (0) = x 10 , and x 2 (0) = x 20 . Obtain the 
configuration form. 
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FIGURE 4.1 


/ ki 
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^ m 
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/ /«—* 




;— 3 — 



mi 


Mechanical system. 


Solution 

Comparison with Equation 4.1 reveals n = 2 so that there are two generalized coordinates for this 
system: q, = x, and q 2 = x 2 . Simplifying and rewriting the equations of motion to resemble the form 
in Equation 4.1 yields 


x, = i[-cx, - (/c, + k 2 )x 1 + k 2 x 2 + f(t }I = f,(x„x 2 ,x„x 2 ,t) 
x 2 = ^-[-/c 2 x 2 + k 2 x, ] = 4(X, ,x 2 ,x 1( x 2 ,t) 


where /, and f 2 are the generalized forces. These, together with the four initial conditions, consti¬ 
tute the configuration form. 

4.1.1 Second-Order Matrix Form 

Mathematical models of dynamic systems that are governed by n-dimensional systems of second- 
order differential equations can conveniently be expressed as 

Mx+Cx + Kx = f (4.2) 

which is commonly known as the standard, second-order matrix form, where 

• x„ xl = configuration vector, f KXl = vector of external forces 

• M nx „ = mass matrix, C„ x „ = damping matrix, K nxn = stiffness matrix 

Example 4.2: Second-Order Matrix Form 

Express the equations of motion of the system in Example 4.1 in second-order matrix form. 


Solution 

Using matrix and vector notation, the equations of motion can be written as 
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Consequently, the pertinent vectors and matrices can be properly identified as 


h °i c=[ c °i«=r^ 1 + ^ -‘>i, 

-K 

f= M 

[0 m 2 J Lo Oj [ ~ k 2 k 2 J 

W 

to J 


PROBLEM SET 4.1 

In Problems 1 through 10, express the system model, assuming general initial conditions, in 
a. Configuration form, 
h. Standard, second-order matrix form. 


\x 1 +x i + 2(x 1 -x 2 ) = l0e~‘ 
|* 2 + j x 2 - 2(xj -x 2 ) = 0 


2. 


jm l x l + k x x x -k 2 (x 2 -x,)-c(x 2 -x x ) = 0 
jm 2 x 2 + k 2 {x 2 -x l ) + c(x 2 -x l ) = f(t ) 


Mechanical system in Figure 4.2 


3. 


Jm,*, + c,x, + k x x x - k 2 {x 2 -x l )-c 2 (x 2 -x l ) = F x ( t ) 
[m 2 x 2 +1: 2 (x 2 -x l )+c 2 (x 2 -x l )= F 2 {t) 


Mechanical system in Figure 4.3 


Jo + 0 + 20 + h(0 - x) = sin(^f) 
[3x + i-h(0-x) = O 


(b = const) 




r k2 r 


FIGURE 4.2 Mechanical system in Problem 2. 



FIGURE 4.3 Mechanical system in Problem 3. 
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5 [3/, + /, + 2/, + 2(7, -7 2 )+}(7 1 -7 2 ) = sinr 
[/ 2 + 2(7 2 - 7,) + 2 (7 2 - 7,) = sin2f 

Jmjitj + /(qx, -k 2 (x 2 -x,) = 0 
6 ’ jm 2 x 2 + k 3 x 2 + k 2 (x 2 - x,) = f(t) 

( mx j + kx t - k(x 2 — x, ) - c(x 2 — x, ) = 0 
mx 2 -k(x 3 -x 2 ) + /c(x 2 -x,) + c(x 2 -x,) = 0 
mx 3 + fct 3 + k(x 2 - x 2 ) + cx 3 = /(f) 

fmjc, + fcc, - fc(x 2 - x,) - c(x 2 - x,) = f | (f) 

8. jmx 2 - A;(x 3 - x 2 ) + k(x 2 —x,) + c(x 2 -x,)- c(x 3 -x 2 ) = 0 
[mx 3 + foc 3 + fc(x 3 - x 2 ) + c(x 3 - x 2 ) = F 2 (f) 

9 . fe + x 1+ 3(x 1 -x 2 ) = ,-'sinf 
[yx 2 -3(x, -x 2 ) = 0 



4.2 STATE-SPACE FORM 

Mathematical models of physical systems (Chapters 5 through 7) appear as systems of differential equa¬ 
tions of various orders. However, this rather general system model form is not very convenient for analy¬ 
sis and simulation. One of the most convenient forms is achieved by transforming a system of ODEs of 
various orders into a larger system of first-order ODEs. And the first step toward that goal is the selection 
of a suitable set of state variables. State variables are denoted by x ; (i = 1,2,..., n). 

4.2.1 State Variables, State-Variable Equations, State Equation 

State variables form the smallest set of independent variables that completely describe the state of 
a system. More exactly, knowledge of the state variables at some fixed (reference) time f 0 and sys¬ 
tem inputs at all t>t 0 translates to knowing the state variables and system outputs at all t > f 0 . It is 
important to note that state variables are independent, thus they cannot be expressible as algebraic 
functions of one another and the system inputs. Moreover, a set of state variables is not unique so 
that more than one set can be identified for a dynamic system. Given a system model, the state vari¬ 
ables are determined as follows: 

• The number of state variables = the number of initial conditions needed to completely 
solve the system model, 

• The state variables are exactly those variables for which initial conditions are required. 

Example 4.3: State Variables 

The mathematical model of the mechanical system in Figure 4.4 is provided by its equation of 
motion, x + x + 2x = f(t). Identify the state variables. 
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FIGURE 4.4 Mechanical system in Example 4.3. 

Solution 


Two initial conditions, x(0) and x(0), are needed to completely solve the differential equation. 
Hence, there are two state variables, denoted x, and x 2 . However, the state variables are those 
variables for which initial conditions are required. Because these variables are x and x, the state 
variables are selected as x, = x and x 2 = x. 

4.2.1.1 State-Variable Equations 

There are as many state-variable equations as there are state variables. Each state-variable equa¬ 
tion is a first-order differential equation whose left side is the first derivative of a state variable and 
whose right side is an algebraic function of the state variables, system inputs, and possibly time t. 
Suppose a dynamic system has n state variables x h x 2 ,... , x n and m inputs u u u 2 , ... , u m . Then, the 
state-variable equations take the general form 


lx, = f (xj,■ • •, x n \u u ..., u m ;t ) 
\x 2 = f 2 (x x ,..., x„;M|,..., u m \t) 

[i n =f n (x l ,...,x n -,u 1 ,...,u m -,t) 


(4.3) 


where/i,/ 2 , ...,/„ are algebraic functions of the state variables and inputs, and are generally nonlinear. 


Example 4.4: State-Variable Equations (Example 4.3 Continued) 

Referring to Example 4.3, because there are two state variables, there must be two state-variable 
equations in the form 


Recall that only state variables and inputs may appear on the right side of each differential 
equation. We know x, = x so that x, = x. But x = x 2 , hence x, = x = x 2 . This means the first equa¬ 
tion is simply x, = x 2 , which is valid because the right side contains only a state variable. Next, we 
know that x 2 = x and thus x 2 = x. However, x is obtained from the equation of motion as 


-x-2x+f(t) 


-2 x, + f(t) 
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With this, the state-variable equations can be written as 


l*i-% 

|x 2 = -x, — 2x, 4 


Noting that f(t) is the only system input here, this agrees with Equation 4.3. 

4.2.1.2 State Equation 

In general, when at least one of the functions f t ,f 2 , ■■■ ,/„ is nonlinear. Equation 4.3 is expressed in 
vector form as 


x = f(x,u,f) 


(4.4) 


where 



However, if all elements of a dynamic system are linear, then f x ,f 2 ,... ,/„ in Equation 4.3 will be 
linear combinations of x u x 2 , ... , x n and u u u 2 , ... , u m : 


x x = a n x t H-1- a ln x n + b n u 2 H-1- b lm u m 

| x 2 = a 2l x x -\ -1- a 2n x n + b^ -l-1- b 2m u m 

= a nt x t + • • • + a nn x n + b n \U x + • • • + b nm u m 


(4.5) 


Rewriting Equation 4.5 in matrix form yields 



Finally, this can be conveniently expressed as 


x = Ax + Bu 


(4.6) 
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Equation 4.6 is known as the state equation, where 


x = 



= state vector, 



input vector 


a \\ a i2 a ln 


hi hi ••• hm 

a 2l a 22 ••• a 2n 


hi hi ••• hm 


= state matrix, B = 






input matrix 


Example 4.5: State Equation (Example 4.4 Continued) 

The state-variable equations at the conclusion of Example 4.4 are expressed in matrix form as 


Therefore, the state equation is 

x = Ax + Bu, x = j Xl J, A = [° 2 ^j' B = [i} U = f{t) 


Because there is only one input f(t), input vector u is scalar and denoted by u. 

4.2.2 Output Equation, State-Space Form 

Consider a dynamic system with state variables x lt x 2 , ... , x n and inputs u u u 2 , ... , u m as before. 
Suppose the system has p outputs y v y 2 , ... , y p . Outputs are sometimes called measured outputs, 
referring to physical quantities that are being measured. Then, the output equations generally appear 
in the form 


Ti = &(*!>•••, x n \u u ..., u m ;t) 
yi~ xu m ;t) 

y P = g P (x l ,...,x n ;u 1 ,..., u m ;t ) 


(4.7) 


where g u g 2 , ... , g p are algebraic functions of the state variables and inputs, and are generally 
nonlinear. 
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4.2.2.1 Output Equation 

If at least one of the functions g x , g 2 ,..., g p is nonlinear, Equation 4.7 is expressed in vector form as 
y = g(x,u,f) (4.8) 

where 



But if all elements are linear, then g x , g 2 , ... , g p in Equation 4.7 are linear combinations of 
jtj, x 2 , ... ,x n and u x , u 2 , ... , u m : 


\y x = c n x, + • • • + c ln x„ + d n u 1 + — + d lm u m 
| y-i - c 2i x i _l -1 - c 2n x n + d 2l u x H-1- d 2m u m 

[y P = c P i x i + • • ■ + c pn x n + d pl u x + ■ • • + d pm u m 


This is conveniently expressed 


y = Cx + Du (4.9) 

Equation 4.9 is known as the output equation, where y, x, and u are defined as before, and 


C= C21 



= output matrix 


d n d ]2 ... d Ul 
d 2l d 22 ... d 2 „ 


direct transmission matrix 


Example 4.6: Output Equation 

For the mechanical system studied in Examples 4.3 through 4.5, suppose the output is the velocity 
x of the block. Find the output equation. 
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Solution 

Because there is only one output, the output vector y is 1 xl, hence denoted by y. The output is x, 
therefore y = x. But for this system we know x = x 2 , thus y = x 2 . Finally, Equation 4.9 may be written as 


y = [0 1H H+0-u 


so that C = [0 1] and D = 0. Note that the direct transmission matrix D is 1 x 1, hence denoted by D. 

4.2.2.2 State-Space Form 

The combination of the state equation and output equation is called the state-space form. For a 
linear system with state variables x h x 2 , ... , x n , inputs u h u 2 , ... , u m , and outputs y 2 , ... , y p , the 
state-space form is 


[x = A„ x „x„ xl + B„ xm u mxl 
[y px i = C pxn x nxl +D pxm u mxl 


(4.10) 


Example 4.7: State-Space Form 

The equations of motion for the mechanical system in Figure 4.5 are 

|x, + x 1 -(x 2 -x 1 )-(x 2 -x 1 )=f 1 
|2x 2 + (x 2 - x,) + (x 2 - x,) = f 2 


Assuming the (measured) outputs are x 2 and x 2 , derive the state-space form. 


Solution 

The system model comprises two second-order differential equations, hence a total of four initial 
conditions are needed for complete solution. There are therefore four state variables: 


x 2 = x 2 



1 

1 

; A(t) —*. 


— nnnnp — 


m 1 1 

b= 1 

m 2 2 


FIGURE 4.5 Mechanical system in Example 4.7. 
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When designating state variables, the above arrangement is the most commonly used. 
The state-variable equations are then formed as 


x 2 = x 4 

x 3 = —2x, + x 2 + x 4 - x 3 + fj 


The state equation is subsequently obtained as 

x = Ax + Bu 


where 


0 0 1 

0 0 0 

-2 1 -1 


Because the outputs are x 2 and x 2 , we have 




As a result, the output equation is 


Vw = Qm** 


D 2 x 2 U 2k , 


where 


Finally, combining the state equation and the output equation yields the state-space form. 


Example 4.8: State-Space Form 

The state-space form in Example 4.7 can be stored in MATLAB® under an assigned name, for 
example, sys as shown below. This stored form can then be used for analysis and simulation. 

% Input matrices A,B,C and D 

» A = [001 0;0 0 0 1;-2 1 -1 l;l/2 -1/2 1/2 -1/2]; 

» B = [0 0; 0 0; 1 0;0 1/2]; C = [0 1 0 0; 0 0 0 1] ; D = [0 0;0 0] ; 

>> sys = ss(A,B,C,D) % state-space form 
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). 5 -0.5 0.5 -0.5 


Continuous-time state-space model. 


4.2.3 Decoupling the State Equation 

As mentioned at the outset, more than one set of state variables can be selected for a system model. In 
other words, a state vector x, different from x, still leads to a state-space form that is in the standard form 
of Equation 4.10. But any such set of state variables are still coupled through the entries of the result¬ 
ing state matrix. The decoupling of the state equation is possible through the use of the modal matrix 
(Section 3.3.1) corresponding to the state matrix as follows. Given the state-space form (Equation 4.10) 
assume A nyn has eigenvalues X 2 , ... , X n , and linearly independent eigenvectors v,, v 2 , ... , v„ so that 
the modal matrix V = v 2 ... vj„ x „ diagonalizes matrix A, that is, V _1 AV = D (see Equation 3.10). 
Note that we have changed the notation of D to D to avoid confusion with the direct transmission matrix. 
Consider the transformation x = Vx and substitute into the state-space form to obtain 

Jvi = AVx + Bu \~ 1 A\x+ V Bu 

[y = CVx + Du by v- 1 [y = CVx + Du 


Noting V" 1 V = I and Y 'AY = D, and denoting B = Y 1 B and C = CV, the above becomes 


ji = Dx + Bu 
jy = Cx + Du 


(4.11) 


Because D is diagonal, with diagonal elements X 2 ,... , the new state equation in Equation 
4.11 is clearly decoupled, each row a first-order differential equation in one state variable, indepen¬ 
dent of the others. And the new state vector is x. 


Example 4.9: Decoupled State Equation 

The state-space form for a system model is 

jx = Ax + Bu 
[y = Cx + Du 
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where 


«-{»,}' *-[“2-3} c -" olD -° 

a. Find the decoupled state equation together with the corresponding output equation. 

b. Confirm in MATLAB. 


Solution 


a. Proceeding as in Section 3.3, we find X(A) = -1, -2 and modal matrix V = ^ so that 


It is then readily seen that the decoupled state-space form is 


|y = [1 1]x + 0-tv 


b- 


-0.7071 

Dtilda = 


[1 0] ; D = 0; 

% Eigenvectors are normalized 


> Btilda = V\B; Ctilda = C*V; 

> dec_sys = ss(Dtilda,Btilda,Ctilda,D) 


% Define decoupled system 


1.7071 -0.4472 


Continuous-time model. 
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Because the "eig" command returns normalized eigenvectors, the ensuing matrix V is different 
from V obtained in the solution of (a), and the eventual numerical results do not agree with those 
in (a), but the new system is decoupled nonetheless. 


PROBLEM SET 4.2 

In Problems 1 to 8, find a suitable set of state variables, derive the state-variable equations, and form 
the state equation. 

1. x + kx = e~' 13 , k = const > 0 

2. 2x + x + 3x = sint 




6 \'ix l +X l + 2 i (x i ~X 2 ) = f(t) 

' \x 2 -i(x l -x 2 ) = 0 

\~Zi + + k(z\ — Zt) = c ( 

7. \ 1 1 12 , k = const 

{z 2 = k(z l -z 2 ) 

jxj + ij + 2x x -x 2 - 3x 2 = (0 
’ [ 2x 2 -x 1 -2x 1 + x 2 +3x 2 = f 2 (t) 

9. A nonlinear dynamic system is mathematically modeled as x + \x + 2x 3 = e~ ,n sint. Derive 
the state-variable equations and express them in vector form. 

10. The mathematical model of a nonlinear system is given below. Derive the state-variable 
equations and express them in vector form. 



Problems 11 through 14 are concerned with the stability of systems. A linear dynamic 
system is called stable if the homogeneous solution of its mathematical model—subjected 
to the prescribed initial conditions—decays. More practically, a linear system is stable if 
the eigenvalues of its state matrix all have negative real parts, that is, they all lie in the left 
half-plane. 

11. Determine the range of values of k for which the system in Problem 1 is stable. 

12. Decide whether the system in Problem 2 is stable. 

13. Find the range of values of a for which a system described by z - (a - l)z - z = f is stable. 

14. Determine whether the system in Problem 6 is stable. 
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In Problems 15 through 18, find the state-space form of the mathematical model. 


t 


\2x t +i, +2(x, -x 2 ) = fit) 
|x 2 + x 2 - 2{x x - x 2 ) = 0 


outputs are x, and x 2 


16. 


(: 




1?2+t(92-?i)=0 


outputs are q ] and q h 


17. 


h + 2 (x, - x 3 ) - 2 (x 2 -i,)-|(x 2 -x,) = m 

\x 2 +2(x 2 -x l ) + ^(x 2 -x x ) = 0 


outputs are x 2 and i 2 . 


-2(x 1 -x 3 ) = 0 


\x 1 + 2(x 1 -x 3 )-2(x 2 -x 1 )-j(x 2 -x 1 ) = 0 
18. \x 2 + 2(x 2 -x 1 ) + ^(x 2 -x 1 )= /(f) , outputs arex, andx 3 . 


[ i 3 = 2(x 1 —x 3 ) 

19. A dynamic system model is described by x + 4x + 3x = f{t), where x is the output. 

a. Find the state-space form. 

b. Decouple the state equation and obtain the transformed state-space form. 

20. The governing equations for a system are given as 



- ij - x l + 3x 2 = /(f) 


-3x 2 


where the outputs are x x and x,. 

a. Find the state-space form. 

b. 4V Decouple the state equation obtained in (a) and present the transformed state- 
space form. 

4.3 INPUT-OUTPUT EQUATION, TRANSFER FUNCTION 

An input-output (I/O) equation is a differential equation that relates a system input, a system output, and 
their time derivatives. If u(t) is an input and y(t) is an output, then the I/O equation is in the general form 

y (n) + a 1 y < " _1) + • • • + a n _ { y + a n y = b 0 u (m) + b x u {m ~ l) + ■ ■ • + b m _ x ii + b m u, m<n (4.12) 

where a x , ... , a„ and b 0 , b u ... , b m are constants, and y (n) = d n y/dt n . A single-input/single-output 
(SISO) system, therefore, has only one I/O equation. A multi-input/multi-output (MIMO) system, on 
the other hand, has several I/O equations, one for each pair of input/output. In particular, a system 
with q inputs and r outputs has a total of qr I/O equations. 

4.3.1 Input-Output Equations from the System Model 

Because the generalized coordinates in a system model are normally coupled through the govern¬ 
ing equations, finding one or more I/O equations is usually a difficult task. However, there is a 
systematic approach that can be used for this purpose. The idea is to take the Laplace transform 
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of the governing equations—assuming zero initial conditions—and eliminate the unwanted vari¬ 
ables in the ensuing algebraic system. The new data is subsequently transformed back to the time 
domain and interpreted as one or more differential equations, which in turn are the desired I/O 
equations. 

Example 4.10: SI SO System 

The mathematical model for the simple mechanical system in Example 4.3 is 


x + x + 2 x = m 


where f(t) is regarded as the input and x(t) is the output. Find the I/O equation. 

Solution 

Because the governing equation is already in the form of Equation 4.12, there is no need for 
Laplace transformation. 

Example 4.11: MIMO System 

A system model is described by 



where / is the input and x, and x 2 are the outputs. Derive all possible I/O equations. 

Solution 

Because there are two outputs and one input, we expect two I/O equations. Assuming zero initial 
conditions, Laplace transformation of the governing equations yields 


[(s 2 + s + i)X,(s) - $X 2 (s) = f(s) 
| -|X 1 (s) + (s + |)X 2 (s) = 0 


Because both x, and x 2 are the outputs, we solve the above system once for X r (s) and a second 
time for X 2 (s) using Cramer's rule (Section 3.2.3): 


F(s) -j 


0 s + 



X,(s) = 
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s +fs +fs 


(3s 3 +4s 2 + 2s)X 2 (s) = f(s) 


Interpretation of these two equations in time domain results in the two desired I/O equations: 
3x, + 4x, + 2x, = 3 f + f, 3x 2 + 4x 2 + 2x 2 = f 


4.3.2 Transfer Functions from the System Model 

A transfer function is defined as the ratio of the Laplace transforms of an output and an input, with 
the assumption that initial conditions are zero. Therefore, if y(t) is an output and u(t) is an input, the 
corresponding transfer function is formed as 


G(S): 




Y(s) 

U(s) 


Consider the general form of I/O equation given by Equation 4.12. Taking the Laplace transform 
assuming zero initial conditions yields 

(*" + a y s'‘-' + ■■■+ a n _ lS + a n )Y(s) = (b 0 s m + b^' + - + b m _ x s + bJU(s) 

The transfer function is then formed as 


F(s) _ b 0 s m + b 1 s m 1 3- \-b m _ l s + b m 

U(s)~ s n +a 1 s n ~ 1 + --- + a n _ l s + a n 


(4.13) 


As mentioned earlier, there is a transfer function for each input/output pair. A SISO system has 
only one transfer function, whereas a MIMO system has several, one for each possible input/output 
pair. If a system has q inputs and r outputs, then there are a total of qr transfer functions, assembled 
in an r x q transfer function matrix (also known as a transfer matrix), denoted by G(.v) = [G«(s)], 
where i = 1,2, ... ,r and j = 1,2, ... , q. 

Example 4.12: Transfer Function 

A system model is described by 


2x 


rX + 3 X = f(t) 


Assuming f is the input and x is the output, find the transfer function. 
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Solution 

Taking the Laplace transform of the equation yields 

(2s 2 + y s + 3)X(s) = F(s) 

The transfer function is then formed as 

X(s) 1 _ 2 

F(s) 2s 2 +|s + 3 4s 2 + s + 6 


Example 4.13: Transfer Matrix 

The equations of motion for the mechanical system in Figure 4.5, Example 4.7, are 

x 1 + x 1 -(x 2 -x,)-(x 2 -x 1 ) = f, 

2x 2 + (x 2 - x,) + (x 2 - x,) = f 2 

If f, and f 2 are inputs and x, and x 2 are outputs, find the transfer matrix. 

Solution 

We expect a 2x2 transfer matrix with the following structure: 

'XM M ", 

W 2 =0 F 2 (s)\^ 

X 2 (s)l X 2 (s)j 

_ f l( s ) l 2 =0 ^z( s Hy=o_ 

To find the four transfer functions listed above, we take the Laplace transform of the governing 
equations, with zero initial conditions, 

|(s 2 + s + 2)X,(s) -(s + 1)X 2 (s) = f,(s) 

{ - (s + 1)X,(s) + (2s 2 + s + 1)X 2 (s) = f 2 (s) 


JC„(s) C, 2 (s)l 
'[c 21 (s) C 22 (s)l 


Solving for X,(s), we find 


m -(s+D 
F 2 (s) 2s 2 +s + 1 


(a) 


(s) = 


s 2 +s + 2 —(s +1) I 
|-(s+1) 2 s 2 + s+1 


= 2s 4 


■3s 3 + 5s 2 ■ 


where 
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Solving for X 2 (s) yields 


s 2 + s + 2 FM 
-(5 + 1) F 2 (s) 

-7+-=- Tir-r i \s) + —--r,{S) 

( s ) (s) (s) 

where A(s) is as before. The four transfer functions are then determined as follows. 


s 2 + s + 2 , 5 + 1 


Equation a: 


X,(5) 

wL 


25 2 +5 + 1 
(5) ' 


Xrfel) _ 5 +1 

^ S >L (S) 


Equation b: 


X 2 (S§| 

m U 


5 + 1 XM _ 5 2 + 5 + 2 

<*>' mb (s) 


Ultimately, the transfer matrix is formed as 


G(s) = 


25 2 +5+1 5 + 1 

(5) (5) 

5 + 1 5 2 + 5 + 2 


(5) (5) 


(b) 


PROBLEM SET 4.3 

In Problems 1 through 8 , find all possible I/O equations. 
jx 1 +x 1 +x 1 -x 2 - /(f) 

L |x 2 + 2 i 2 -x 1 + x 2 = 0 ’ /© = input,output 

2 . J ^ + ■i’l + ^( x i * 2 ) - 0 ( y(f) = input, x, = output 

[x 2 +X 2 -2(x 1 -x 2 ) = f(t) 

fjc, + i, + 2(x, -x 2 ) = fi(t) 

3 ‘ \x - 2 (x - x ) = / (f) ’ = inputs ’ X2 = output 

fj& + Xj + 2 (xj —x 2 )=f l (f) 

4. 1 , f\(t)J 2 (t) = inputs, x, = output 

[x 2 +i 2 - 2 (x 1 -x 2 ) = / 2 (f)’ 

, \x 1 +x 1 +3(x l -x 2 ) = /(f) 

5- t.. . ... , fi(t),f 2 (t) = inputs, x u x 2 = outputs 

[x 2 -3(x l -x 2 ) = f 2 (t) 

[e 1 +e 1 +i(e 1 -e,)=A(f) 

6 . ( , h(t) = input, 0 ! = output 

[e 2 = 2 ( 0 ,-e 2 ) 

— \q l + q l + 2(q l -q 2 ) + lq l = v{i) . 

7. ) 2 v(f) = input, < 7 ,, < 7 2 = outputs 

l«* = 2(«i-fc) 
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x,+x,-x 3 -(x 2 -i l )-l (x 2 - Xl ) = u(t) 

8. \x 2 +jc 2 -Jc l + i(x 2 -x l )= 0 


u(t) = input, x h x 3 = outputs 


X 3 =X l ~X 3 

9. Find the transfer matrix for the system described in Example 4.11. 

10. Derive all possible I/O equations in Example 4.13. 

In Problems 11 through 14, the mathematical model of a system, as well as its inputs and out¬ 
puts, are provided. Find the appropriate transfer matrix. Do not cancel any terms involving s in the 
numerator and denominator. 

\x 1 +x 1 +^(x 1 —x 2 ) = 0 

11. I , fit) = input, X, = output 

(x 2 + jx 2 + j(x 2 - x x ) = f(t ) 



v(t) = input, q x = output 



, m,fi(t) = inputs, x 2 , x 3 = outputs 



15. A mechanical system model is derived as mx + bx + kx = f(t) where m — \,b= 2,k = 3, and 
applied force f(t) = \ sin2f, all in consistent physical units. Assuming x is the output, find 
the transfer function. 

16. In Problem 15, find the transfer function if x is the output. 

17. The governing equation for an electric circuit is 



where L, R, and C are the inductance, resistance, and capacitance, all constants, i(t) is the 
current, and v(f) is the applied voltage. Assuming lit) and v(t) are the system output and 
input, respectively, find the transfer function. 

18. Electric charge q and electric current i are related via i = dq/dt. In Problem 17, find the 
transfer function if q(t) and v(f) are the system output and input, respectively. 

19. The I/O equation for a dynamic system is given as 2x + 5i + 3x = f(t) where/and x denote 
the input and output, respectively. 

a. Find the system’s transfer function. 

b. Assuming/© is the unit-step, find the expression for X(s) using Part (a). 

c. Find the steady-state value x ss of x(t) using the final-value theorem. 



114 


Modeling and Analysis of Dynamic Systems 


20. The state-space representation of a system model is described as 

[x = Ax + Bm 
[ y — Cx + Du 


where 

*={*}• a =[_° 2 _;]• »=[?]• c = i ° ‘i d =°' »=/ 

Find 

a. The I/O equation, 
h. The transfer function. 

4.4 RELATIONS BETWEEN STATE-SPACE FORM, INPUT-OUTPUT EQUATION 
AND TRANSFER MATRIX 

Thus far in this chapter, we have learned to derive the state-space form, I/O equation(s) and transfer 
function(s), directly from the system’s mathematical model. In this section, we will develop and 
implement two systematic techniques to obtain (1) the state-space form from the I/O equation, and 
(2) the transfer matrix from the state-space form. 

4.4.1 Input-Output Equation to State-Space Form 

Consider the I/O equation 

y (n) + a 1 y ( ' n ~ 1) + ■ ■ ■ + a^y + a n y = b 0 u (n) + b l u (n ~ 1) + ■ ■ • + b n _ x ii + b n u (4.14) 

where u is the input, y is the output, a,, ... ,a n and b 0 , b t , ... ,b n are all constants, and y (n> = d n y/dt n . 
Note that this agrees with Equation 4.12, except that the same highest order of differentiation for 
y and u is now allowed, that is, m = n. The goal is to derive the state-space form directly from the 
I/O equation (Equation 4.14). With the assumption of zero initial conditions, the transfer function 
is readily obtained as 


Y (s) _ b 0 s n + b x s n 1 -l-1- b n _ x s + b n 

~U(s)~ s' , +a l s"- 1 + - + a„_ l s + a„ 


Rewrite this expression as 

r(s) _ Y(s) Vjs) _ 
U(s ) V(s) U(s) 



Y(s) 

V(s) 


= b 0 s n + hji" 1 + 


■■■ + b n _ 1 s+b n , 


V(*) __1_ 

U(s) s n +a 1 s n ~ 1 +- + a H _ l s+a n 


that 
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Time-domain interpretation of the first gives 

y = V <n) + V ( "" U -l-1- b n _ x v + b n v (4.15) 


and the second one yields 


v (n) + a x v (n + ■ ■ ■ + a n _ x v + a n v = u (4.16) 

Equation 4.16 is an nth-order differential equation in v; hence, n initial conditions are required 
for complete solution, and by Section 4.2, there are n state variables, which are selected as 


The resulting state-variable equations are then formed a: 


Subsequently, the state equation is 


0 0 0 
—a n —a i —a 


The state matrix in Equation 4.18 is called the lower companion matrix. The output is given by 
Equation 4.15. Using the state variables in Equation 4.15, we find 


y = b 0 v (n) + b x v (n 15 + —i- b n _ x v + b n v 
= b 0 x n +b l x n + ■■■ + b n _ x x 2 + b n x x 
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Because the output equation cannot contain x n , we substitute for x n using the last relation in 
Equation 4.17. The result is 


y = b Q (-a n x ] - a n _yX 2 - a x x n +u) + b x x n H-f b n _ ] x 2 + b n x x 


= ( -b 0 a n + b n )jc, + i-b Q a n _ x + b n _ x )x 2 ■+- fr (-b 0 a x + b x )x n + b 0 u 


(4.19) 


Finally, the output equation is obtained 


y = 


Cx + Du 


where 


C=[-b 0 a n + b„ -b 0 a n _ x + b n _ x ... -b 0 a x + b x \ xn , D = b 0 (4.20) 

Equations 4.18 and 4.20 describe all four matrices involved in the state-space form. 

4.4.1 .1 Controller Canonical Form 

The process of obtaining state-space form from I/O equations can be handled in MATLAB using 
the "tf 2ss" command. It calls for the transfer function, which is available from the I/O equation, 
and returns the state-space form in controller canonical form. This form is different from that in 
Equations 4.18 and 4.20 because it is based on the state variables selected in the reverse order of 
what we have become accustomed to. As a result, the state and input matrices appear as 



When the state matrix is in the above form, it is known as the upper companion matrix. Note that 
the resulting input matrix in the controller canonical form also differs from that in Equation 4.18. 


Example 4.14: I/O Equation to State-Space Form 

Find the state-space form from the I/O equation 

y + y + y + 2y = 2u + u 


Solution 


Comparing with Equation 4.14, we have n = 3, a, = 1, a 2 = 1, a 3 =2, b 0 = 0, b x = 0, b 2 = 2, b 3 = 1. 
By Equation 4.18, 

|*i To i ol To] 

x = jx 2 ", A = 0 0 1/ B = 0 , u = u 
x 3 L—2 -1 -ij [fj 
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By Equation 4.20, 


C = [1 2 0], 0 = 0 


The state-space form is therefore obtained as 


*=001 u 

[-2 -1 -1 


0 1 0 



„y = [1 2 0]x 


Example 4.15: I/O Equation to State-Space Form 


A system's I/O equation is provided as 


y + 2y + y = ii+3u + 2u 


a. Find the state-space representation. 

b. Repeat in MATLAB. 


Solution 

a. By comparison with Equation 4.14, we find n = 2, a^ = 2, a 2 = 1, b 0 = 1, = 3, b 2 = 2. 

Therefore, by Equation 4.18, 



Equation 4.20 yields 


C = [1 1], D=1 


Therefore, the state-space form is derived as 



b. 4^ The transfer function is directly obtained from the I/O equation, 



+ 3s + 2 
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>> Num =[132]; % Define numerator 

>> Den =[121]; % Define denominator 

>> [A,B,C,D] = tf2ss(Num,Den) 

A = 

10 % Controller canonical form 

B = 


1 1 

D = 


4.4.2 State-Space Form to Transfer Matrix 

The transfer function (for SISO systems) or transfer matrix (for MIMO systems) can be systemati¬ 
cally derived from the state-space form. Consider the state-space form as in Equation 4.10, 


jx = A„ x „x nxl + B„ xm u mxl 
|y p xl ^ Cpxn X nxl + D pxm U mxl 


Because the system has m inputs and p outputs, there are a total of mp transfer functions and the 
transfer matrix G(.s) is pxm, which will be derived shortly. First, we note that the Laplace transform 
of a vector such as x is handled as follows: 



Xi] 

Axjl 

x = 

x , Laplace transfoim ^ = X(j) = , 

C{x 2 }\ 


i’j 

C{x n }\ 


Assuming zero initial state vector, x(0) = 0, lxI , Laplace transformation of the state-space form yields 


j,vXaO = AXfvj+BUfy) 
[Y(5) = CX(i) + DU(i) 


The first equation is manipulated as 


Premultiply by 

(si ■- A)X(s) = BU( j) X(s ) = (si - Ar 1 BU(s) 

(si-Ar 1 


Inserting this into the second equation results in 


Y(s) = C(.vl - A) -1 BU(.y) + DU(.v) 

= [C(5l-A) _1 B + D]U(«) 
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For a SISO system with input u and output y, the transfer function is G(s) = Y(s)/U(s) so that Y(s) = 
G(s)U(s). This idea can be extended to MIMO systems with input vector u and output vector y. The 
above relation, Y (s) = [C(,sT - A) -1 B + D]U(s), suggests that the transfer matrix is defined as 

G(s) = C(sl - A) _1 B + D (4.21) 

The fact that the size of G(s) ispxm can also be easily verified. 


Example 4.16: State-Space Form to Transfer Function 

A system's state-space representation is 

jx = Ax + Bu 
jy = Cx + Du 

with 


{-3-J 


C = [0 1], D= 0, u = u 


a. Find the transfer function. 

b. 4V Repeat in MATLAB. 


Solution 

a. Because u and y are both 1 x 1, the system is SISO; hence, there is only one transfer func¬ 
tion. Given the matrix sizes, G(s) in Equation 4.21 is easily confirmed to be 1 x 1 and simply 
denoted by G(s). Noting D = 0, Equation 4.21 reduces to 


C(s) = C(sl - A) B 

Using the adjoint matrix (Section 3.1), we find 

(si-A) -1 = 1 J 5+1 1 ] 

s 2 + s + 3|_ -3 sj 

With this, the transfer function is obtained as 


C(s) = C(sl- A)" 1 B = [0 1] 


s 2 + s + 3l -3 sJLlj 2(s 2 + s + 3) 


b. 4\ The above procedure can be followed step-by-step in MATLAB: 

>> A = [0 1; -3 -1]; B = [0 ; X/2] ; C = [0 1] ; syms S; 
>> TF = C*inv(s*eye(2)-A)*B % Transfer function 
TF = 
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The other option is to use the "ss2tf" command—state-space to transfer function— 
which directly finds the transfer function or transfer matrix from the state-space description. 

» A = [0 1; - 3 -1]; B = [0; 1/2] ; C = [0 1] ; D = 0; 

>> [Num, Den] = ss2tf(A,B,C,D) % Num = numerator, Den = denominator 

0 0.5000 -0.0000 % Num = s/2 

Den = 

1.0000 1.0000 3.0000 % Den = s 2 + s + 3 


Example 4.17: State-Space Form to Transfer Matrix 

The state-space form for a system model is 


jx = Ax + Bu 
|y = Cx + Du 


where 


ho° 
Lo o ij 


Find the transfer matrix using 

a. Equation 4.21. 

b. The "ss2tf" command. 


Solution 

It is observed that y and u are both 2 x 1; hence there are two outputs and two inputs and the 
transfer matrix G(s) is 2 x2. 


» A = [0 0 1,1 -2 0,-1 2 -1]; B = [0 0; 2 0;0 1] ; 
>> C = [10 0;0 01]; D = zeros(2,2); syms S; 

» TM = C*inv(s*eye(3)-A)*B 


TM = 

[4/(s*3 + 3*s a 2 + 3*s) , (s + 2)/(s*3 + 3*s^2 + 3*s)] 

[ 4/(s*2 + 3*s + 3), (s + 2)/(s*2 + 3*s + 3)] 

The denominators in the second row entries, in comparison with the first row, suggest 
that there has been a cancellation of s terms, and the transfer matrix is actually 
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b. 


Deni] = ss2tf(A,B,C,D,1) % Contribution by input 1 

0 0 4.0000 % 4 

0 4.0000 -0.0000 % 4s 

3.0000 3.0000 -0.0000 

Den2] = ss2tf(A,B,C,D,2) % Contribution by input 2 

0 1.0000 2.0000 % s + 2 

1.0000 2.0000 -0.0000 % s2 + 2s 

3.0000 3.0000 -0.0000 

The two rows returned in Numl translate to 4 and 4s. These represent the numerators 
in the two transfer functions relating the first input to the two outputs. Recall from previ¬ 
ous work that these two transfer functions occupy the first column of the transfer matrix. 
The two rows returned in Num2 translate to s + 2 and s 2 + 2s, which are the numerators in 
the two transfer functions relating the second input to the two outputs. These two transfer 
functions occupy the second column of the transfer matrix. Therefore, the transfer matrix is 
formed as 



PROBLEM SET 4.4 

In Problem 1 through 6, find the state-space form directly from the I/O equation. 

1. y +\ y + y = 3 u 

2. 2 y+y+y = u 

3. 2y + y + 3y + y — u + 2u 

4. 4y + y+y = 4u + u 

5. y + 2y+y+3y = 2u+3u 

6. 3y + 5y + 2y + y=2u 


In Problems 7 through 12, given the transfer function Y(s)/U(s), find 
a. The I/O equation. 

h. The state-space form directly from the I/O equation in Part (a). 


7. 


9. 


2s+ 1 
s 2 + 3s + l 


2s 2 + s + 2 
s 2 + 2 

2s 3 + s 2 + s + 3 


s 2 + l 


10. 


3s 2 + s + l 
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11 . 

12. 


s’ 3 + ^ + 2 
s 2 + 2s 
s 2 + l 


In Problems 13 through 18, given matrices A, B, C, and D in the state-space description of 
system model, find the transfer function or transfer matrix using 

a. Equation 4.21. 

b. The "ss2tf" command in MATLAB. 


13 ' A = [_°3 B = P ]’ C= U °]. D = 0 

14. A = J_°i B = j> C= [0 1], D = 0 


0 1 0 
0 0 1 


0 1 0 
0 0 1 
-1 -2 -3 


= 100 
Lo o iJ 



18 - A = [-°2 2] ’ D = 2 


In Problems 19 through 22, given the I/O equation, find 

a. The state-space form. 

b. The transfer function from the state-space form in Part (a). 

c. The transfer function from the given I/O equation and compare with Part (b). 


19. y+2y + 3y = u + 3u 

20. y+2y = u + u+2u 

21. 2y + y + y = u + 2\x 

22. y + y + y = u + 3u 

23. The state-variable equations and the output equation for a dynamic system are given as 
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Find the transfer function (or transfer matrix) by determining the Laplace transforms 
of x, and x 2 in the state-variable equations and using them in the Laplace transform of the 
output equation. 

24. Repeat Problem 23 for 



4.5 BLOCK DIAGRAM REPRESENTATION 

A block diagram that represents a dynamic system is an interconnection of blocks, each block cor¬ 
responding to an operation carried out by a component in such a way that the block diagram as a 
whole agrees with the mathematical model of the system. Each block is identified with a transfer 
function G(s) = 0(s)H(s), also called the gain of the block, as shown in Figure 4.6. The output of the 
block is therefore 


O(s) = G(s)I(s) 


4.5.1 Block Diagram Operations 

The principal operations in block diagrams include signal amplification, algebraic summation of 
signals, integration of signals, replacing series and parallel block combinations with equivalent 
single blocks, and treatment of loops. 

4.5.1.1 Summing Junction 

The output of a summing junction (or summer) is the algebraic sum of signals entering the summing 
junction. Each signal is accompanied by a positive or negative sign (see Figure 4.7). A summing 
junction may have as many inputs (with the same units) as desired, but only one single output. 

4.5.1.2 Series Combinations of Blocks 

Consider two blocks, with transfer functions G,Cs) and G 2 (s), in a series combination as in Figure 
4.8. The block G|(v) has input U(s) and output X(s), which is the input to the block G 2 (s). The output 
of block G 2 (y) is Y(s). Therefore, the overall input is U(s), whereas the overall output is Y(s). The goal 
is to replace this arrangement with a single block that has U(s ) as input and Y(s) as output, that is, a 
single block with transfer function Y(s)/U(s). 



FIGURE 4.6 Schematic of a transfer function block. 



FIGURE 4.7 Summing junction. 
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U(s) 



FIGURE 4.8 Blocks in series. 


The output of the second block is Y(s) = G 2 (s)X(s). But because X(s) is the output of the first block, 
and given by X(s) = G t (s)U(s), we have 

Y(s) = G 2 (s)X(s) = G 2 (s ) [G^sWm = [G^G^sWis) 


Therefore, 


U(s) 


Gi(s)G 2 (s) 


The series configuration in Figure 4.8 can thus be replaced with a single block G l (s)G 2 (s), overall 
input U{s) and overall output Y(s) (Figure 4.9). 


Example 4.18: Blocks in Series 

Consider two blocks in a series connection with transfer functions 


Q(5) = 


C 2 (s) = 


s + 1 

s 2 + s + 2 


The transfer function of the equivalent single block is determined in MATLAB as follows: 


» Numl = 1; Deni = [2 3]; Num2 
>> sysGl = tf(Numl, Deni); 

» sysG2 = tf(Num2, Den2); 

>> sysEq = series(sysGl,sysG2) 


[1 1] ; Den2 = [112] ; 

% Define system w/transfer function Gjts) 
% Define system w/transfer function G 2 (s) 
% Find the equivalent single TF 


Transfer function: 


2 s*3 + 5 s*2 + 7 s + 6 


Of course, the result agrees with G 1 (s)G 2 (s) = 


(2s + 3)(s 2 + s + 2)' 


4.5.1.3 Parallel Combinations of Blocks 

Consider two blocks with transfer functions G, (.S’) and G 2 (s) in a parallel combination as shown in 
Figure 4.10. Once again, the objective is to replace the arrangement with a single block that has U(s ) 
as input and Y(s) as output, that is, a single block with transfer function Y(s)/U(s). Note that the point 


0— > | GttoGaM] — >r' 


FIGURE 4.9 A single block replacing two blocks in series. 
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Gj(») 


Y 2 (s) 


FIGURE 4.10 Blocks in parallel. 

B in Figure 4.10 is called a branch point. The outputs of the two blocks, labeled lj (.v) and Y 2 (s), are 
simply K|(.s’) = Gj(s)U(s) and Y 2 (s) = G 2 (s)U(s). These two are the inputs to the summing junction, 
whose output is then calculated as 


T(.sj = 7,0) + Y 2 (s) = GJsWfs) + G 2 (.s)U(s) = [G,(.sj + G 2 (s)] U(s ) 


Therefore, 



The parallel configuration in Figure 4.10 can thus be replaced with a single block G,(.sj + G 2 (.sj, 
overall input U(s) and overall output K(.sj (Figure 4.11). 

Example 4.19: Blocks in Parallel 

Consider two blocks in a parallel connection with transfer functions 



The transfer function for the equivalent single block is found in MATLAB as follows: 

» Numl = 3; Deni = [1 1] ; Num2 = [2 1] ; Den2 = [10 2] ; 

>> sysGl = tf(Numl, Deni); 

» sysG2 = tf(Num2, Den2); 

>> sysEq = parallel(sysGl,sysG2) 

Transfer function: 

5 s"2 + 3 s + 7 


s*3 + s*2 + 2 s + 2 

Of course, the result agrees with C,(s) + C 2 (s). 



FIGURE 4.11 A single block replacing two blocks in parallel. 
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4.5.1.4 Integration 

Consider a signal u(i ) integrated form initial time 0 to the current time t to produce 



Then, as we learned in Section 2.3, 


y(s) = -£/(s) 


Integrator y (j) _ 1 


transfer function JJ (5) 5 


An integrator is therefore represented by a single block with transfer function - as in Figure 4.12. 


s 


4.5.1.5 Closed-Loop Systems 

Figure 4.13 shows a closed-loop (or feedback) system. The input is U(s). The output Y(s) is fed back 
through the feedback element H(s), whose output C(s) is compared with the input U(s) at the sum¬ 
ming junction. The difference, E(s) = U(s) - C(s), is known as the error signal. Because of the nega¬ 
tive sign associated with C(s) at the summing junction, the configuration in Figure 4.13 is known as 
a negative feedback system. 

There are two important transfer functions in the closed-loop system in Figure 4.13: 


feed-forward transfer function =- - G(s) 

E(s) 


and 


open-loop transfer function = = G(s)H(s) 


This last relation can be verified by noting that F(.s) = E(s)G(s) is the input to the feedback element 
H(s), thus C(s) = H(s)Y(s) = H(s)E(s)G(s). 



FIGURE 4.12 Integrator. 



FIGURE 4.13 Schematic of a negative feedback system. 
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4.5.1.5.1 Closed-Loop Transfer Function 

The closed-loop transfer function (CLTF) provides the direct relation between the input U(s) and the 
output Y(s), and is determined as follows (see Figure 4.13): 

£(s)=£/(s)-C(s) C(s)=H(s)Y(s) 

Y(s) = G(s)E(s) = G(s)[U(s)-C(s)] = G(sW(s)- H(s)Y(sj\ 

Manipulating the above equation, we find 

[1 + G(s)H(s)]Y(s) = G(s)U(s ) 


Finally, the CLTF is formed as 


Negative feedback 


Y(s) 

U(s) 


G(s) 

1 + G(s)H(s) 


Similarly, in the case of a positive feedback, it can be easily shown that 


Positive feedback 


Y(s) 
U (.v) 


G(s ) 

l-G(s)H(s) 


(4.22) 


(4.23) 


Example 4.20: Negative Feedback 

Consider the negative feedback system shown in Figure 4.13, and assume that 


a. Find the CLTF. 

b. Repeat in MATLAB. 


Solution 

a. By Equation 4.22, 


Y(s) _ C(s) ^ _ 1 

U(s) 1 +C(s)H(s) . s f ± V + 3s + 3 

s 2 +2s+2 


b- A 


» NumG = 1; DenG = [122]; sysG = tf(NumG,DenG); 
>> NumH = [1 1]; DenH = 1; sysH = tf(NumH,DenH); 

>> sysEq = feedback(sysG,sysH) 


Transfer functi< 
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4.5.2 Block Diagram Reduction Techniques 

As dynamic systems become more complex in nature, so do their block-diagram representations. 
In these situations, the block diagram can potentially contain several summing junctions, blocks in 
series or parallel connections, and positive and negative feedback loops. There are a few basic rules 
that facilitate the process of simplifying a block diagram. These include, among others, moving a 
branch point and moving a summing junction, as explained below. 

4.5.2.1 Moving a Branch Point 

Consider the branch point B in Figure 4.14a, located to the left of the block G(s). The branch point 
may be moved to the right side of the block G(s) as demonstrated in Figure 4.14b. The key is for 
signals VjCsj and Y 2 (s) to carry the same information before and after B is moved. It is readily 
seen that Y ] (s) = G(s)U(s) in both arrangements. Also Y 2 (s) = U(s ) before B was moved, and 
Y 2 (s) = [l/G(s)]G(s)U(s) = U(s) after the move. 

4.5.2.2 Moving a Summing Junction 

Consider the summing junction in the arrangement shown in Figure 4.15a. The summing junction 
may be moved to the left side of the block G t (s) as demonstrated in Figure 4.15b. Once again, the 
key is for the signal Y(s) to carry the same information before and after the summing junction is 
moved. It is easily seen that Y(s) = Gjfsjf/jC?) + G 2 (s)U 2 (s) in Figure 4.15a. In Figure 4.15b, we have 



This validates the equivalence of the two configurations. 

Example 4.21: Block Diagram Reduction 

Using reduction techniques, simplify the block diagram shown in Figure 4.16 to a single block with 
input U(s) and output V(s), and determine the overall transfer function Y(s)/U(s). 




(a) 


(b) 


FIGURE 4.14 (a) Branch point and (b) branch point moved. 



(a) 


(b) 


FIGURE 4.15 (a) Summing junction and (h) summing junction moved. 
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FIGURE 4.16 Block diagram in Example 4.21. 


Solution 

There are several ways this block diagram can be reduced. The end result, however, is indepen¬ 
dent of the choices of reduction techniques and the order in which they are used. We will simplify 
it as follows. The block diagram is composed of a negative feedback and a parallel connection, 
as shown in Figure 4.17. The negative feedback is replaced with a single block with a transfer 
function 


S+3 = 1 

1 + Ji> "*+'3 


The parallel connection consists of blocks 1/s and 1, hence replaced with a single block 


These two single blocks are shown in Figure 4.18. The series connection in Figure 4.18 is next 
replaced with a single block whose transfer function is the product of the individual block transfer 
functions, that is, 


Negative feedback Parallel connection 



FIGURE 4.17 Feedback and parallel connection identified. 


Series connection 


U(s) 



FIGURE 4.18 Feedback loop and parallel connection replaced. 
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U(s) 



Y(s) 


FIGURE 4.19 Simplified block diagram in Example 4.21. 

This yields Figure 4.19, from which the overall transfer function is easily found as 

y(s)_ s+i 

U(s) 5(5+13) 


4.5.2.3 Mason's Rule 

Thus far, we have learned that when a block diagram contains several loops, each loop can be 
replaced with a single block with a transfer function given by either Equation 4.22 or Equation 4.23 
for negative and positive feedbacks, respectively. This, in conjunction with other tactics mentioned 
earlier, can then help us find the overall transfer function for the block diagram. An alternative 
approach, however, is to employ Mason’s rule, as outlined in the next subsection. We first define a 
forward path as one that originates from the overall input leading to the overall output, never mov¬ 
ing in the opposite direction. A loop path (or a loop) is one that originates from a certain variable 
and returns to the same variable. The gain of a forward path or a loop path is the product of the gains 
of the individual blocks that constitute the path. 

4.5.2.3.1 Mason's Rule: Special Case 

Suppose that all forward paths and loops in a block diagram are coupled, that is, they all have a 
common segment. Then, the overall transfer function is determined as 


overall transfer function = 


^ forward path gains 
1- / loop gains 


(4.24) 


Example 4.22: Mason's Rule (Special Case) 

Using Mason's rule, determine the overall transfer function Y(s)/U(s) for the block diagram in 
Figure 4.20. 



FIGURE 4.20 Block diagram in Example 4.22. 
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Solution 

Path segments have been assigned numbers for easier identification. There are two forward paths 
and two loops: 


Forward Path Gain Loop Gain 

12356 G,G 2 2372 -G,//, 

12346 G,G 3 23582 G,G 2 ff 2 


Note that the loop labeled 2372 is a negative feedback, thus its gain is negative. Because all 
forward paths and loops have a common segment, labeled 23, the overall transfer function is 
found with Equation 4.24 as 


V(s) _ 'Gfii+G&s 
U(s) 1+G,W,-G,C 2 H 2 

4.5.23.2 Mason's Rule: General Case 

In general, when all forward paths and loops are not coupled, the overall transfer function is 
obtained as 


XT Fk ° k 

overall transfer function =- k 1 -, m = number of forward paths (4.25) 


where 


gain of the kth forward path 
1 - single-loop gains + ^ 


gain products of all non-touching two-loops 


^ gain products of all non-touching three-loops H— 


D k = same as D when the block diagram is restricted to the portion not touching the kth forward 
path 


Example 4.23: Mason's Rule (General Case) 

Using Mason's rule, find the overall transfer function Y(s)/U(s) for the block diagram in Figure 4.21. 



FIGURE 4.21 Block diagram in Example 4.23. 










132 


Modeling and Analysis of Dynamic Systems 


Solution 

We note that not all forward paths are coupled; in particular, the two negative feedback loops 
do not share a common segment. Therefore, the overall transfer function must be found using 
Mason's general rule (Equation 4.25). Two forward paths and two loops are identified: 


Forward Path Gain Loop Gain 

1234568 G t G 2 G t 23(10)2 -G.G, 

12378 G,G 3 4594 -G 2 H 2 


The quantities in Equation 4.25 are calculated as follows: 

F, = C,C 2 C 4 , F 2 = C,C 3 


D = 1+C ! H 1 +QH j 

Single-loop gains 


+ c,h,c 2 h 2 



To find D v consider the portion of the block diagram that does not touch the first forward path, 
1234568. Because there are no forward paths or loops in the restricted segment, we conclude 

D, =1 

To determine D 2 , consider the portion of the block diagram that does not touch the second 
forward path, 12378. Because the restricted section contains only one single loop, 4594, we have 

D 2 = 1 + C 2 H 2 


Finally, Equation 4.25 yields 


V(s) _ C,C 2 C 4 + G,Q[1+ C 2 H 2 ]_ 

U{s)~ 1 +G 4 F£ + G/^C//, 

4.5.3 Block Diagram Construction from System Model 

Block diagrams disclose many characteristics of dynamic systems that may not be observable using 
their mathematical models, such as the interrelation between the different components and vari¬ 
ables. In what follows, we will learn how to construct partial blocks corresponding to specific seg¬ 
ments of a system model, and subsequently assemble them properly to generate the complete block 
diagram. Based on the block diagram, a model can then be constructed in Simulink® for analysis 
and simulation purposes. This process will be systematically used in the subsequent chapters. 


Example 4.24: Block Diagram from System Model 

A first-order system with input u and output y is governed by its I/O equation as 


3y+y : 


2 u 


a. Construct a block diagram which includes a feedback loop. 

b. Using the block diagram in Part (a), find the transfer function Y(s)/U(s). 
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Solution 

a. The overall input U(s) must appear on the far left of the diagram and the overall output Y(s) 
on the far right. Laplace transformation of the I/O equation yields 


3 sY(s) = 2 U(s)-Y(s) sY(s) = j[2U(s)- Y(s)] 


We first concentrate on the term 2U(s) - Y(s). The input U(s) must go through a con¬ 
stant block of 2 to generate 2 U(s). A summing junction with inputs 2U(s), with a positive 
sign, and the overall output Y(s), with a negative sign, will produce the output 2 U(s) - Y(s) 
(Figure 4.22a). This output subsequently goes through a constant block of i to generate 
j[2L/(s)-Y(s)], which is sY(s) (Figure 4.22b). Finally, sY(s) goes through 1/s, an integrator, to 
produce Y(s). Ultimately, the block diagram can be completed by feeding back Y(s) to the 
summing junction (Figure 4.22c). 

b. Because there is only one forward path and one loop, and they are coupled, the special 
case of Mason's rule may be applied to find the transfer function as 

Y(s)_ is _ 2 
U{s) 1+ ^L 3s+1 

This clearly agrees with the transfer function directly obtained from the I/O equation. 

Example 4.25: Block Diagram from System Model 

A dynamic system with input /and output x is described by 


x + 2x + 3 x = f(t) 


U(s) - >[ 7 } 

(a) 



U(s) —KZb 


■# 


ms) —>prv 


2 U(s) 2 U(s)-Y(s) 



Y(s) 


FIGURE 4.22 (a) Block diagram initiated, (b) partial block, and (c) diagram completed. 
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a. Derive the state-variable equations and the output equation. 

b. Construct a block diagram using the information in Part (a). 

c. Build a Simulink model based on the block diagram of Part (b). 


Solution 

a. The state variables are selected as x, = x and x 2 = x. Noting that the output is y = x = x„ the 
state-variable equations and the output equation are derived as 


b. Taking the Laplace transform of the equations in Part (a), we have 


jsX-|(s) = X 2 (s) 

jsX 2 (s) = -3X,(s) - 2X 2 (s) + F(s) ' 


ns) = X,(s) 


The overall input F(s) must appear on the far left of the diagram, and the overall output 
X,(s) on the far right. The block diagram is built from the left to right; hence, we need to start 
with an equation that contains the overall input F(s). Thus, we start with sX 2 (s) = -3X,(s) - 
2X 2 (s) + F(s), which may be constructed by using a summing junction. The inputs to the 
summing junction are F(s) with a positive sign, 3X,(s) with a negative sign, and 2X 2 (s) with a 
negative sign. Then, the output of the summing junction is sX 2 (s) (Figure 4.23a). This output 



FIGURE 4.23 (a) Block diagram initiated, (b) partial block, and (c) diagram completed. 
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FIGURE 4.24 Simulink model in Example 4.25. 

subsequently goes through a block of 1/s, an integrator, to generate X 2 (s). But, X 2 (s) = sX,(s). 
Therefore, X 2 {s) will go through yet another block of 1/s to produce X,(s) (Figure 4.23b). 
Because X,(s) is the overall output, we can complete the diagram as depicted in Figure 
4.23c. 

c. ^ Figure 4.24 shows a Simulink model based on the block diagram in Figure 4.23c. 
The input is represented by a signal generator (Sources library). The summing junction 
is represented by the Add block (Math Operations library). The output is stored in port 1 
(Commonly Used Blocks library), as well as in Scope for simulation purposes. Using this 
model, the output corresponding to a specified input is easily generated in MATLAB. 

PROBLEM SET 4.5 

1. Reduce the block diagram in Figure 4.25 by moving the constant block K to the right of the 
summing junction. Subsequently, find the transfer function Y(s)/U(s). 

2. For the block diagram in Figure 4.26, find the transfer function Y(s)/U(s) using 
a. Block diagram reduction techniques. 

h. Mason’s rule. 

3. Find the overall transfer function of the block diagram in Figure 4.16, Example 4.21, using 
Mason’s rule. 


U(s) 



Y(s) 


FIGURE 4.25 Problem 1. 



FIGURE 4.26 Problem 2. 
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FIGURE 4.27 



Problems 4 and 5. 


Y(s) 


4. Using Mason’s rule, find Y(s)/U(s) in Figure 4.27. 

5. Consider the block diagram in Figure 4.27. Use block diagram reduction techniques listed 
below to find the overall transfer function. 

a. Move the summing junction of the positive feedback loop containing H 2 (s) outside of 
the negative loop containing H{s). 

b. In the ensuing diagram, replace the loop containing H x {s) with a single block. 

c. Similarly, replace the two remaining loops with single equivalent blocks to obtain one 
single block whose input is U(s) and whose output is Y(s). 

6. Using block diagram reduction techniques, find Y(s)/U(s ) in Figure 4.28. 

7. Find Y(s)/U(s) in Figure 4.28 using Mason’s rule. 

8. Find the overall transfer function in Figure 4.29 using Mason’s rule. 

9. For the block diagram in Figure 4.30, find Y(s)/U(s) using 

a. Block diagram reduction techniques. 

b. Mason’s rule. 



FIGURE 4.28 Problems 6 and 7. 


U(s) 



Y(s) 


FIGURE 4.29 Problem 8. 



FIGURE 4.30 Problem 9. 
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FIGURE 4.31 


External disturbance 
V(s) 


U(s) 



Problem 10. 


Y(s) 


U(s) 



Y(s) 




FIGURE 4.32 Problem 11. 

10. Consider the block diagram in Figure 4.31 in which V(s) represents an external disturbance. 

a. Find the transfer function Y(s)/U(s) by setting V(s) = 0. 

b. Find Y(s)/V(s) by setting U(s) = 0. 

11. For the block diagram shown in Figure 4.32, where A" is a constant, obtain the transfer 
function Y(s)/U(s). 

12. The I/O equation for a SISO system is described by 

y+iy=3 u 

a. Construct a block diagram containing a feedback loop. 

b. Find the transfer function Y(s)/U(s) directly from the block diagram. 

13. The state-variable equations and output equation of a system are given as 



y = jcj + 2x 2 


where u and y are the input and output, respectively. 

a. Build the block diagram. 

b. Find the transfer function Y(s)/U(s) directly from the block diagram. 

14. The state-space representation of a system model is given as 

Jx = Ax + Bm 
[y = Cx+Du 


with 




1 ], 


D = 0, u = u 


Build the block diagram. 

Find the transfer function directly from the block diagram. 
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FIGURE 4.33 Problem 20. 

In Problems 15 through 18, the system’s I/O equation is provided. 

a. Find the state-variable equations and the output equation. 

b. Construct the block diagram based on the information in Part (a). 

c. Determine the transfer function directly from the block diagram in Part (b). 

15. 2y + 3y+y=u 

16. y+y+2y = 2u + u 

17. y + 2y+y = u + u 

18. y + y+2y='u + u 

19. A system is described by its transfer function 

Y(s) _ s-t-l 
U(s ) .s'0 2 -Ky + l) 

a. Find the I/O equation. 

b. Find the state-space form from the I/O equation. 

c. Build a block diagram based on the information in Part (b). Find the transfer function 
directly from the block diagram and compare with the given transfer function. 

20. The block diagram representation of a system model is presented in Figure 4.33, where U, 

X 1; X 2 , and Y denote the Laplace transforms of the input, the two state variables, and the 
output. 

a. Derive the state-space form directly from the block diagram. 

b. Find the transfer function directly from the block diagram. 

4.6 LINEARIZATION 

Up to this point, we have mainly studied linear systems, whose analysis was somewhat straight¬ 
forward. Many dynamic systems, however, contain elements that are inherently nonlinear, which 
cannot be treated as linear except for a constrained range of operating conditions. In this section, we 
present a systematic approach to derive a linear approximation of a nonlinear model. We will also 
learn how to linearize nonlinear elements in Simulink. In Section 8.5, we will see how the linear¬ 
ized model compares with the nonlinear model. 

4.6.1 Linearization of a Nonlinear Element 

Consider a nonlinear function/of a single variable x as shown in Figure 4.34a. The linearization of 
f(x) will be done with respect to a specific point P : (x,f) known as an operating point. For now, we 
assume that the (constant) values of x and / are available, but we will learn shortly how to deter¬ 
mine an operating point for a given system. 
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FIGURE 4.34 (a) Linearization about an operating point and (b) incremental variables. 

The values x and / — fix) are called the nominal values of x and f respectively. As shown in 
Figure 4.34b, any point (x, /) on the graph of fix) can be expressed as 

x(t) = x + Ax(t), f(t) = f + Af(t) (4.26) 

where the time-varying quantities A xif) and A fit) are the incremental variables for x and f Graphically, 
the linear approximation af fix) is provided by the tangent line to the curve at the operating point P, 
with a reasonably good accuracy in a small neighborhood of P, that is, small values for A xif) and A fit). 
Analytically, this is justified by writing the Taylor series expansion affix) about the operating point as 

fix) = fix)+ d J x (x-x) + j -0| (x-xf+... 


Assuming Ax = x-x is small, the linear approximation affix) is achieved by retaining the first 
two terms, while neglecting the remaining higher powers of x - x. Therefore, 


fix) = fix)+ d {\ Ax 
ax I 


(4.27) 


Example 4.26: Nonlinear Function of a Single Variable 

Linearize f{x) = x|x| about the operating point P:(2,4). Examine the accuracy of the linear approxi¬ 
mation for x = 2.1 and x = 1.9. 


Solution 


f( x ).«,T J _ U 2 if x > 0 D,ferentlate df _(2x if x > 0 
1-x 2 if x < 0 dx l-2x if x < 0 


We first note that 
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Because x = 2, Equation 4.27 yields 


fix) S f(2) + [2x] x=2 Ax = 4 + 4 Ax 


Forx = 2.1, we have x = x-x = 2.1-2 = 0.1 and thus 


fi2.1) S4 + 4(0.1) = 4.40 [Exactvalue = (2.1) 2 = 4.41] 


For x = 1.9, we have Ax = 1.9 - 2 = -0.1, hence 


fil.9) S 4 + 4(—0.1) = 3.60 [Exact value = (1.9) 2 = 3.61] 


Therefore, as expected, if x is sufficiently close to x, the approximation has a reasonably good 
accuracy. 

4.6.1.1 Functions of Two Variables 

Consider a nonlinear function f(x,y) of two independent variables. In this case, the operating point 
is represented by ( x,y,f ) and the incremental variables are defined as 


A Jt(f) = JC(f)-3c, A y(t) = y(t)-y, hf(f) = f(t)~ f 


Taylor series expansion about the operating point yields 




Assuming x — x and y — y are small, the linear approximation of f(x,y) in a small neighborhood 
of the operating point is given by 


f(x,y) = f(x,y)+^ x Ax + |j Ay 


(4.28) 


4.6.2 Linearization of a Nonlinear Model 

Linearization of the model of a nonlinear system can be performed systematically by following a 
standard procedure outlined shortly. We first need to elaborate on the determination of the operating 
point(s), which is a significant part of the said procedure. 

4.6.2.1 Operating Point 

To find the operating point, we first replace the dependent variables such as xif) with x = const to be 
determined. It is also desired that a system operates not far from its equilibrium state. For that, we 
set the time-varying portion of the input u{t ) to zero. The result is an algebraic equation that can be 
solved for variables such as x . Note that a system may have more than one operating point. 
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Example 4.27: Operating Point 

Find the operating point(s) for a nonlinear system whose model is described by 
x+x*x|#Ul+sint 


Solution 

Note that the input here is 1 + sint. Because x(t) is the only dependent variable, the operating point 
is identified by x. For the purpose of finding the operating point, we set the time-varying portion 
of the input, which is sint, equal to zero. To find the operating point, we replace x with x and the 
input with 1 in the given system model. Because x = const, we have x = 0 and x = 0. Therefore, 

(a) 


We solve this equation as follows: 

Case (1)—If x>0, then |x|=x and Equation a reduces to x 2 =1. This has two solutions x = ±1. 
But the assumption in this case is x > 0 so that only the positive solution is acceptable, and 


Case (2)—If x <0, then |x| = -x and Equation a becomes -x 2 = 1, which has no real solution. 
Therefore, the only valid operating point corresponds to x = 1. 


4.6.2.2 Linearization Procedure 

A nonlinear system model is linearized as follows: 

1. Find the operating point as previously explained. 

2. Linearize the nonlinear term(s) about the operating point with Taylor series expansions; 
Equation 4.27 for functions of a single variable and Equation 4.28 for two variables. 

3. In the original nonlinear model, replace variables such as x with x + Ax, nonlinear terms 
with their linear approximations of Step 2, and include the time-varying portions of the 
input that were previously set to zero to calculate the operating point in Step 1. The result¬ 
ing system is linear in the incremental variables such as Ax. 

4. Finally, use the initial conditions of the original model to calculate those for the linear¬ 
ized model. For instance, knowing x(0) in the original system, find Ax(0) by noting that 
Ax(t) = x(t) - x so that Ax(0) = x(0) - x. 


Example 4.28: Linearization 

A nonlinear system model is given as 


■sint, x(0) = 0, x(0) = 1 


Derive a linearized model. 
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Solution 

We will follow the procedure outlined above. 

1. The operating point was determined in Example 4.27 as x = 1. 

2. The only nonlinear element in the model is f(x) = x|x|, which is linearized about the operat¬ 
ing point via Equation 4.27. Recalling Example 4.26, we find 

f(x) m f(1) + [2x] x= ,Ax = 1 + 2Ax 

3. In the original model, replace x with x + x = 1+ x, the nonlinear term with 1 +2Ax, and 
reconsider the time-varying portion sint, which was previously set to zero, to obtain 


d 2 ( 1+ x) 
dt 2 


d( 1+ x) 
dt 


(1 + 2 x) = 1 + sint 


This simplifies to 


4. The initial conditions are adjusted as follows: 


m=m 


x(0) = x(0) — 1 = —1 
x(0) = x(0) = 1 


In summary, the linearized model is derived as 

x+ x + 2 x = sint, x(0) = -1, x(0) = 1 

This is a second-order differential equation with constant coefficients, which is then eas¬ 
ily solved to generate Ax(t). It is important to note, however, that Ax(t) is not compatible with 
the solution x(t) of the original nonlinear system. To make them compatible, we must recall 
that x(t) = 1 + Ax(t) in this problem. Therefore, the solution Ax(t) of the linear model needs to be 
increased by one unit to be compatible with x(t). We will elaborate on this and many other related 
issues in Section 8.5. 


Example 4.29: Linearization 

A system is governed by its nonlinear state-variable equations as 

Jx, = 2x 2 -2, x,(0) = 1 

|x 2 =(x,-1) 3 x 2 +1, x 2 (0) = -1 


Derive a linearized model. 


Solution 

We will follow the standard procedure outlined earlier. Note that the inputs are -2 in the first 
equation, and 1 in the second, both constants. 
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1. Replace x, and x 2 with x, and x 2 , respectively. Because there are no time-varying portions in 
the input(s), no further modification is needed. 


[o = 2x 2 - 2 [x 2 = 1 X 2 = 1 

|o = (x,-1) 3 x 2 +1 ((x, -1) 3 = -1 I,=0 


Therefore, the operating point is (X V X 2 ) = (0,1). 

2. The only nonlinear element is f(x v x 2 ) = (x, - 1) 3 x 2 , which will be linearized about the operat¬ 
ing point (0,1). Following Equation 4.28, we have 

f(x„x 2 )=f( 0,1) + ^| x,+^H x 2 

OX-| ^ 0X2 |^Q 

= -1 + [3(x 1 -1) 2 x 2 ] (0 , 1) x 2 

= -1 + 3 x,- x 2 


3. In the original model, replace x, with X, + x, = x„ x 2 with X 2 + x 2 = 1+ x^ and the non¬ 
linear term with its linear approximation, -1 +3Ax,-Ax 2 . No other adjustments need be 
made because no time-varying portions of input were set to zero. This yields 


| X, = 2(1 + x 2 )-2 I x, = 2 x 2 


4. The initial conditions are modified as 


x,(0) = x 1 (0)-X, x,(0) = 1 


x 2 (0) = x 2 (0)-X 2 x 2 (0) = -2 


The linearized model is therefore 


x, = 2 x 2 , 
x 2 = 3 x,- ; 


x-|(0) = 1 
x 2 (0) = -2 


This linear system is then solved for Ax,(f) and Ax 2 (t). Once again, it must be noted that 
Ax,(t) and Ax 2 (t) are not compatible with the coordinates x,(t) and x 2 (t) of the original nonlin¬ 
ear system. Compatibility is achieved by taking into account that x, = Ax, and x 2 = 1 +Ax 2 . 


4.6.2.3 Small-Angle Linearization 

In some cases, mathematical models of dynamic systems contain nonlinear elements that involve 
trigonometric functions of an angle. One particular area in which such cases occur is in the rota¬ 
tional motion of a mechanical system (see Section 5.4). These types of models can be linearized as 
long as the angle remains small. In particular, if 0 <3C 1 radian, then 


sin0 = 0 
cos0 = 1 


(4.29) 


144 


Modeling and Analysis of Dynamic Systems 


Example 4.30: Small-Angle Linearization 

The governing equations for a dynamic system have been derived as 

J2x + 0 - 0 2 sinG + x + x = f(t) 

[0 + x cos0 +10sin6 = 0 


a. Derive the linearized model for 0 «: 1 radian. 

b. Find the state equation for the linear model. 

Solution 

a. Using the first two approximations in Equation 4.29, the governing equations reduce to 

l2x+e-e 2 e+x+x=f(t) « 2(te0 (a) J2x+e+x+x=f(t) 
i0+x+ioe = o (b) [e+x+io0=o 

b. In its present form, the linearized model cannot be transformed into state-variable equations 
because both x and 0 appear in the same equation. The remedy, however, is to manipulate 
the two equations, labeled Equations a and b, to eliminate the unwanted variables as fol¬ 
lows. From Equation b, we find 0 = -1O0-x and insert into Equation a and simplify to obtain 

x + x + x-1O0= f(f) (c) 

This equation is now in the correct form. Next, from Equation b, we find x =-100-0 
and insert into Equation a and simplify to arrive at 

0 + 200- x- x = -f(t) (d) 


In summary, 


(c) Jx + x + x-10 0 = f(t) 

(d) [0 + 200 - x - x = -f(t) 

We may now proceed as in Section 4.2 by selecting the state variables as x, =x,x 2 = 0, x 3 = x, 
and x 4 = 0. The state-variable equations are subsequently formed as 

x, = x 3 
x 2 = x 4 

x 3 = -x 3 - x, +10x 2 + f(t) 
x 4 = -20x 2 + x 3 + x, - f(t) 


Noting that there is only one input, f(t), the state equation is written as 


x = Ax + Bu, 


0 0 10 
0 0 0 1 
-1 10 -1 0 

.1 -20 1 0_ 


These types of systems will also be discussed in greater detail in Section 8.5. 
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4.6.3 Linearization with MATLAB Simulink 

The state-space linear model of a nonlinear system can be extracted in Simulink using the 
'linearize' built-in function: 

LIN = linearize('sys',OP,10) takes a Simulink model name, 'sys', an 

operating point object, OP, and an I/O object, 10, as inputs and returns 
a linear time-invariant state-space model, LIN. The operating point 
object is created with the function OPERPOINT or FINDOP. The 
linearization I/O object is created with the function GETLINIO or LINIO. 
Both OP and 10 must be associated with the same Simulink model, sys. 

The function is used in conjunction with 'findop' and 'getlinio'. The function call for 
' f indop' is as follows: 

[op,opreoprt] = findop(sys,opspec) finds an operating point, 
op, of the model, 'sys', from specifications given in opspec. 

opspec is an operating point specification object, and is created with the function 'operspec'. 
Specifications on the operating points, such as minimum and maximum values, initial guesses, 
and known values are specified by editing opspec. To find equilibrium (or steady-state) operating 
points, set the SteadyState property of the states and inputs in opspec to 1. The findop func¬ 
tion uses optimization to find operating points that closely meet the specifications listed in opspec. 
The function call for 'getlinio' is as follows: 

10 = getlinio('sys') finds all linearization annotations in a Simulink 
model, 'sys'. The vector of objects returned from this function call 
has an entry for each linearization annotation in a model. 

To initiate the process, we first build a Simulink model, ' sys', and identify a linearization input 
point and a linearization output point. This is done by right-clicking on the desired location, select¬ 
ing “Linearization Points” from the pull-down menu, and choosing the appropriate category from 
the list. 


Example 4.31: Linearization in MATLAB 

Consider the nonlinear system in Example 4.28: 


x + x + x|x| = 1 + sint, x(0) = 0, x(0) = 1 


To build a Simulink model, the nonlinear state-variable equations must first be formed. 
Choosing state variables x, = x and x 2 = x, we find 


|Xl=X 2 x,(0) = 0 

v x 2 = x 2 x ; x, +1 + sinf' x 2 (0) = 1 


Following the procedure outlined in Section 4.5, we build the model shown in Figure 4.35 for 
the nonlinear system in Equation a and save it as 'Example43l'. Double-clicking on an integrator 
block allows us to input the appropriate initial condition for the output signal of that block. Because 
the first integrator has x 2 as its output, we use x 2 (0) = 1. For the second integrator, x,(0) = 0. The 
nonlinear element x, |x, | is handled by the function block from the Simulink User-Defined Functions 
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Linearization 

IC: xl(0) = 0 output 



Nonlinear element Scope 


FIGURE 4.35 Simulink model in Example 4.31. 


library, in which u is used as the input variable name. The linearization input point is chosen at the 
output signal of the summing junction, the linearization output point at the output signal xl. 

The linear model is extracted from the nonlinear system in Equation a as follows. Note that the 
model, 'Example43l', must be open before we can proceed. 

>> sys = 1 Example431 1 ; 

>> load_system(sys); 

>> opspec = operspec(sys); 

% Specify the properties of the first state variable. 

>> opspec.States(1).SteadyState = 1; 

>> opspec.States(1).x = 0; % Initial value 

>> opspec.States(1).Min = 0; % Minimum value 

% Do the same for the second state variable 
>> opspec.States(2).SteadyState = 1; 

>> opspec.States(2).x = 1; 

>> opspec.States(2).Min = 0; 

% Find the operating point based on the specifications listed above. 

>> [op,opreport] = findop(sys,opspec); 

Operating Point Search Report: 


Operating Report for the Model Example431. 
(Time-Varying Components Evaluated at time t=0) 
Operating point specifications were successfully met. 


(1.) Example431/lntegrator 1 
X: 0 dx: 0 (0) 

(2.) Example431/lntegrator 2 
X: 1 dx: 0 (0) 

Inputs: None 


Outputs: 


(1.) Example431/0utl = xl 
y: 1 [-Inf Inf] 

% Get the linearization annotations 
>> IO=getlinio(sys); 

% Extract the linear state-space model 
>> LIN = linearize('Example431 1 ,op,10) 
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Integrator 1 Integrator 2 

Integrator 1 -1 -2 

Integrator 21 0 % Controller canonical form 


b = 


Integrator 

Integrator 


Integrator 1 Integrator 2 
xl 0 1 


d = 


xl 0 


Continuous-time state-space model. 
Note that 


• the state matrix is in the controller canonical form (Section 4.4), and 

• the input in the linear model is composed of the time-varying portion of the input in the 
original nonlinear system. In the current example, the input for the nonlinear system is 
1 +sint. This implies that the input for the linear model is simply sint. 

We will validate the above MATLAB results as follows. Recall from Example 4.28 that the oper¬ 
ating point is (1,0) and the linearized model is 

x + x+2 x = sint 

To derive the controller canonical form, choose the state variables as x, = x and Ax 2 = Ax, 
and the state-variable equations for the linearized model are obtained as 

| x,=- x,-2 x 2 + sint 


In vector form, 


where 


\ x = A x + Bu 
|y = C x + Du 


c=lc 


D = 0, u = sint 


(b) 


This confirms the set of results realized in MATLAB Simulink. Linear analysis of nonlinear systems 
will be further elaborated in Section 8.5. 


PROBLEM SET 4.6 

In Problems 1 through 10, the mathematical model of a nonlinear dynamic system is given. Follow 
the procedure outlined in this section to derive the linearized model. 
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1.2x + x + x 3 = l + sin2t, x(0) = 0, j(0) = l 

2. x+i+2*|*j=2+cosf, x(0) = 0, i(0) = l 

3. .v + .v + 2x x\ = -2 + sin/, ,v(0) - 0. x(0) = l 

4. x + x + x^\ = l + sint, x(0) = l, i(0) = 0 


5. x + x + f(x) = 1 + cos t, x(0) = i(0) = 1, fix) = 


\ljx if x>0 

{~ 2 M if x<0 



-Xi~Xi |xi -x\ - 2+ sint 


JCi(O) = -1 
* 2 ( 0 ) = 1 


7. x + 3x + gix) = 3 + cost, x(0) = 1, i(0) = 0, gix) = 


(3(1-6“*) if x>0 
[-3(1 -e~ x ) if * < 0 


8. 


9. 



\x 2 = 2x 2 '+\ + t ’ x 2 (0) = -1 
\x l =-x ] +3x 2 2 *,(0) = 1 

(i 2 = *! + 24 + sint x 2 (0) = 0 


X!(0) = 0 

x 2 (0) = -l 


10. 


ji, = x 2 - Xi | je | -2 + cos3r X|(0) = 1 
lx 2 = x 1 -x 2 -2 ’ x 2 (0) = -2 


[x 2 =x 1 -x 2 -2 


In Problems 11 through 14, a nonlinear model is provided. 

a. 4\ Obtain the linear state-space form using MATLAB Simulink. 

b. Derive the linearized model analytically to confirm the findings in Part (a). 

11. 2x + x + x 3 - 1 + sin2t, ;t(0) = 0, i(0) = l 

12. x + x 3 +x = 2 + sint, x(0) = 0, x(0) = l 

13. x + ir|i|+ x = l + cos2t, jc( 0) = 0, i(0) = l 

14. x + x 3 = 1 + sin2t, *(0) = 0, i(0) = l 

4.7 SUMMARY 

A set of coordinates that completely describes the motion of a system is known as a set of general¬ 
ized coordinates. If there are n generalized coordinates q t , q 2 , ... , q n , the dynamic system model 
is described by 


= —. ?„,4,tf2,--» 4,4) 

«„,4.4 r 2.--. 4.4) 



where q\,q 2 ,---,q n are the generalized velocities and/,,/ 2 , ... ,/„, known as the generalized forces, 
are algebraic functions of q t and 4 (i = 1,2,..., n) and time t. This model, subjected to initial general¬ 
ized coordinates and initial generalized velocities, is called the configuration form. 
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Mathematical models of dynamic systems that are governed by ^-dimensional systems of second- 
order differential equations can conveniently be expressed as 


Mx+Cx + Kx = f 


which is commonly known as the standard, second-order matrix form, where 

• x nxl = configuration vector, f BXl = vector of external forces 

• M nxn = mass matrix, C nxn = damping matrix, K nxn = stiffness matrix 

State variables, denoted by x t (z = 1,2,... , n), form the smallest set of independent variables that 
completely describes the state of a system. There are as many state variables for a system as there are 
initial conditions required to completely solve the system’s model. The state variables are those vari¬ 
ables for which initial conditions are needed. For a linear system with state variables x lt x 2 , ... , x n , 
inputs zq, zz 2 , ... , u m , and outputs y x , y 2 , ... , y p , the state-space form is 



where 


• x„ xl = state vector, A = state matrix, B = input matrix, y = output vector 

• C = output matrix, D = direct transmission matrix, u = input vector 

If zz(f) is an input and y(t) is an output of a system, then the I/O equation is 

y (n) + a l y (n -' ) + ■ ■ ■ + a n _ x y + a n y= b 0 u (m) + + • • ■ + b m _ t u + b m u, m<n 

where a u ... ,a n and b 0 , b h ... ,b m are constants, and y (n) = d n y/dt n . 

A transfer function is the ratio of the Laplace transforms of the output and input. If a system has 
q inputs and r outputs, the qr transfer functions are assembled in an rxq transfer matrix, denoted by 
G(.sj = [G„(»], where z = 1,2,..., r and j = 1,2,..., q. 

A block diagram is an interconnection of blocks, each block corresponding to an operation car¬ 
ried out by a component, such that the block diagram as a whole agrees with the system’s math¬ 
ematical model. 

The linearization of a nonlinear system model is performed as follows: 

• Find the operating point(s) by assuming the dependent variables are constants and setting 
the time-varying portions of inputs equal to zero. 

• Linearize the nonlinear term(s) about the operating point(s). 

• In the original nonlinear model, express variables in terms of incremental variables, and 
replace nonlinear terms with their linear approximations. The resulting system is linear in 
the incremental variables. 

• Find the initial conditions for the incremental variables. 

The state-space linear model of a nonlinear system can be extracted in Simulink using the 
'linearize' built-in function. The function is used in conjunction with 'findop' and 
'getlinio'. The inputs to the 'findop' function are the model, 'sys', and 'opspec', 
which is an operating point specification object, and is created with the function 'operspec'. 
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Specifications on the operating points, such as minimum and maximum values, initial guesses, 
and known values, are specified by editing 'opspec'. To find equilibrium (or steady-state) 
operating points, set the 'SteadyState' property of the states and inputs in 'opspec' to 1. 
The 'findop' function uses optimization to find operating points that closely meet the speci¬ 
fications listed in 'opspec'. 

REVIEW PROBLEMS 

1. The governing equations for a dynamic system are given as 

hx l +x t +x 1 -3 x 2 = f(t) 

[3x 2 -x 1 -2x 2 = 0 

a. Assuming/© and x, are the input and output, respectively, obtain the state-space form. 

b. Determine whether the system is stable. 

c. Find the transfer function directly from the governing equations. 

2. A dynamic system with input/and output x is described by 

|3 c + jc + 2 x = f{t) 

a. Find the state-space form. 

b. Find the transfer function directly from the state-space form. 

c. Decide if the system is stable by examining the state matrix in Part (a). 

3. A system’s transfer function is defined as 

F(©_ 2^ + 1 

U(s)~ 3/ + i + l 

a. Find the I/O equation. 

b. Find the state-space form directly from the I/O equation. 

c. Find the transfer function directly from the state-space form. 

4. A system is described by its governing equations 

h l +x l -3(x 2 -x l )= f(t) 

|x 2 + 3 (x 2 - jq) = 0 

where/is the input, whereas Xl and x, are the outputs. 

a. Obtain the state-space form. 

b. 4\ Find the transfer matrix directly from the state-space form. 

c. Find the transfer matrix using the governing equations, and compare with Part (b). 

5. A system’s I/O equation is given as 

y + 3y + ^y-u + 2u 

a. Find the state-space form. 

b. Find the transfer function directly from the state-space form. 
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6. Repeat Problem 5 for the I/O equation f y+y + y = \u + u. 

7. A system’s transfer function is given as 


F(s) = s 2 (s +1) 
U(s) s 3 + 2s 2 + 3s +1 


a. Find the I/O equation. 

h. Find the state-space form directly from Part (a), 
c. 4\ Find the transfer function from Part (b). 

8. Find the I/O equation of a SISO system whose state-space form is given as 


with 


A = 


9. Repeat Problem 8 for 


jx = Ax + Bi/ 
\y=Cx+Du 



u = u, C = [1 |], D = 0 




, C= [1 -1], D= 1 


10. Find all possible I/O equations for a system with state-space form 

[x = Ax + Bm 
| y = Cx + D u 


i-i ^ 


11. Find the transfer function for the system in Figure 4.36 using 

a. Block diagram reduction. 

b. Mason’s rule. 


U(s) 




Y(s) 


FIGURE 4.36 Problem 11. 










152 


Modeling and Analysis of Dynamic Systems 


In Problems 12 through 15, block diagram representation of a system is provided. Find the trans¬ 
fer function using Mason’s rule. 

12. Figure 4.37 

13. Figure 4.38 

14. Figure 4.39 

15. Figure 4.40 


U(s) 





Y(s) 


m 


FIGURE 4.37 Problem 12. 



FIGURE 4.38 Problem 13. 


U(s) 


FIGURE 4.39 Problem 14. 



Y(s) 



FIGURE 4.40 Problem 15. 
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In Problems 16 through 19, the I/O equation or the state-space form of a system model is pro¬ 
vided. Construct the appropriate block diagram, and directly use it to find the transfer matrix. 

16. State-space form is 


[x = Ax + Bm 
[ y = Cx + Du 


0 1 0 
0 0 1 


C= [1 2 0], D=0, u — u 


17. I/O equation is 


18. I/O equation is 


19. State-space form is 


2x + x + 3x = u + u 


2x + x + 3x = u + u 


I x = Ax + Bm 
jy = Cx + Dw 


a -[° 1 ^ 3 ]- b =[i} c =[o°} d -[o]- 


20. A system is stable if the poles of the overall transfer function lie in the left half-plane; 
these poles are the same as the eigenvalues of the state matrix. Consider the block diagram 
representation of a system shown in Figure 4.41, where k > 0 is a parameter. Determine the 
range of values of k for which the system is stable. 


U(s) 





•HH’-’w 


{T} 


FIGURE 4.41 Problem 20. 
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FIGURE 4.42 Problem 21. 


21. Repeat Problem 20 for the block diagram in Figure 4.42, where k > 0 is a parameter. 

22. Derive the linearized model for a nonlinear system described by 

Jii =x 1 |^i|+x 2 -l+cos t JCi(O) = 2 
[x 2 - -x, -x 2 -1 ’ x 2 (0) = -2 

23. Repeat Problem 22 for 

\x x - x 2 + 2sinf x,(0) = 1 
|i 2 = x\ + 3x 2 -1 ' x 2 (0) = 0 
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The modeling techniques for mechanical systems are discussed in this chapter. Mechanical systems 
are in either translational or rotational motion, or both. We begin this chapter by introducing mechan¬ 
ical elements, which include mass elements, spring elements, and damper elements. The concept of 
equivalence is discussed, which simplifies the modeling of systems in many applications. We then 
review Newton’s second law and apply it to translational systems. For rotational systems, moment 
equations are used to obtain dynamic models. For systems involving both translational and rotational 
motions, equations of motion can be derived using the force/moment approach based on Newtonian 
mechanics or the energy method based on analytical mechanics. Examples are given to illustrate 
both methods, followed by a brief coverage of gear-train systems. The chapter concludes with a 
simulation of mechanical systems using MATLAB®, Simulink®, and Simscape™ computer tools. 

5.1 MECHANICAL ELEMENTS 

The objective of this chapter is to show how one can obtain mathematical models of mechanical 
systems. Because a real mechanical system is usually complicated, simplifying assumptions must 
be made to reduce the system to an idealized model, which consists of interconnected elements. The 
behavior of the mathematical model can then approximate that of the real system. 

A mathematical model of a mechanical system can be constructed based on physical laws 
(such as Newton’s laws and the conservation of energy) that the elements and their interconnec¬ 
tions must obey. Elements can be broadly divided into three classes according to whether element 
forces are proportional to accelerations, proportional to displacements, or proportional to velocities. 
Correspondingly, they can be divided into elements that store and release kinetic energy, store and 
release potential energy, and dissipate energy. In this section, element equations relating the exter¬ 
nal forces to the associated element variables are presented. 

5.1.1 Mass Elements 

Figure 5.1 shows a mass m traveling with a velocity v. The basic variables used to describe the 
dynamic behavior of a translational mechanical system are the acceleration vector a, the velocity 
vector v, and the position vector r. They are related by the time derivatives 


which can also be represented in the simple dot notation 


(5.2) 


a = v = r. 


Assume that the motion of the mass in Figure 5.1 is under the influence of an externally applied 
force, and is constrained in only one direction. According to Newtonian mechanics, the resulting 
force/acting on the mass is equal to the time rate of change of momentum. For a constant mass, 
Newton’s second law is expressed as 



(5.3) 
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FIGURE 5.1 A mass traveling with a velocity v. 

Note that the acceleration a is absolute and must be measured with respect to an inertial reference 
frame. For ordinary systems at or near the surface of the Earth, the ground can be approximated as 
a reference for motion. 

Mass elements store mechanical energy. The energy stored in a mass is kinetic energy if the mass 
is in motion. The kinetic energy is expressed as 


T = -mv\ (5.4) 

2 

which implies that the mass stores kinetic energy as its velocity increases, and releases kinetic 
energy as its velocity decreases. If a mass has a vertical displacement relative to a reference position, 
the energy stored in the mass is potential energy given by 

V g = mgh, (5.5) 

where g is the gravitational acceleration (9.81 m/s 2 or 32.2 ft/s 2 ) and h is the height measured from 
the reference position or datum to the center of mass. Subscript g is used to denote that the potential 
energy is associated with gravity. 

For rotational mechanical systems, the basic variables used to describe system dynamics are the 
angular acceleration vector a, the angular velocity vector to, and the angular position vector 0. The 
direction of an angular vector can be determined using the right-hand rule as shown in Figure 5.2. 
The sense of rotation follows the curve of the four fingers, and the rotational vector points in the 
direction of the thumb. In this chapter, we consider the rigid bodies that are constrained to rotate 
about only one axis. Then in scalar form, we have 


d 2 6 

dr 


or 


(5.6) 


(5.7) 



FIGURE 5.2 Right-hand rule. 
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0 “ 



FIGURE 5.3 A disk rotating about an axis through a fixed point O. 

Figure 5.3 shows a disk rotating about an axis through a fixed point O. The relation between the 
torque t about the fixed point O and the angular acceleration a of the disk about O is 


(5.8) 


where I 0 is the mass moment of inertia of the body about the fixed point O, and common units used 
are kg-m 2 or slug-ft 2 . Similar to a translational mass, a rotational mass can store kinetic energy and 
potential energy. The kinetic energy for a rotational mass about a fixed point O is expressed as 



(5.9) 


The potential energy for a rotational mass has the same form as Equation 5.5. 

5.1.2 Spring Elements 

Figure 5.4a shows a translational spring element, which is fixed at one end and is subjected to a 
tensile (or compressive) force/at the other end. The spring has a free length x 0 , and the deflection of 
the spring caused by the force/is denoted by x. Assume that the spring is massless, or of negligible 
mass. For a linear spring, Hooke’s law states that 


f=kx. 


(5.10) 


where k is the spring stiffness in units of N/m or lb/ft. If the spring is connected to a mass, due to 
Newton’s third law, the force exerted on the mass by the spring has the same magnitude as f but 
opposite in direction. When the two ends of a spring are displaced by x 1 and x 2 , as shown in Figure 
5.4b, the forces at the two ends are equal in magnitude but opposite in direction. If x 2 > x l > 0, the 
spring is under elongation, and the force applied to the spring is 


f=k(x 2 -x t ). 


(5.11) 


where x rd = x 2 - x, is the relative displacement between the two ends of the spring. 




(b) 


►/ 


FIGURE 5.4 A translational spring element with (a) one fixed end and (b) two free ends. 
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N T 0 T 0! T 02 

(a) (b) 

FIGURE 5.5 A torsional spring element with (a) one fixed end and (b) two free ends. 

When a spring is stretched or compressed, potential energy is stored in the spring and is 
given by 


V e = 


(5.12) 


where subscript e denotes that the potential energy is associated with elastic elements. 
For a torsional spring as shown in Figure 5.5a, we have 


t = KQ, (5.13) 

where t is the applied torque, K is the torsional spring stiffness in units of N-m/rad or ft-lb/rad, 
and 0 is the angular deformation of the spring. Figure 5.5b shows a torsional spring with both ends 
twisted. Assume that 0! and 0 2 are the angular displacements of respective ends corresponding to 
the applied torque. If 0 2 > 0, > 0, then 


and the spring is twisted in the counterclockwise direction when viewed from the right-hand side. 
The potential energy stored in a torsional spring element is expressed as 


V e = 


(5.15) 


5 . 1.3 Damper Elements 

A spring element exerts a reaction force that is dependent on the relative displacement between two 
ends of the spring. In contrast, a force that depends on the relative velocity between two bodies is 
modeled by a damper element. Figure 5.6 shows a mass sliding on a fixed horizontal surface, where 
the two surfaces are separated by a film of liquid. The mass is subjected to a friction force gener¬ 
ated between the two surfaces, and the friction caused by the liquid is called viscous damping. The 
direction of the damping force is opposite to the direction of the motion and its magnitude depends 


Damping 


FIGURE 5.6 A mass sliding 


lubricated fixed surface. 
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on the nature of fluid flow between the two surfaces. The exact viscous damping force is complex; 
thus, for modeling in system dynamics, we use a linear relationship 


f=bv. 


where the symbol b is used to denote the viscous damping coefficient in units of N-s/m or lb-s/ft. The 
damping force exerted on the mass in Figure 5.6 is to the left. Note that the symbol c is also often 
used to denote the viscous damping coefficient. Therefore, both b and c will be used interchange¬ 
ably in this book. 

The viscous friction can be modeled using a viscous damper (or a dashpot). The symbol in Figure 
5.7a is the representation of a viscous damper, which is like a piston moving through a liquid-filled 
cylinder as shown in Figure 5.7b. There are small holes in the piston through which the liquid flows 
as the parts move relative to each other. If v 2 >v t > 0, then the right end of the damper moves to 
the right with respect to the left end. The force applied to the right end is dependent on the relative 
velocity v rel = v 2 - v,. The force has a magnitude of 


/= b(y 2 - Vj) (5.17) 

and points to the right. Assume that the damper is massless, or of negligible mass. Then the forces 
at the two ends of the damper are equal in magnitude but opposite in direction. 

For a torsional damper as shown in Figure 5.8a, the linear relationship between the externally 
applied torque and the angular velocity is given by 

t = .Bco, (5.18) 

where B is the rotational viscous damping coefficient in units of N-m-s/rad or ft-lb-s/rad. The symbol 
in Figure 5.8b represents a rotational viscous damper, which can be used to model the viscous fric¬ 
tion between two rotating surfaces separated by a film of liquid. If co 2 > coj > 0, the magnitude of 
the applied torque is 


T = B{ C0 2 - COj) 


and the direction is as shown. 


(5.19) 


/• 




Cylinder motion v, 

(b) 


FIGURE 5.7 A viscous damper: (a) symbol and (b) physical system. 


-a-GG -G6- 


-6G- 


FIGURE 5.8 A rotational viscous damper with (a) one fixed end and (b) two free ends. 
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Note that the damping dissipates the energy of the system. Besides viscous damping, there are 
two other types of damping in engineering mechanics: Coulomb damping associated with dry fric¬ 
tion and structural damping. The former will be discussed in Chapter 9, and the latter is beyond the 
scope of this text. 

5.1.4 Equivalence 

In many mechanical systems, multiple springs or dampers are used. In such cases, an equiva¬ 
lent spring stiffness constant or damping coefficient can be obtained to represent the combined 
elements. 

Example 5.1: Springs in Parallel 

Consider a system of two springs, /c, and k 2 , in parallel as shown in Figure 5.9. Prove that the system 
is equivalent to a single spring whose stiffness is 

/c eq = k,+ k 2 . 


Proof 

Because of parallel interconnection, the bottom ends of the springs are attached to the same fixed 
body, and their top ends are also attached to a common body. This implies that both springs have 
the same deflection x. Assume that the forces applied to the two springs are f, and f 2 , respectively. 
Because the system is in static equilibrium, the total force is given by 


Comparing it with the equivalent system, 


f=k eq x, 

we obtain the equivalent spring stiffness 

k e q = k,+ k 2 . 

The result can be extended to n springs. For a system of n springs in parallel, the equivalent 
spring stiffness k eq is equal to the sum of all the individual spring stiffness coefficients k,: 

k eq = ki+k 2 + - + k n . 

f f h h 



FIGURE 5.9 Equivalence for two springs in parallel. 
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Example 5.2: Springs in Series 


Consider a system of two springs, /c, and k 2 , in series as shown in Figure 5.10. Prove that the 
equivalent spring stiffness of the system is 


^aq 


k,k 2 
k, + k 2 ' 


Proof 

Because both springs are in static equilibrium, they are subjected to the same force f. Assume 
that the two springs are deformed by x, and x 2 , respectively. The total deformation of the system 
is given by 




For the equivalent system, the deformation is 


Thus, 


/fgq 


k 2 


k^ 


k,k 2 

k,+k 2 



FIGURE 5.10 Equivalence for two springs in series. 
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The result can also be extended to n springs. For a system of n springs in series, the recipro¬ 
cal of the equivalent spring stiffness /c eq is equal to the sum of all the reciprocals of the individual 
spring stiffness coefficients /r,: 


k^ ~ k, + k 2 


k n 


The above two examples show how one can derive the equivalent spring stiffness for springs 
connected in parallel or in series. For a system of dampers, the equivalent damping coefficient can 
be derived using the same logic and similar steps. 

Springs are the most familiar elastic elements. However, many engineering applications involv¬ 
ing elastic elements do not contain springs but other mechanical elements, such as beams and rods, 
which can be modeled as springs. The equivalent spring constants can be determined using the 
results from the study of mechanics of materials [2,11], 

Example 5.3: Equivalent Spring Constant of a Cantilever Beam 

Consider a uniform cantilever beam of length L, width b, and thickness h in Figure 5.11. Assume 
that a force f is applied to the free end of the beam, and the corresponding deflection is x. Derive 
the equivalent spring constant k eq . 

Solution 

The force-deflection relation of a cantilever beam can be found in the mechanics of materials 
references. The relation is 


where x is the deflection at the free end of the beam, f is the force applied at the free end of the 
beam, E is the modulus of elasticity of beam material, and l A is the area moment of inertia about 
the beam's longitudinal axis. For a beam having a rectangular cross-section with width b and 
thickness h, the area moment of inertia is 


bh 3 
12 ’ 



FIGURE 5.11 


A beam in bending under a transverse force. 
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Thus, the force-deflection relation reduces to 



For the equivalent system, the force-deflection relation is 


f 


Thus, the equivalent spring stiffness is 


Ebh 
4 L 3 


PROBLEM SET 5.1 

1. If the 50-kg block in Figure 5.12 is released from rest at A, determine its kinetic energy and 
velocity after it slides 5 m down the plane. Assume that the plane is smooth. 

2. Repeat Problem 1 if the coefficient of kinetic friction between the block and the plane 
is \i k = 0.1. 

3. The ball in Figure 5.13 has a mass of 5 kg and is fixed to a rod having a negligible mass. 
Assume that the ball is released from rest when 0 = 60°. 

a. Determine the gravitational potential energy of the ball when 0 = 60° and 30°. The 
datum is shown in Figure 5.13. 

b. Determine the kinetic energy and the velocity of the ball when 0 = 30°. 



FIGURE 5.12 Problem 1. 


O 



- datum 


FIGURE 5.13 Problem 3. 
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4. The 5-kg slender rod in Figure 5.14 is released from rest when 0 = 60°. 

a. Determine the gravitational potential energy of the rod when 0 = 60° and 30°. The 
datum is shown in Figure 5.14. 

b. Determine the kinetic energy and the angular velocity of the rod when 0 = 30°. The 

mass moment of inertia of the slender rod about the fixed point O is I 0 = —ml}, where 
L is the length of the rod. ^ 

5. Determine the elastic potential energy of the system shown in Figure 5.15 if the 10-kg 
block moves downward a distance of 0.1 m. Assume that the block is originally in static 
equilibrium. 

6. If the disk in Figure 5.16 rotates in the clockwise direction by 5°, determine the elastic 
potential energy of the system. Assume that the springs are originally undeformed. 



FIGURE 5.14 Problem 4. 



FIGURE 5.15 Problem 5. 



FIGURE 5.16 Problem 6. 
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7. Determine the equivalent spring constant for the system shown in Figure 5.17. 

8. Determine the equivalent spring constant for the system shown in Figure 5.18. 

9. Derive the spring constant expression for the axially loaded bar shown in Figure 5.19. 
Assume that the cross-sectional area is A and the modulus of elasticity of the material is E. 

10. The uniform circular shaft in Figure 5.20 acts as a torsional spring. Assume that the elastic 
shear modulus of the material is G. Derive the equivalent spring constant corresponding to 
a pair of torques applied at the two free ends. 

11. A rod is made of two uniform sections, as shown in Figure 5.21. The two sections are made 
of the same material, and the modulus of elasticity of the rod material is E. The areas for 
the two sections are A l and A 2 , respectively. Derive the equivalent spring constant corre¬ 
sponding to a tensile force/applied at the free end. 



FIGURE 5.17 Problem 7. 



FIGURE 5.18 Problem 8. 
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FIGURE 5.19 Problem 9. 
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FIGURE 5.20 Problem 10. 



FIGURE 5.21 Problem 11. 
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12. Derive the spring constant expression for the fixed-fixed beam in Figure 5.22. The Young’s 
modulus of the material is E and the moment of inertia of cross-sectional area is I. Assume 
that the force/and the deflection x are at the center of the beam. 

13. Derive the spring constant expression for the simply supported beam in Figure 5.23. The 
Young’s modulus of the material is E and the moment of inertia of cross-sectional area is 
/. Assume that the force/and the deflection x are at the center of the beam. 

14. Derive the spring constant expression for the simply supported beam in Figure 5.24. The 
Young’s modulus of the material is E and the moment of inertia of cross-sectional area is 
I. Assume that the applied load/is anywhere between the supports. 

15. Determine the equivalent damping coefficient for the system shown in Figure 5.25. 

16. Determine the equivalent damping coefficient for the system shown in Figure 5.26. 



FIGURE 5.22 Problem 12. 
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FIGURE 5.23 Problem 13. 



FIGURE 5.24 Problem 14. 
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FIGURE 5.25 Problem 15. 



FIGURE 5.26 Problem 16. 
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5.2 TRANSLATIONAL SYSTEMS 

With appropriate simplifying assumptions, a translational mechanical system can be modeled as 
a system of interconnected mechanical elements. The dynamic behavior of the system must obey 
the physical laws, and the dynamic equations of motion can be obtained by applying these physical 
laws, such as Newton’s second law or D’Alembert’s principle. The number of equations of motion is 
determined by the number of degrees of freedom of the system. 

5.2.1 Degrees of Freedom 

The number of degrees of freedom of a dynamic system is defined as the number of independent 
generalized coordinates that specify the configuration of the system. Generalized coordinates need 
not be restricted only to the actual position coordinates, which are physical coordinates. They could 
be anything, for example, position coordinates, translational displacement, rotational displacement, 
pressure, voltage, or current. The generalized coordinates of a system need not be of the same type. 

Figure 5.27a shows a translational mechanical system, in which the mass m moves in the hori¬ 
zontal direction, and x is the displacement measured from the static equilibrium position of the 
mass. The displacement x is the generalized coordinate, and the number of degrees of freedom of 
the system is 1. When a pendulum consisting of a massless rod of length L and a point mass of M is 
attached to the block of mass m (see Figure 5.27b), one displacement coordinate x is not enough to 
describe the motion of the system. On the one hand, the pendulum moves together with the block 
in the horizontal direction. On the other hand, the pendulum rotates, and the rotational motion can 
be described using an angular displacement 0. Thus, for the system in Figure 5.27b, x and 0 are the 
two independent generalized coordinates, and the number of degrees of freedom of the system is 2. 

When generalized coordinates are independent, they are equal in number to the degrees of free¬ 
dom. If generalized coordinates are dependent, then the number of degrees of freedom is the differ¬ 
ence between the number of dependent coordinates and the number of constraints. For instance, to 
describe the motion of the pendulum in Figure 5.28, we can use the rectangular displacements x and 
y instead of the angular displacement 0. However, those two rectangular displacements are related 
by the constraint x 2 + y 2 = L 2 . Thus, the number of degrees of freedom is 1 (i.e., number of dependent 

(a) k _ 






FIGURE 5.27 A mechanical system with (a) displacement as the generalized coordinate and (b) mixed types 
of generalized coordinates. 
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FIGURE 5.28 Independence of generalized coordinates. 

generalized coordinates - number of constraints), which is the same as the result obtained by using 
the angular displacement as the generalized coordinate. 

5.2.2 Newton's Second Law 

Newton’s second law states that the acceleration of a mass is proportional to the resultant force vec¬ 
tor acting on it and is in the direction of this force. Assume that the translational motion of a particle 
or a rigid body is restricted in a plane. For a particle, which is a mass of negligible dimensions, 
Newton’s second law can be expressed in vector form 

^F = ma (5.20) 


or in scalar form 


F x = ma x , F y = ma y , (5.21) 

where X F x and X F y are summations of the applied forces decomposed along the x and y directions, 
respectively, and a x and a y are the x and y components of the acceleration of the particle, respectively. 
For a rigid body, Newton’s second law is given by 

^F=ma c (5.22) 


or 




(5.23) 


where subscript C denotes the center of mass. In many engineering applications, the gravity field is 
considered to be uniform, and the center of mass coincides with the center of gravity. 

5.2.3 Free-Body Diagrams 

To apply Newton’s second law to a mechanical system, it is useful to draw a free-body diagram for 
each mass in the system, showing all external forces. The noninput forces can be described in terms 
of displacements or velocities using the expressions associated with the basic spring or damper 
elements. Drawing correct free-body diagrams is the most important step in analyzing mechanical 
systems by the force/moment approach (as opposed to the energy approach). 
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(b) 


FIGURE 5.29 A mass-spring-damper system: (a) physical system and (b) free-body diagram. 

Let us consider a simple system consisting of a block of mass m, a spring of stiffness k, and a vis¬ 
cous damper of viscous damping coefficient b. Figure 5.29 shows the physical mass-spring-damper 
system and the free-body diagram drawn for the mass. The motion of the system can be described 
using the displacement variable x, which is chosen as the generalized coordinate. The positive direc¬ 
tion is the direction shown by the arrow next to the displacement x. Assume that the positive direc¬ 
tion is to the right as shown. This sign convention implies that the displacement x, velocity x, and 
acceleration x are positive to the right. 

Three forces included in the free-body diagram are the applied force/ the force exerted by the 
spring/ k , and the force exerted by the damper f h . The magnitudes of the forces are shown in the 
free-body diagram, and their physical directions are indicated by the arrows. The force/is exter¬ 
nally applied to the mass-spring-damper system, and the positive direction is given to the right. To 
determine the forces/ k and/ b , we can imagine the mass to be displaced along the positive direction, 
x > 0. Thus, the spring is in tension, and there is a spring force/ k = kx applied to the mass. The force 
exerted by the spring is to the left because it tends to restore to the undeformed position. Similarly, 
the assumption of x > 0 indicates that the mass moves to the right with a velocity x. Remember that 
the damping force for a moving mass is always opposite to the direction of motion. Thus, the force 
exerted by the damper is to the left, and the magnitude is f b = bx. 

The above analysis shows that an assumption about the motion of all masses in a mechanical sys¬ 
tem must be made to draw the free-body diagrams. It is customary to assume that all displacements 
are in the assumed positive directions when determining the proper magnitudes and directions for 
the forces. Applying Newton’s second law to the correct free-body diagrams leads to differential 
equations of motion, which can be converted to other system representations, such as the transfer 
function form and the state-space form. 

Example 5.4: A Single-Degree-of-Freedom Mass-Spring-Damper System 

Consider the simple mass-spring-damper system subjected to an input force f, as shown in 

Figure 5.29a. 

a. Apply Newton's second law to derive the differential equation of motion. 

b. Determine the transfer function form. Assume that the system output is the displacement x 
and the initial conditions are x(0) = 0 and x(0) = 0. 

c. Determine the state-space representation. Assume that the system output is the displace¬ 
ment x and the state variables are x, = x and x 2 = x. 

d. U se Simulink and Simscape to construct block diagrams to find the displacement output 
x(f) of the system subjected to an applied force f(t) = 10u(t), where u(t) is the unit-step function. 
The parameter values are m = 1 kg, b = 2 N-s/m, and k = 5 N/m. Assume zero initial conditions. 
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Solution 

a. Let us choose the displacement of the mass as the coordinate x. The free-body diagram of 
the mass is shown in Figure 5.29b. Applying Newton's second law in the x direction gives 

f(t) -kx-bx = mx, 

which can be rearranged into the standard input-output differential equation form 
mx + bx + kx = f(t). 

b. Taking the Laplace transform of both sides of the preceding equation with zero initial condi¬ 
tions results in 


C ms 2 + bs + k) X(s) = F(s). 

Thus, the transfer function relating the input f(t) to the output x(t) is 

X(s) _ 1 

F{s) ms 2 + bs + k 

c. As specified, the state, the input, and the output are 



The state-variable equations are thus formed as 


The output equation is 


y = x = x v 

Writing the state-variable equations and the output equation in matrix form yields 



y = [1 0] ' 


- + 0-u. 


We start with building a Simulink block diagram using the mathematical model obtained 
in Part (a). Solving for the highest derivative of the output x gives 
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Acceleration 


Integrator Integrator 1 Scope 



Displacement 


Damping term 




Spring term 


FIGURE 5.30 Simulink block diagram corresponding to Example 5.4. 


( f-kx-bx ), 


m 


which can be represented using the block diagram shown in Figure 5.30. Two Integrator 
blocks are used to form the velocity x and the displacement x, both of which are fed back 
to form the acceleration x. Note that a step input causes the motion of the system. Double¬ 
click on the block with the name Step and type 0 for the Step time and 10 for the 
Final value to define the input f{t) = 10u(t). 

We can also build a Simscape block diagram to simulate the physical system shown in 
Figure 5.29a. The mass, translational damper, and translational spring blocks can be found 
in Simscape/Foundation Library/Mechanical/Translational Elements. 

In the same library, the Mechanical Translational Reference block is used to 
represent a rigidly clamped end. To apply a force input, the Ideal Force Source 
block is included, which can be found in .../Mechanical/Mechanical Sources. To 
obtain a displacement output, the Ideal Translational Motion Sensor block is 
included, which can be found in .../Mechanical/Mechanical Sensors. Figure 5.31 
is the resulting Simscape block diagram. Note that port symbols (e.g., C for "case," R for 
"rod," P for "position," V for "velocity," S for "signal") are useful for making a correct 
connection. 

Define the values of the parameters m, b, and k in the MATLAB Command window. 
Run both simulations and the same curve as shown in Figure 5.32 can be obtained, which 
is the resulting displacement output x(t) of the mass-spring-damper system in Figure 5.29a 
subjected to a step input force. More examples of using Simulink and Simscape to build a 
mechanical system will be given in Section 5.6. 

5.2.4 Static Equilibrium Position and Coordinate Reference 

In Example 5.4, we specified the static equilibrium position as the coordinate origin. For this mass¬ 
spring-damper system moving only in the horizontal direction, the mass is in equilibrium when the 
spring is at its free length. Note that it is advantageous to choose the static equilibrium position as 
the coordinate origin, because this choice can simplify the equation of motion by eliminating static 
forces. The advantage is obvious when the motion along the vertical direction is involved. The fol¬ 
lowing example shows that the gravity term does not enter into the governing differential equation 
if the displacement is measured from the static equilibrium. 

Consider the mass-spring system shown in Figure 5.33, where the mass is assumed to move only 
in the vertical direction. The free length of the spring is y 0 . Due to gravity, the spring is stretched by 
8 st when the mass is in static equilibrium and mg = kb st . Imagine the mass to be displaced downward 
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Mechanical 
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converter 


FIGURE 5.31 Simscape block diagram corresponding to Example 5.4. 





FIGURE 5.32 Displacement output x(t) of the mechanical system in Example 5.4. 

by a distance of x. If we choose the undeformed position in Figure 5.33a as the origin of the coordi¬ 
nate y, applying Newton’s second law to the free-body diagram in Figure 5.33c gives 

+ iy: ^/-; = ma y , 


mg — lcy= my, 
my + lcy = mg. 
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FIGURE 5.33 Choice of coordinate origins for a mass-spring system: (a) undeformed position, (b) static 
equilibrium position, and (c) dynamic position. 


Note that the gravity term mg appears in the equation of motion. Now let us choose the static equi¬ 
librium position in Figure 5.33b as the origin of the coordinate x. The equation of motion is 

+ 1 x:^F x =ma x , 

mg-k(x + 8 st ) = mx. 


mx + kx-Q, 

where the gravity term mg and the static spring force kd sl cancel out, resulting in a simpler equation. 


Example 5.5: A Two-Degree-of-Freedom Quarter-Car Model 

Consider a quarter-car model shown in Figure 5.34a, where m, is the mass of one-fourth of the car 
body and m 2 is the mass of the wheel-tire-axle assembly. The spring k, represents the elasticity of the 
suspension and the spring k 2 represents the elasticity of the tire. z(f) is the displacement input due to 
the surface of the road. The actuator force, f, applied between the car body and the wheel-tire-axle 
assembly, is controlled by feedback and represents the active components of the suspension system. 

a. Draw the necessary free-body diagrams and derive the differential equations of motion. 

b. Determine the state-space representation. Assume that the displacements of the two masses, 
x, and x 2 , are the outputs and the state variables are x, = x„ x 2 = x 2 , x 3 = x„ and x 4 = x 2 . 

c. ^The parameter values are m, = 290 kg, m 2 = 59 kg, h, = 1000 N-s/m, k, = 16,182 N/m, 
and k 2 = 19,000 N/m. Use MATLAB commands to define the system in the state-space form 
and then convert it to the transfer function form. Assume that all the initial conditions are zero. 

Solution 

a. We choose the displacements of the two masses x, and x 2 as the generalized coordinates. 
The static equilibrium positions of m, and m 2 are set as the coordinate origins. Assume 

x 3 > x 2 > z > 0, 
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which implies that the springs are in tension and 
x, > x 2 > i > 0. 


The free-body diagrams of m, and m 2 are shown in Figure 5.34b. According to the 
assumption, the mass m, moves faster than the mass m 2 , and the elongation of the spring 
/q is x, - x 2 . The force exerted by the spring /c, on the mass m, is downward as it tends to 
restore to the undeformed position. Because of Newton's third law, the force exerted by the 
spring /q on the mass m 2 has the same magnitude, but opposite in direction. Other spring 
forces and damping forces can be determined using the same logic. Note that the gravita¬ 
tional forces, m,g and m 2 g, are not included in the free-body diagrams. 

Applying Newton's second law to the masses m, and m 2 , respectively, gives 


f-/c 1 (x,-x 2 )-b,(x ] -x 2 ) = A7 


-f + /c,(x, - x 2 ) + 6/x, - x 2 )-k 2 (x 2 - z) = m 2 x 2 . 


Rearranging the equations into the standard input-output form, 


*n& + b,x, - b,x 2 + Jk,x, - /c,x 2 = f, 
m 2 x 2 - b A x^ + b,x 2 - fqx, + (/c, + k 2 )x 2 =-f+k 2 z, 


which can be expressed in second-order matrix form (Section 4.1) as 


ram:]! 


L-ffc, k,+k 2 \\x 2 \ H4JW 
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b. Note that the inputs to the system are the actuator force f and the road surface irregularity 
z. The state, the input, and the output vectors are 



y = 


The state-variable equations are then obtained as 




+ k ij( _b, + b Lx + ± u 

m, 1 m, 2 m, 3 m, 4 m, v 


s = „ _ fc, _ k,+k 2 ; , t b, ... 6, ... f , /c, . 


The output equation is 


y = 


Thus, the state-space representation is 



0 

0 


0 

0 



k 2 


’l 0 0 Ol ^2 

_0 1 0 0_|1x 3 


io® 


c. 4V The following is the MATLAB session: 
>> ml = 2 90; 

» m2 = 59; 

» bl = 1000; 

>> kl = 16182; 

>> k2 = 19000; 
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» A = [0 0 10; 

0 0 0 1 ; 

-kl/ml kl/ml -bl/ml bl/ml; 
kl/m2 -(kl+k2)/m2 bl/m2 -bl/m2]; 

» B = [0 0; 0 0; 1/ml 0; -l/m2 k2/m2]; 

» C = [1 0 0 0; 0100]; 

>> D = zeros (2,2) ; 

>> sys_ss = SS(A,B,C,D); 

>> sys_tf a tf(sys_ss); 

The command tf returns two transfer functions from the input #1 (i.e., f) to the two outputs x, 
and x 2 : 


X,is>_ 

0.003448s 2 + 1.11 

m s 

; 4 + 20.4s 3 + 652.Is 2 +1110s +17,970 ' 

X 2 (s) 

-0.01695s 2 + 0.04655s + 0.7533 

F(s) J 

; 4 + 20.4s 3 + 652.Is 2 +1110s +17,970 ' 


and another two transfer functions from the input #2 (i.e., z) to the outputs x, and x 2 : 

X,(s) __ 111 0s+ 17,970 _ 

Z(s) s 4 + 20.4s 3 + 652.1s 2 +1110s +17,970 ' 

X 2 ($) _ 322s 2 +1110s+ 17,970 

Z(s) _ s 4 + 20.4s 3 + 652.Is 2 +1110s +17,970 ' 

Note that the system has two inputs and two outputs. Thus, there are a total of four transfer func¬ 
tions, which can be formed as a 2 x 2 transfer matrix 


G(s) = 


rc„(s) c 12 (s)i 

|_G 2 i(s) G 22 (s)J 


X 1 (s) X)(s) 
F(s) Z(s) 
X 2 (s) X 2 (s) 
. F(s) Z(s) 


Note that the gravity terms in Example 5.5 do not appear in the equations of motion because the 
static equilibrium positions are chosen as the coordinate origins. Two independent coordinates, 
x, and x 2 , are required to specify the system dynamics. Such a system is called a two-degree-of- 
freedom system, which is a special case of multiple-degree-of-freedom systems. 


5.2.5 Massless Junctions 

A system of massless junctions is a system of springs and dampers without any masses. The differ¬ 
ential equations of motion for such a system can be derived using Newton’s second law and simply 
letting the masses be zero at the junctions. 


Example 5.6: A Two-Degree-of-Freedom System with Massless Junctions 

Consider the system of massless junctions shown in Figure 5.35a. An external force f is 
applied to the junction A. Draw the free-body diagrams and derive the differential equations 
of motion. 
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(a) 

*](*! -*2) ' 

*l(* i-*j) • 

(b) 


FIGURE 5.35 A two-degree-of-freedom system with massless junctions: (a) physical system and (b) free- 
body diagram. 

Solution 

Two massless junctions, A and B, are included in this system. We choose the displacements of 
the two junctions as the generalized coordinates, which are denoted by x, and x 2 . Assume that 
x, > x 2 > 0. This implies that the two springs are in extension. The free-body diagrams at the two 
massless junctions are shown in Figure 5.35b. Applying Newton's second law to each massless 
junction gives 


+ ^x:£f x =ma x = 0, 
A:-/c 1 (x 1 -x 2 )-b,(x 1 -x 2 )+f = 0, 
B: A:,(x, - x 2 )-k 2 x 2 + 6,(x, - x 2 ) = 0. 


The equations can be rearranged as 


b^-b,x 2 + k^-k 1 x 2 = f, 
-b,x, + h,x 2 - A,x, + (A, +k 2 )x 2 = 0, 


or in matrix form 


ix : j 


r k, -k, 

1-fc k, + k 2 


Note that the system in Example 5.6 is a two-degree-of-freedom system. The dynamic behav¬ 
ior of the system is described by two first-order differential equations of motion, and thus it is a 
second-order system. If the two massless junctions are replaced by two masses as shown in Figure 
5.36, the resulting system is still a two-degree-of-freedom system, but a fourth-order system. The 
reader can derive the differential equations of motion for the new system in Figure 5.36 as an 
exercise. 
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FIGURE 5.36 System obtained by replacing the massless junctions in Figure 5.35 with masses. 


In Examples 5.5 and 5.6, the differential equations of motion are also given in second-order 
matrix form as Mx + Cx + Kx = f . By observation, we find the following: 

1. The mass, damping, and stiffness matrices are symmetric. 

2. All diagonal entries of these matrices are nonnegative. 

3. The off-diagonal elements of both the damping and the stiffness matrices are nonpositive. 

4. The off-diagonal elements of the mass matrix are nonnegative. 

These results are true for stable mechanical systems with purely translational or rotational 
motion. The reader can use them as necessary conditions to check the correctness of the differential 
equations of motion. 

5.2.6 D'Alembert's Principle 

Newton’s second law can be reformulated as 


5 >- 


= 0 , 


(5.24) 


which is known as D’Alembert’s principle. The equation has XF as the sum of all the physical 
forces and -ma c as the inertial force, which is a fictitious force. The minus sign associated with the 
inertial force indicates that the force acts in the negative direction when a c > 0. If the inertial force 
is included with the external forces, the mass can be considered to be in equilibrium. D’Alembert’s 
principle is completely equivalent to the formulation of Newton’s second law, although it looks like 
a classic static force balance. To use D’Alembert’s principle correctly, the inertial force must be 
shown in the free-body diagrams correctly. The following is a simple example that shows the deri¬ 
vation of the differential equation of motion using D’Alembert’s principle. 

Example 5.7: D'Alembert's Principle 

Reconsider the single-degree-of-freedom mass-spring-damper system in Example 5.4. Draw a 
free-body diagram and derive the differential equation of motion using D'Alembert's principle. 


Solution 

The displacement x is chosen as the generalized coordinate, and the origin is set at the static 
equilibrium position. For D'Alembert's principle, the free-body diagram of the mass is shown in 
Figure 5.37, where the inertial force is shown by a dashed line. Note that we assumed x > 0, which 
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FIGURE 5.37 Free-body diagram of a mass-spring-damper system using D’Alembert’s principle. 

implies x>0. The inertial force acts in the negative direction with a magnitude of mx. Applying 
D'Alembert's principle in the x direction results in 

+ -> x: - ma x = 0, 

f-kx-bx-mx = 0, 


mx+bx + kx = f, 

which is the same as the one obtained previously in Example 5.4. 

PROBLEM SET 5.2 

1. For the system shown in Figure 5.38, the input is the force/and the output is the displace¬ 
ment x of the mass. 

a. Draw the necessary free-body diagram and derive the differential equation of motion. 

b. Using the differential equation obtained in Part (a), determine the transfer function. 
Assume that initial conditions are x(0) = 0 and x(0) = 0. 

c. Using the differential equation obtained in Part (a), determine the state-space 
representation. 

2. Repeat Problem 1 for the system shown in Figure 5.39. 

3. Repeat Problem 1 for the system shown in Figure 5.40. 

4. Repeat Problem 1 for the system shown in Figure 5.41. 

5. 4\ For Problems 1 through 4, use Simulink to construct block diagrams to find the dis¬ 
placement output x(t) of the system subjected to an applied force fit) = \0u(i), where uit) 



1 , 


FIGURE 5.38 


Problem 1. 
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FIGURE 5.39 Problem 2. 


FIGURE 5.40 Problem 3. 



r*® 





/—> 



- 3 - 



b 


k 


is the unit-step function. The parameter values are m = 1 kg, b = 2 N-s/m, and k = 5 N/m. 
Assume zero initial conditions. 

6. The system shown in Figure 5.42 simulates a machine supported by rubbers, which are 
approximated as four identical spring-damper units. The input is the force/and the output 
is the displacement x of the mass. The parameter values are m = 500 kg, b = 250 N-s/m, and 
k = 200,000 N/m. 

a. Draw the necessary free-body diagram and derive the differential equation of motion, 
h. Determine the transfer function. Assume zero initial conditions. 

c. Determine the state-space representation. 

d. Find the transfer function from the state-space form and compare with the result 
obtained in Part (b). 

7. Repeat Problem 6 for the system shown in Figure 5.43. 

8. The system shown in Figure 5.44 simulates a vehicle traveling on a rough road. The input 
is the displacement z. 

a. Draw the necessary free-body diagram and derive the differential equation of motion. 
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FIGURE 5.42 Problem 6. 
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FIGURE 5.43 Problem 7. 



FIGURE 5.44 Problem 8. 

b. Assuming zero initial conditions, determine the transfer function for two different 
cases of output: (1) displacement x and (2) velocity x. 

c. Determine the state-space representation for two different cases of output: (1) displace¬ 
ment x and (2) velocity x. 

9. Repeat Problem 8 for the system shown in Figure 5.45, where the cam and follower impart 
a displacement z to the lower end of the system. 

10. For the system shown in Figure 5.46, the input is the force/and the outputs are the dis¬ 
placements and x 2 of the masses. 

a. Draw the necessary free-body diagrams and derive the differential equations of motion. 

b. Write the differential equations of motion in the second-order matrix form. 

c. Using the differential equations obtained in Part (a), determine the state-space 
representation. 

11. Repeat Problem 10 for the system shown in Figure 5.47. 

12. Repeat Problem 10 for the system shown in Figure 5.48. 

13. <^For Problems 10 through 12, use MATLAB commands to define the systems in the 
state-space form and then convert to the transfer function form. Assume that the displace¬ 
ments of the two masses, x 1 and x 2 , are the outputs, and all initial conditions are zero. The 
masses are m l = 5 kg and m 2 = 15 kg. The spring constants are k t = 7.5 kN/m and k 2 = 15 
kN/m. The viscous damping coefficients are b l = 280 N-s/m and b 2 = 90 N-s/m. 
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FIGURE 5.45 Problem 9. 



/ 


FIGURE 5.46 Problem 10. 



FIGURE 5.47 Problem 11. 

14. For the system in Figure 5.49, the inputs are the forces f x and f 2 applied to the masses and 
the outputs are the displacements x, and x 2 of the masses. 

a. Draw the necessary free-body diagrams and derive the differential equations of motion, 
h. Write the differential equations of motion in the second-order matrix form, 
c. Using the differential equations obtained in Part (a), determine the state-space 
representation. 




Mechanical Systems 


183 


h 

-5}— 


— 


FIGURE 5.48 Problem 12. 


\ h 



— 


—* A k 


—*/„ 

N b x 

l -^- 


— r WP — 




FIGURE 5.49 Problem 14. 

15. Repeat Problem 14 for the system shown in Figure 5.50. 

16. 40k For Problems 14 and 15, use MATLAB commands to define the systems in the state- 
space form and then convert to the transfer function form. Assume that the displacements 
of the two masses, x x and x 2 , are the outputs, and all initial conditions are zero. The masses 
are m x = 5 kg and m 2 = 15 kg. The spring constants are k x = 7.5 kN/m, k 2 = 15 kN/m, and 
k 3 = 30 kN/m. The viscous damping coefficients are b x = 280 N-s/m and b 2 = 90 N-s/m. 

17. For the system in Figure 5.51, the input is the force/and the outputs are the displacement 
x x of the mass and the displacement x 2 of the massless junction A. 

a. Draw the necessary free-body diagrams and derive the differential equations of 
motion. Determine the number of degrees of freedom and the order of the system. 

b. Write the differential equations of motion in the second-order matrix form. 

c. Using the differential equation obtained in Part (a), determine the state-space 
representation. 

18. Repeat Problem 17 for the system in Figure 5.52, where the input is the displacement z and 
the outputs are the displacements x x and x 2 . 


FIGURE 5.50 
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Problem 17. 
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FIGURE 5.52 Problem 18. 


5.3 ROTATIONAL SYSTEMS 

In this section, we consider the derivation of a mathematical model for a rotational mechanical 
system. When a rigid body moves arbitrarily in three-dimensional space, the axis of rotation keeps 
changing. This makes modeling rather complex. Thus, the discussion of three-dimensional rigid 
body motions is not covered in this text, and we are mainly concerned with two-dimensional or 
plane motion. The fundamentals of rigid bodies in three dimensions are included only to help the 
interested reader in further studies. 

5.3.1 General Moment Equation 

The moment equation is applicable to systems of particles and rigid bodies in three and two dimen¬ 
sions. For a system of particles connected rigidly or a rigid body in arbitrary motion, using Newton’s 
second law leads to the general moment equation given by 

^M P = H, + mr c/p x a P , (5.25) 

where subscript P denotes an arbitrary accelerating point, subscript C denotes the mass center of the 
system of particles or the rigid body, EM P is the sum of all externally applied moments about point 
P, H P is the angular momentum vector about point P, H P is the time rate of change of H P , m is the 
total mass of the system of particles or the mass of the rigid body, r c/P is the position vector of the 
mass center C with respect to point P, and a P is the acceleration vector of point P. 

It is usually difficult to obtain H P for complex systems. For a rigid body, the angular momentum 
is related to mass moments of inertia and the angular velocity. 


H P = I P co (5.26) 



(5.27) 
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FIGURE 5.53 A differential element of a rigid body. 

where H P , the angular momentum about point P, and the angular velocity © are 3 x 1 vectors. The 
3x3 matrix I P is known as the mass moment of inertia tensor about point P, where 



As shown in Figure 5.53, the integrals containing squares represent the mass moments of inertia of 
the body about the x, y, and z axes, respectively. The integrals containing products of coordinates 
represent the mass products of inertia of the body. 

In general, the time derivatives of the nine elements in the matrix I p are nonzero for a nonsym- 
metric rigid body, and thus it is difficult to study the dynamics of a rigid body in three dimen¬ 
sions. However, if the motion of the rigid body is restricted to a plane, the complexity is reduced 
significantly. 

5.3.2 Modeling of Rigid Bodies in Plane Motion 

In many engineering applications, the motion of rigid bodies is primarily in two dimensions. A 
rigid body is in plane motion if it translates in two dimensions (plane) and rotates only about an axis 
that is perpendicular to the plane. For a rigid body in plane motion, the mass moment of inertia is a 
scalar quantity and the time rate of change of the angular momentum reduces to 


(5.30) 


where / P is the mass moment of inertia of the body about an axis through point P and a is the angular 
acceleration. Then Equation 5.25 becomes 



(5.31) 
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Note that the rigid body in plane motion is constrained to rotate about only one axis. Therefore, 
the net moment £M P and the angular acceleration a are essentially scalars, whose signs signify 
the directions (e.g., clockwise or counterclockwise). Because the cross product term is rar c/p x a P = 
r c/p x (ma P ), it can be considered as the effective moment caused by a fictitious force map, and the 
direction of the effective moment can be denoted by its sign. 

If the rigid body rotates about a fixed axis through point O, Equation 5.31 can be simplified as 



(5.32) 


with P = O and a v = a Q = 0. 1 0 is the mass moment of inertia of the body about point O. If the axis 
of rotation is not fixed, the dynamics model of the rigid body can be derived using Equation 5.31 or 



(5.33) 


with P = C and r clv = 0.7 C is the mass moment of inertia of the body about the mass center C. Both 
Equations 5.31 and 5.33 are applicable regardless of whether the axis of rotation is fixed or not. 

Example 5.8: A Single-Degree-of-Freedom Rotational Mass-Spring-Damper System 

Consider a simple disk-shaft system shown in Figure 5.54a, in which the disk rotates about a fixed 
axis through point O. A single-degree-of-freedom torsional mass-spring-damper system in Figure 
5.54b can be used to approximate the dynamic behavior of the disk-shaft system. I Q is the mass 
moment of inertia of the disk about point O, K represents the elasticity of the shaft, and B repre¬ 
sents torsional viscous damping. Derive the differential equation of motion. 


Solution 


The free-body diagram of the disk is shown in Figure 5.54c. Because the disk rotates about a fixed 
axis, we can apply Equation 5.32 about the fixed point O. Assuming that counterclockwise is the 
positive direction, we have 



t-K0-B0 = / o 0. 


Thus, 


/ o 0 + B0 + K0 = x. 



(a) 


(b) 


(c) 


FIGURE 5.54 A rotational mass-spring-damper system: (a) physical system, (b) 
model, and (c) free-body diagram. 


s-spring-damper 
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Example 5.9: A Two-Degree-of-Freedom Rotational Mass-Spring System 

Consider the disk-shaft system shown in Figure 5.55a. The mass moments of inertia of disks are /, 
and l 2 , respectively. The shafts can be modeled as massless torsional springs. The torsional mass¬ 
spring model is shown in Figure 5.55b. 

a. Draw the necessary free-body diagrams and derive the differential equations of motion. 

b. Determine the transfer functions ©,(s)/T(s) and 0 2 (s)/T(s). All initial conditions are assumed 
to be zero. 


Solution 

a. We choose the angular displacements 0, and 0 2 as the generalized coordinates. Assume that 
0, > 0 2 > 0. The free-body diagrams are shown in Figure 5.56. Applying Equation 5.32 about 
the fixed points O, and 0 2 , respectively, gives 

+ ^: ^M 0 = l 0 a, 


Rearranging the equations results in 

/A+fK, +/C 2 )0,-K 2 0 2 = t, 
/ 2 0 2 -/C 2 0, + K 2 0 2 = O. 


b. Taking Laplace transform gives 

/,s 2 0 1 (s)++ K 2 )G,(s) - K 2 Q 2 (s) = T(s), 
l 2 s 2 Q 2 (s) - K 2 0,(s) + K 2 @ 2 (s) = 0. 




FIGURE 5.56 Free-body diagrams for the disk-shaft system in Figure 5.55. 
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or in matrix form 



-K 2 

l 2 s 2 + K 2 



Using Cramer's rule, we can solve for 0,(s)/T(s) and 0 2 (s)/T(s) as 



/,/ 2 s 4 + (/,K 2 + l 2 K ’ + l 2 K 2 )s 2 + K,K 2 ' 


0 



T{s) (l,s 2 + K,+K 2 )(l 2 s 2 + K 2 )-K 2 IJ 2 s 4 +(I,K 2 + I 2 K, + I 2 K 2 )s 2 + K,K 2 


5.3.3 Mass Moment of Inertia 

As shown in Equation 5.28, the mass moment of inertia of a rigid body about a specified axis of 
rotation is defined as 



(5.34) 


where r is the distance between the axis of rotation and the mass element dm. The mass moments 
of inertia for some rigid bodies with common shapes are given in Table 5.1, in which all masses are 
assumed to be uniformly distributed and the axes of rotation all pass through the mass centers. If 
the axis of rotation does not coincide with the axis through the mass center, but is parallel to it, the 
parallel-axis theorem can be applied to obtain the corresponding moment of inertia, 


I =I C + md 2 . 


(5.35) 


where I c is the mass moment of inertia of the rigid body about an axis passing through its center 
of mass, 1 is the mass moment of inertia about the new axis, and d is the perpendicular distance 
between the two parallel axes. 

Example 5.10: An Inverted Pendulum-Bob System 

Consider the inverted-pendulum system shown in Figure 5.57a, in which a point mass m is 
attached at the tip of a uniform slender rod of mass M and length L. The mass center of the rod is 
located at point C. The inverted-pendulum system rotates about an axis through the joint O. The 
friction at the joint is modeled as a torsional viscous damper of coefficient B. 

a. Determine the mass moment of inertia of the system about point O. 

b. Draw the free-body diagram for the inverted-pendulum system and obtain the nonlinear 
equation of motion. 

c. Linearize the equation of motion for small angles 0. 
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TABLE 5.1 

Mass Moments of Inertia of Common Geometric Shapes 





Source: Beer, F.P. et al., Vector Mechanics for Engineers: Dynamics. 9th ed., McGraw-Hill, 
2009; Hibbeler, R.C., Engineering Mechanics: Dynamics. 12th ed., Prentice Hall, Upper 
Saddle River, NJ, 2010. 
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FIGURE 5.57 A pendulum-bob system: (a) physical system and (b) free-body diagram. 

Solution 


a. The system consists of a point mass and a slender rod. The total mass moment of inertia 
about point O is 


where 


/o.mass = m L 2 

and l Q rod can be obtained using the parallel-axis theorem, 


+ Md 2 = —ML z + M\—\ = —ML 2 . 





b. For the inverted-pendulum system, the free-body diagram is shown in Figure 5.57b, where 
R x and R y are the x and y components of the reaction force at the joint O, respectively. Note 
that the system rotates about a fixed axis through point O. Applying Equation 5.32 about the 
fixed point O gives 

+ rv: ^M 0 = / 0 a, 

L sin0-Mg + L sinG-mg - 60 = / o 0. 


Substituting l Q obtained in Part (a) into the equation, and rearranging it in the input-output dif¬ 
ferential equation form, we obtain 


y)gisin9 = 0. 


c. For small angles 0, sin0 ~ 0. The equation of motion becomes 


which is a linear equation in terms of 0. 


Let us examine the nonlinear differential equation of motion in Part (b). Note that the unknown 
reaction forces R x and R y at the joint O do not appear in the moment equation X M 0 = / 0 a. If 
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an arbitrary nonfixed point P is used, we must apply Equation 5.31. The moments caused by the 
unknown forces R x and R y appear in the equation, and auxiliary equations are required to eliminate 
the terms related to R x and R y . This is the advantage of choosing the fixed point to apply the moment 
equation if a rigid body rotates about a fixed axis. 

Example 5.11: A Coupled Pendulum System 

Consider the two-degree-of-freedom system shown in Figure 5.58a, in which two simple pendu¬ 
lums are connected by a translational spring of stiffness k. Each pendulum consists of a point mass 
m concentrated at the tip of a massless rope of length L. 0, and 0 2 are the angular displacements of 
the pendulums. When 0, = 0 and 0 2 = 0, the spring is at its free length. Draw the necessary free- 
body diagrams and derive the differential equations of motion. Assume small angles for 0, and 0 2 . 


Solution 


We choose the angular displacements 0, and 0 2 as the generalized coordinates. Assume 0, > 0 2 > 0, 
which implies that the spring is in tension. The free-body diagrams are shown in Figure 5.58b. 
Applying Equation 5.32 about the fixed points O, and 0 2 , respectively, gives 



-/.sin0,-mg-Z.cos0 1 -f k =mZ. 2 0,, 
-Z.sin0 2 -mg + /.cos0 2 -f k = mL 2 Q 2 . 


Note that the spring force f k is in the horizontal direction due to the small-angle assumption, 
and its magnitude can be approximated as /cffsinO, - isin0 2 ). Substituting f k into the equations and 
rearranging them results in 


mL% + kL 2 cosO/sinO, - sin0 2 ) + mgL sin0, = 0, 
mL 2 Q 2 - kL 2 cos0 2 (sin0 1 - sin0 2 ) + mgL sin0 2 = 0. 


For small angles, we have 


mL% + kL J (B, - 0 2 ) + mg LB, = 0, 
mL% - kL 2 (B, - 0 2 ) + mgL<d 2 = 0. 


The equations of motion can also be derived by applying Newton’s second law along the normal 
and tangential directions. However, the unknown tension forces in the ropes appear in the equations 


* O, 



Oi o 2 


(a) 


(b) 


FIGURE 5.58 A coupled pendulum system: (a) physical system and (b) free-body diagram. 
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and need to be eliminated. In general, for systems involving rotational motion, it may be more effi¬ 
cient to use the moment equation. 

5.3.4 Pure Rolling Motion 

Wheels are common mechanical systems involving general plane motion. Figure 5.59a shows a 
uniform disk rolling on a horizontal surface. If there is no slipping between the disk and the surface, 
the disk undergoes pure rolling motion. The contact point is the instantaneous center (IC), where the 
velocity is zero. From the results of kinematics, the acceleration of the IC is r0 2 , and its direction 
points from the IC to the mass center C (or for a uniform disk, the geometric center). The problem 
of finding a K is left to the reader as an exercise. 

The free-body diagram of the disk is shown in Figure 5.59b, where reaction forces at the contact 
point include the normal force N and the friction force f. Note that a fixed point does not exist for 
the rolling motion; thus, we cannot use the moment equation £ M 0 — I 0 a. Also, it is inconvenient to 
sum the moments about the mass center using the equation X M :: = I c a because the unknown reac¬ 
tion force/inevitahly appears in the equation and needs to be eliminated with the help of auxiliary 
equations. However, if the point IC is used, the moment equation 

^ M lc = I lc a + mr cfic x a IC (5.36) 


reduces to 


5> lc = / lc a. 


(5.37) 


Because the position vector r c/ic and the acceleration vector a IC are parallel, their cross product is 
zero, mr 0IC x a IC = 0. Therefore, we do not need to deal with the moment caused by the friction force 
at the contact point. This is a special way of using Equation 5.31. 

In summary, if there is a point S such that the position vector r c/s is parallel to the acceleration 
vector a s , we can apply 


^M s =/ s a 


(5.38) 


to model the dynamics of the rigid body. I s is the mass moment of inertia of the body about point 
S. For the pure rolling disk in Figure 5.59, the IC at the contact point has the property of r c/ic ||a ic . 



FIGURE 5.59 A pure rolling disk: (a) physical system and (b) free-body diagram. 
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Example 5.12: A Pure Rolling Disk 

Consider the system shown in Figure 5.60a, in which a uniform disk of mass m and radius r rolls 
on a horizontal surface. A translational spring of stiffness k is attached to the disk. Assuming that 
there is no slipping between the disk and the surface, derive the differential equation of motion. 

Solution 

The free-body diagram of the system is shown in Figure 5.60b, in which the normal force N and 
the friction force f are reaction forces at the contact point. When the disk is at the static equilib¬ 
rium position, we have % = k8 st , where 5 st is the static deformation of the spring. Then, 

+ rv £m ic = 0, 

r-k5 st = 0, 

or 8 st = 0. We choose the static equilibrium position as the origin. When the disk rolls, the spring 
force is f k = k(x + S st ) = kx. Because of no slipping, the contact point is the 1C, and r c7lc a lc; . 
Applying Equation 5.37 gives 


+ rv: ^/W ic =/ ic oc, 


where 


L, = L + md 2 = —mr 2 + mr 2 = —mr 2 . 
ic c 2 2 

Introducing the assumption of no slipping, x = rd, we obtain the differential equation of motion 
-mr 2 Q+kr 2 Q = 0. 


Strictly speaking, the disk in Figure 5.59 or Example 5.12 is not a purely rotational system, and 
the rolling motion involves both translation and rotation. Such a system can also be modeled using 
both Newton’s second law and the moment equation. We will present the corresponding discussion 
in the next section. 



FIGURE 5.60 A pure rolling disk-spring system: (a) physical system and (b) free-body diagram. 
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PROBLEM SET 5.3 

1. Consider the rotational system shown in Figure 5.61. The system consists of a massless 
shaft and a uniform thin disk of mass m and radius r. The disk is constrained to rotate 
about a fixed longitudinal axis along the shaft. The shaft is equivalent to a torsional spring 
of stiffness K. Draw the necessary free-body diagram and derive the differential equation 
of motion. 

2. Repeat Problem 1 for the system shown in Figure 5.62. 

3. Consider the torsional mass-spring-damper system in Figure 5.63. The mass moments of 
inertia of the two disks about their longitudinal axes are /, and I 2 , respectively. The mass¬ 
less torsional springs represent the elasticity of the shafts and the torsional viscous damp¬ 
ers represent the fluid coupling. 

a. Draw the necessary free-body diagrams and derive the differential equations of 
motion. Provide the equations in the second-order matrix form. 

b. Determine the transfer functions 0 I (.s)/7’(.s) and & 2 (s)/T(s). All the initial conditions are 
assumed to be zero. 

c. Determine the state-space representation with the angular displacements 8, and 0 2 as 
the outputs. 

4. Repeat Problem 3 for the system shown in Figure 5.64. The input is the angular displace¬ 
ment (|) at the end of the shaft. 



FIGURE 5.61 Problem 1. 



FIGURE 5.62 Problem 2. 



FIGURE 5.63 Problem 3. 
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FIGURE 5.64 Problem 4. 


5. Consider the pendulum system shown in Figure 5.65. The system consists of a bob of mass 
m and a uniform rod of mass M and length L. The pendulum pivots at the joint O. Draw the 
necessary free-body diagram and derive the differential equation of motion. Assume small 
angles for 0. 

6. Repeat Problem 5 for the systems shown in Figure 5.66, in which (a) the mass of the rod is 
neglected and (b) no bob is attached to the rod. 

7. The system shown in Figure 5.67 consists of a uniform rod of mass m and length L and a 
translational spring of stiffness k at the rod’s left tip. The friction at the joint O is modeled 
as a damper with coefficient of torsional viscous damping B. The input is the force/and 
the output is the angle 0. The position 0 = 0 corresponds to the static equilibrium position 
when/= 0. 

a. Draw the necessary free-body diagram and derive the differential equation of motion 
for small angles 0. 

h. Using the linearized differential equation obtained in Part (a), determine the transfer 
function ®(s)/F(s). Assume that the initial conditions are 9(0) = 0 and 0(0) = 0. 
c. Using the differential equation obtained in Part (a), determine the state-space 
representation. 


O 



FIGURE 5.65 Problem 5. 



FIGURE 5.66 Problem 6. 







196 


Modeling and Analysis of Dynamic Systems 



FIGURE 5.67 Problem 7. 


8. Repeat Problem 7 for the system shown in Figure 5.68. The position 0 = 0 corresponds to 
the static equilibrium position when/= 0. 

9. 4V Example 5.4 Part (d) shows how one can represent a linear system in Simulink based 
on the differential equation of the system. A linear system can also be represented in trans¬ 
fer function or state-space form. The corresponding blocks in Simulink are Transfer 
Fen and State-Space, respectively. Consider Problem 7 and construct a Simulink block 
diagram to find the output 0(0 of the system, which is represented using (a) the linear¬ 
ized differential equation of motion, (b) the transfer function, and (c) the state-space form 
obtained in Problem 7. The parameter values are m = 0.8 kg, L = 0.6 m, k = 100 N/m, B = 
0.5 N-s/m, and g = 9.81 m/s 2 . The input force/is the unit-impulse function, which has a 
magnitude of 10 N and a time duration of 0.1 s. 

10. ^Repeat Problem 9 using the linearized differential equation of motion, the transfer 
function, and the state-space form obtained in Problem 8. The parameter values are m = 
0.2 kg, M = 0.8 kg, L = 0.6 m, k = 100 N/m, and g = 9.81 m/s 2 . The input force/is the unit- 
impulse function, which has a magnitude of 10 N and a time duration of 0.1 s. 

11. Consider the system shown in Figure 5.69, in which the motion of the rod is a small angular 
rotation. When 0 = 0, the springs are at their free lengths. 

a. Determine the mass moment of inertia of the rod about point O. Assume that a > b. 

b. Draw the necessary free-body diagram and derive the differential equation of motion 
for small angles 0. 



FIGURE 5.68 Problem 8. 
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FIGURE 5.69 Problem 11. 


12. Consider the system shown in Figure 5.70, in which a lever arm has a spring-damper com¬ 
bination on the other side. When 0 = 0, the system is in static equilibrium. 

a. Assuming that the lever arm can be approximated as a uniform slender rod, determine 
the mass moment of inertia of the rod about point O. 
h. Draw the necessary free-body diagram and derive the differential equation of motion 
for small angles 0. 

13. Consider the two-degrees-of-freedom system shown in Figure 5.71, in which two simple 
inverted pendulums are connected by a translational spring of stiffness k. Each pendulum 
consists of a point mass m concentrated at the tip of a massless rod of length L. The inputs 
are the torques and t 2 applied to the pivot points and 0 2 , respectively. The outputs are 
the angular displacements 0! and 0 2 of the pendulums. When 0, = 0, 0 2 = 0, t, = 0, and 
t 2 = 0, the spring is at its free length. 

a. Draw the necessary free-body diagrams and derive the differential equations of 
motion. Assume small angles for 0, and 0 2 . Provide the equations in the second-order 
matrix form. 

h. Using the differential equations obtained in Part (a), determine the state-space repre¬ 
sentation with the angular velocities 0, and 0 2 as the outputs. 



FIGURE 5.70 


Problem 12. 
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FIGURE 5.71 Problem 13. 


14. Repeat Problem 13 for the system shown in Figure 5.72, in which each pendulum is a uni¬ 
form slender rod of mass m and length L. 

15. Consider the system shown in Figure 5.73, in which a uniform sphere of mass m and radius 
r rolls along an inclined plane of 30°. A translational spring of stiffness k is attached to the 
sphere. Assuming that there is no slipping between the sphere and the surface, draw the 
necessary free-body diagram and derive the differential equation of motion. 

16. Consider the system shown in Figure 5.74. A uniform solid cylinder of mass m, radius R, 
and length L is fitted with a frictionless axle along the cylinder’s long axis. A spring of 
stiffness k is attached to a bracket connected to the axle. Assume that the cylinder rolls 
without slipping on a horizontal surface. Draw the necessary free-body diagram and derive 
the differential equation of motion. 



FIGURE 5.72 Problem 14. 



FIGURE 5.73 Problem 15. 
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FIGURE 5.74 Problem 16. 


5.4 MIXED SYSTEMS: TRANSLATIONAL AND ROTATIONAL 

For a system involving both translational and rotational motions, Newton’s second law and the 
moment equation can be used to obtain the model. This section provides only one method to obtain 
the differential equation of motion using the force and moment equations, which may be applied in 
different ways. 

5.4.1 Force and Moment Equations 

Consider a mechanical system in plane motion, which involves translations along the x and y direc¬ 
tions and rotation about one axis perpendicular to the x—y plane. For a system of a single mass, 
applying Newton’s second law in the translational directions gives the force equations 

^F x =ma C x, ^ F y = ma Cy . (5.39) 


The moment equation is in the form of 


5> c = / c a 


(5.40) 


or 


5>= 7 c« + c . (5-41) 

where the symbol M eff ma is used to represent the effective moment caused by the fictitious force raa c . 
Although Equation 5.41 looks different from the general moment Equation 5.31 given in Section 5.3, 
they are essentially equivalent. Figure 5.75 shows a rigid body in plane motion. Applying Equation 
5.31 gives the net moment about point P as £M P = 7 P a + mr c/P x a P . According to the parallel- 
axis theorem, we have 7 P = 7 C + mr<? /P . Then, 7 p a = 7 c a + mr c 2 /p a and it follows the direction of a, 
that is, the counterclockwise direction. Also, from the kinematics of rigid bodies, the acceleration 
of point P is a P = a c + a P/C t + a P/C n , as shown in Figure 5.76. Note that mr c/P x a c = r c/P x (ma c ), 
which can be considered as the effective moment caused by the fictitious force ma c and is denoted 
as M eff ma . The tangential component of the relative acceleration a P/c t is perpendicular to the posi¬ 
tion vector r c/P with a magnitude of a r aP . Thus, the magnitude of the cross product mr c/P x a P/c t is 
mr^a and its direction is clockwise. The normal component a P/c n is parallel to the position vector 
r c/P , and thus mr c/P x a P/c n = 0. Assuming that the positive direction is counterclockwise, we have 
SM P = I c a + mrlfpO. + M eS nar . - mr^a, which is the same as Equation 5.41. 
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FIGURE 5.75 A rigid body in plane motion. 



FIGURE 5.76 A kinematic diagram of a P and a c . 

For a system of multiple masses, the force equations become 

5>x = ]►>(%)*> ( 5 - 42 ) 


where n is the number of masses and a a is the acceleration of the mass center of the zth mass. 
Because it may be a challenge to find the mass center for the entire system of multiple masses, we 
use an arbitrary point P to sum the moments, 

= j/cA + X M e ff _ Mi a a > ( 5 - 43 ) 


where I Ci is the moment of inertia of the zth mass about its center of mass and a, is the angular 
acceleration of the zth mass. 

To derive the differential equation of motion correctly, we recommend drawing two diagrams 
before applying the force and moment equations. One is the free-body diagram that shows all exter¬ 
nal forces and moments applied to the system, and the other is the kinematic diagram that indicates 
the acceleration at the mass center of each mass. The left-hand sides of the force and moment 
Equations 5.42 and 5.43 are written based on the free-body diagram, and the right-hand sides are 
written based on the kinematic diagram. 


Example 5.12: A Lever Mechanism 

Consider the system shown in Figure 5.77, in which a lever arm has a force applied on one side 
and a spring-damper combination on the other side with a suspended mass. When 0 = 0 and f = 0, 
the system is at static equilibrium. Assume that the lever arm can be approximated as a uniform 
slender rod. Draw the free-body diagram of the lever arm and the suspended mass. Derive the 
differential equations of motion for small angles 0. 
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Solution 


This is a mixed system with two masses. The suspended block undergoes translational motion along 
the vertical direction, and the motion of the rod is pure rotation about point O that is fixed. We 
choose the displacement of the block y and the angular displacement of the rod 0 as the generalized 
coordinates. Note that y is measured from the static equilibrium position, which is set as the origin. 
The free-body diagrams and the kinematic diagram of the system are shown in Figure 5.78. 

At static equilibrium, for the block, we have 

+ T: X f x= 0 ' 

kh a -mg= 0, 


and for the arm, 



FIGURE 5.78 A lever mechanism: (a) free-body diagram at static equilibrium and (b) free-body diagram 
and kinematic diagram at dynamic position. 







202 


Modeling and Analysis of Dynamic Systems 


When a force f is applied on one side of the rod, the deformation of the spring caused by the 
rotation of the rod can be approximated as LQ/4 for small angles 0. Assuming that the block and the 
rod are displaced in their positive directions and LQ/4 > y > 0, the spring is in tension and the mag¬ 
nitude of the spring force is f k = k(LQ/4 - y + 6 st ). The magnitude of the damping force is f b = bLQ/4. 
The free-body diagram and the kinematic diagram of the system are shown in Figure 5.78b. Note 
that the acceleration components my and / o 0 are shown together with the forces in the free-body 
diagram. For complex mechanical systems, we recommend to draw a separate kinematic diagram. 

For the block (translation only), applying the force equation in the y direction gives 

+ Ty : ^=™ Cy , 
k(^-0 - y + 5 st j -mg = my. 

For the rod (rotation only), applying the moment equation about the fixed point O gives 

+ ^: ^M 0 =/ 0 a, 

f ■ — cos0 + Mg ■ — cos0 - k (— 0 - y + sj-— cos0 - b— 0-— cos0 = / o 0, 

4 4 '4 /4 4 4 


where l Q can be obtained using parallel-axis theorem, 

i q = —ml 2 +m\-\ =—ML 2 . 

° 12 UJ 48 

For small angular motions, cos0rs 1. Introducing the static equilibrium conditions and rearrang¬ 
ing the two equations gives 


my + ky -—0 = 0, 
K.bL 2 -kL\ kL _ 3fL 


Example 5.13: A Cart-Inverted-Pendulum System 

Consider the mechanical system shown in Figure 5.79, in which a uniform rod of mass M and 
length L is pivoted on a cart of mass m. An external force f is applied to the cart. Assume that the 
pendulum is constrained to move in a vertical plane, and the cart moves without slipping along 
a horizontal line. Denote the displacement of the cart as x and the angular displacement of the 
pendulum as 0. 

a. Draw the necessary free-body diagram and kinematic diagram, and derive the nonlinear 
equations of motion. 

b. Linearize the equations of motion for small angular motions, and determine the state-space 
form with x and 0 as the outputs. 


Solution 

a. This is a mixed system with two masses. The motion of the cart is purely translational, and 
the inverted pendulum undergoes both translation and rotation. The free-body diagram 
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FIGURE 5.79 A cart-inverted-pendulum system. 


and the kinematic diagram are given in Figure 5.80. Note that the acceleration of the mass 
center of the rod consists of three components. On the one hand, the pendulum moves 
together with the cart along the horizontal line at an acceleration of x. On the other hand, 
it rotates about the pivot P on the cart. The relative rotational accelerations include the 
tangential component ^0 and the normal component — 0 2 . 

Applying the force equation to the whole system along the x direction gives 


+->*=X ,: *=5>' (a «)*' 


f = mx + Mx - M— 0 2 -sin0 + M— 0-cos0. 

2 2 

The forces at the pivot are canceled out because they are internal forces between the cart 
and the pendulum. Applying the moment equation to the pendulum about point P results in 



(a) (b) 


FIGURE 5.80 A cart-inverted-pendulum system: (a) free-body diagram and (b) kinematic diagram. 
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Rearranging the two equations into the standard input-output form 

(m + M)x +—MLQ cos0 -— MLQ 2 sinG = f, 

2 2 

^ML 2 Q+-^MLxcosQ--^MgLs\r\Q = 0. 


b. For small angular motions, cosG ~ 1, sinG ~ G, G 2 G ~ 0 (see Section 4.6). The linearized equa¬ 
tions are 

(m+M)x + ^MLQ = f, 

~ ML 2 6 + \ ~ \ MgLQ = 0. 

The state, the input, and the output are specified as 



We then take the time derivative of each state variable. For the first two, 


Note that the two linearized equations are coupled. The derivatives x and G cannot 
be solved using only one of the equations. To find x 3 and x 4 , we rewrite the two linearized 
differential equations as 


m + M 



from which x and G can be solved using Cramer's rule: 


(V3)ML 2 f-Q/4)M 2 L 2 gQ 

( 1/1 

-il t2>MU +1 M + m » 1/2‘Mg LO 
(1/12)M?(M + 4m) 
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Simplifying the equations gives 


4 _ 3Mg 

M + 4m M + 4m 2 ' 

-6 6 (M + m)g 

L(M + 4m) U + L(M+4m) * 2 


Thus, the state-space form is 



'o 

0 

1 

o' 


0 

X1 


0 

0 

0 

1 

[ X1 ] 

0 

x 2 


0 

3 Mg 

0 

0 

1 X 2 1 

4 

x 3 


M + 4m 

1 I 

M + 4m 

X, 


0 

6 (M + m)g 

0 

0 

X 4 

6 


L(M + 4m) 


L(M + 4m) 


H 


0 


0 0 ol 

1 0 0 } 


Note that in Part (a), Equation 5.31 instead of Equation 5.41 can also be applied to the pendu¬ 
lum to derive the second equation of motion. The related free-body diagram and the kinematic 
diagram are shown in Figure 5.81. Summing all externally applied moments about the pivot P, 
which moves together with the cart with an acceleration of x, gives 

+ rv: ^Mp = / P a+mr c/ pXa P 
Mg~sin0 = ^MF 2 9 + M^xsin^y-0j 
^ ML 2 Q+ ^ MLx cos0 - MgL sin0 = 0. 




FIGURE 5.81 Applying Equation 5.31 to the pendulum: (a) free-body diagram and (b) kinematic diagram. 
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5.4.2 Energy Method 

The differential equation of motion of a mechanical system can be obtained using the force/moment 
approach, which is based on Newtonian mechanics. Free-body diagrams are necessary to apply the 
force and moment equations correctly. An alternative way of obtaining the differential equation of 
motion is to use the energy method based on analytical mechanics. 

For a mass-spring system with negligible friction and damping, the principle of conservation of 
energy states that 


T+V = constant 


(5.44) 


or 


^-(r + V) = 0, (5.45) 

df 

where T is the kinetic energy and V is the potential energy, which includes the gravitational potential 
energy and the elastic potential energy. 

The expression for the kinetic energy of a translational or rotational mass element was given in 
Section 5.1. In general, the kinetic energy of a rigid body in plane motion is 

T = -mvc + -/ c co 2 , (5.46) 

2 c 2 c 

where v c is the velocity of the mass center C of the body and co is the angular velocity of the body. 
Note that the kinetic energy of a rigid body in plane motion can be separated into two parts: (1) the 
kinetic energy associated with the translational motion of the mass center C of the body and (2) the 
kinetic energy associated with the rotation of the body about the mass center C. If a rigid body 
rotates about a fixed point O with an angular velocity co, the kinetic energy reduces to T = (l/2)/ 0 co 2 . 


Example 5.14: A Pulley System 

Consider the pulley system shown in Figure 5.82. A block of mass m is connected to a translational 
spring of stiffness k through a cable, which passes by a pulley with mass m p and radius r. The 
pulley rotates about the fixed mass center O. The moment of inertia of the pulley about its mass 
center is l Q . Use the energy method to derive the equation of motion. 



FIGURE 5.82 A pulley system. 
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Solution 

The system has two mass elements, one translational block of mass and one pulley rotating about 
its fixed mass center. Their motions are related to each other by the geometric constraint, x = rQ. 
The kinetic energy of the system is 


T = T b i ock + r Dullev = -mx 2 + -/ o e 2 . 

block pulley 2 2 O 

The undeformed position, static equilibrium position, and dynamic position of the mass-spring 
system are shown in Figure 5.83. Choosing the static equilibrium position as the datum for the 
gravitational potential energy, we have 

V g = -mgx. 

The elastic potential energy is 

V4 = ^k(x + 8 st ) 2 . 

The total potential energy is 


V = V g +V e = -mgx+^kx 2 + -^k8 2 + kx8 st . 

Because of the static equilibrium condition, mg = k8 st , the expression of potential energy becomes 


V = -kx 2 + -k8 2 t . 
2 2 


The total energy of the system is 


for which the time derivative is 



^ j Static 

](_ _dc_fo rrmt[on_\ 

Jr 


H 


-f-m 


FIGURE 5.83 A pulley system: (a) undeformed position, (b) static equilibrium position, and (c) dynamic position. 
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Using the geometric constraint, x = rQ, which implies that x = rQ and x = rQ, we can rewrite 
the above equation as 

^-(T+V) = mr 2 QQ + / o 00 + krQQ. 
at 

Applying the principle of conservation of energy, we find 
(l 0 + mr 2 )Q+kr 2 Q = 0. 


Note that the mechanical system in Example 5.14 is a single-degree-of-freedom system, which 
requires only one generalized coordinate (e.g., x or 9) to describe the system dynamics. The example 
shows that if we can obtain the expression of T + V in terms of the generalized coordinate, the equa¬ 
tion of motion can be derived by taking the time derivative and setting it equal to zero. 

For an n-degree-of-freedom system, n independent equations of motion can be derived using 
Lagrange’s formulation, which is applicable to both conservative and nonconservative systems. The 
discussion of applying Lagrange’s equations to nonconservative systems is beyond the scope of this 
text, and we are mainly concerned with conservative systems. One of the forms of Lagrange’s equa¬ 
tions for a conservative system is 


Afanar av 

At \dqj dq, dq, 


1=1,2,..., it, 


(5.47) 


where q, is the ith generalized coordinate and n is the total number of independent generalized 
coordinates. In general, the kinetic energy is a function of the generalized displacements and the 
generalized velocities, 

T=T(q 1 ,q 2 ,...,q n ,q l ,q 2 ,...,q n ). (5.48) 


The potential energy is a function of the generalized displacements. 


V=V(q u q 2 ,..., qn ). 


(5.49) 


Example 5.15: A Double Pendulum 

Consider the double pendulum in Figure 5.84, in which two point masses of equal mass m are 
attached to two rigid links of equal length L The links are assumed to be massless. The motion of 
the system is constrained in the vertical plane. Neglecting friction, derive the equations of motion 
using Lagrange's equations. Assume small angles for 0, and 0 2 . 


Solution 

The system is only subjected to gravitational forces, and it is a conservative system. The dynamics 
of the system can be described using two independent angular displacement coordinates, 0, and 
0 2 . The kinetic energy of the system is 


From kinematics, 
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FIGURE 5.84 A double-pendulum system. 



9i 



FIGURE 5.85 A double-pendulum: (a) kinematic diagram and (b) positions of the mass centers, 
and, as shown in Figure 5.85a, 


■vf = (LQ,) 2 +(LQ 2 ) 2 + 2L 2 Q,Q 2 cos(0 2 - 0,), 
which is obtained by applying the law of cosines. Thus, 

T = ^ m(L 0, ) 2 + ^m [(T9,) 2 + (/.0 2 ) 2 + 2f 2 0,9 2 cos(0 2 - 0,)]. 

Note that no spring elements are involved in the system. This implies that V e = 0 and V = VI. 
Using the datum defined in Figure 5.85b, we can obtain the gravitational potential energy 


V g = -mghi - mgh 2 , 


where 


b, = /.cos©,, 

h 2 = fcos0, + L cos0 2 . 
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Thus, 


V = -2mgZ.cos0, - mgL cos 0 2 . 
We then apply Lagrange's equations 


d fdT\ 37 | dV 
dt v3q,- J 3q, 3q,- 


0 , / = 1 , 2 . 


For/'= 1, q, = 0„ ^, = 0,, 

^ = 2m/ 2 0 1 + mL 2 Q 2 c os(0 2 - 0,), 

30 , 

= 2m/. 2 0, +mL 2 0 2 cos(0 2 -O^-mL^sinfOj -0,)(0 2 

dt 1.30,2 

^ = -mL 2 0 1 0 2 sin(0 2 - 0,)(-1), 
dV 

— = 2mg/.sin0 1 . 


Substituting into Lagrange's equation results in 


^-f^-l-^- + ^ = 2mi 2 0 1 +mL 2 0 2 cos(0 2 -0,)-mL 2 0 2 sin(0 2 -0 ,)h 

dt C70 1 o0 1 


Similarly, for / = 2, q 2 = 0 2 , q 2 = 0 2 , 

= mL 2 Q 2 + mi 2 0, cos(0 2 - 0,), 

30, 

f f ^ 1 = mi 2 0 2 + mi 2 0, cos(0 2 - 0,) - m/ 2 ©, sin(0 2 - 0, )(0 2 

dt^30j 

= -mL 2 0 1 0 2 sin(0 2 - 0,), 

— = mgL sin0 2 . 

Substituting into Lagrange's equation gives 

^ ^ ^ = mL 2 Q 2 + mL 2 Q^c os(0 2 - 0,) + mL 2 0 2 sin(0 2 - 0,) - 

dt v30 2 / 30 2 30 2 


2mgLsin0 1 = 0 • 


- 0 ,), 


■ mgisin0 2 = 0. 


For small motions (0, = 0 and 0 2 ~ 0), the two differential equations of motion are linearized 
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or in second-order matrix form 


2ml} 

_mL 2 



2mgL 0 
0 mgL 



PROBLEM SET 5.4 

1. For the pulley system in Example 5.14, draw the free-body diagram and kinematic dia¬ 
gram, and derive the equation of motion using the force/moment approach. 

2. The double pulley system shown in Figure 5.86 has an inner radius of r x and an outer radius 
of r 2 . The mass moment of inertia of the pulley about point O is 7 0 . A translational spring 
of stiffness k and a block of mass m are suspended by cables wrapped around the pulley 
as shown. Draw the free-body diagram and kinematic diagram, and derive the equation of 
motion using the force/moment approach. 

3. Consider the mechanical system shown in Figure 5.87. A disk-shaft system is connected 
to a block of mass m through a translational spring of stiffness k. The elasticity of the shaft 
and the fluid coupling are modeled as a torsional spring of stiffness K and a torsional vis¬ 
cous damper of damping coefficient B, respectively. The radius of the disk is r and its mass 
moment of inertia about point O is 7 0 . Assume that the friction between the block and the 
horizontal surface cannot be ignored and is modeled as a translational viscous damper of 
damping coefficient b. The input to the system is the force/ Draw the necessary free-body 
diagram and the kinematic diagram, and derive the equations of motion. 



FIGURE 5.86 Problem 2. 


sooooc 



FIGURE 5.87 Problem 3. 






Modeling and Analysis of Dynamic Systems 


4. Consider the mechanical system shown in Figure 5.88, where the motion of the rod is a 
small angular rotation. When 0 = 0 and/= 0, the deformation of each spring is zero and the 
system is at static equilibrium. Assume that the friction between the block of mass m, and 
the horizontal surface cannot be ignored and is modeled as a translational viscous damper 
of damping coefficient b. 

a. Assuming that a > c > 0, determine the mass moment of inertia of the rod about the 
pivot point O. 

h. Draw the necessary free-body diagram and the kinematic diagram, and derive the 
equations of motion for small angles. 

5. Consider the mechanical system shown in Figure 5.89, in which a simple pendulum is pivoted 
on a cart of mass m. The pendulum consists of a point mass M concentrated at the tip of a 
massless rod of length L. Assume that the pendulum is constrained to rotate in a vertical 
plane, and that the cart moves on a smooth horizontal surface. Denote the displacement of 
the cart as x and the angular displacement of the pendulum as 0. Draw the necessary free- 
body diagram and kinematic diagram, and derive the equations of motion for small angles. 

6. Consider the mechanical system shown in Figure 5.90. Draw the necessary free-body dia¬ 
gram and kinematic diagram, and derive the equations of motion for small angles. 



FIGURE 5.88 Problem 4. 



FIGURE 5.89 Problem 5. 
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FIGURE 5.90 Problem 6. 


7. Consider the mechanical system shown in Figure 5.91. The inputs are the force/! applied 
to the cart and the force/, applied at the tip of the rod. The outputs are the displacement x 
of the cart and the angular displacement 0 of the pendulum. 

a. Draw the free-body diagram and kinematic diagram, and derive the equations of 
motion for small angles. 

b. Using the differential equations obtained in Part (a), determine the state-space 
representation. 

8. Consider the mechanical system shown in Figure 5.92. Draw the necessary free-body dia¬ 
gram and kinematic diagram, and derive the equations of motion for small angles. 

9. For the mechanical system in Problem 2, use the energy method to derive the equation of 
motion. 

10. For the mechanical system in Problem 11 of Problem Set 5.3, use the energy method to 
derive the equation of motion. 




FIGURE 5.91 Problem 7. 



FIGURE 5.92 Problem 8. 
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O 


FIGURE 5.93 Problem 13. 



O 


FIGURE 5.94 Problem 14. 

11. Repeat Problem 5 using Lagrange’s equations. 

12. Repeat Problem 6 using Lagrange’s equations. 

13. A robot arm consists of rigid links connected by joints allowing the relative motion of neigh¬ 
boring links. The dynamic model for a robot arm can be derived using Lagrange’s equations 


S 



dr 


where 0, is the angular displacement of the ith joint, x,- is the torque applied to the ith 
joint, and n is the total number of joints. Consider a single-link planar robot arm as shown 
in Figure 5.93. Use Lagrange’s equations to derive the dynamic model of the robot arm. 
Assume that the motion of the robot arm is constrained in a vertical plane, and the joint 
angle varies between 0° and 360°. 

14. Repeat Problem 13 for a two-link planar robot arm as shown in Figure 5.94. Assume that 
the motion of the robot arm is constrained in a horizontal plane, and the joint angles vary 
between 0° and 360°. 

5.5 GEAR-TRAIN SYSTEMS 

Gear-train systems are important in many engineering applications. Figure 5.95a shows a pair of 
ideal gears, which are assumed to be rigid and meshed without backlash. A torque Tj produced by 
a motor is applied to gear 1, which rotates and causes gear 2 to rotate in the opposite direction. The 
radii of gear 1 and gear 2 are r, and r 2 , respectively. The relative sizes of the two gears result in a 
proportionality constant between the angular velocities of the respective shafts. 

For the purpose of analysis, a free-body diagram for the rotational gear-train system must be 
drawn with care. It is convenient to visualize the gears as circles. Figure 5.95b shows the free-body 
diagram seen from the side of the input shaft. The two gears are tangent at the contact point and 
rotate without slipping. The torque applied to gear 1 causes an action force F onto gear 2 at the con¬ 
tact point. Because of Newton’s third law, gear 1 is subjected to a reaction force at the contact point. 
Use 0! and 0 2 to denote the respective angular displacements. The geometric constraint is 


(5.50) 
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(a) 



(b) 


FIGURE 5.95 A gear-train system: (a) physical system and (b) free-body diagram. 


which can be rewritten as 


= N, 


(5.51) 


where N is called the gear ratio, which also defines the relationship between the numbers of teeth 
on the two gears: 


(5.52) 


Note that the gear ratio N may be defined differently among authors. Differentiating Equation 5.51 
gives 


(5.53) 


Equations 5.52 and 5.53 show that if the number of teeth on the output gear is larger than the 
number of teeth on the input gear, then the input gear must rotate faster than the output gear. Thus, 
the gear pair is a speed reducer for N < 1. If the gears have negligible inertia or zero angular accel¬ 
eration, and if the energy loss due to friction between the gear teeth can be neglected, the input work 
must be equal to the output work. Under these conditions, the output torque is greater than the input 
torque for a speed reducer. 

To obtain the mathematical model of a gear-train system, the fundamental laws are still applied. 
We need to draw a free-body diagram and apply the moment equation for each gear. The derivation 
also requires a consideration of the geometric constraint. 

Example 5.16: A Single-Degree-of-Freedom Gear-Train System 

For the gear-train system shown in Figure 5.95a, derive the differential equation of motion. The 

mass moments of inertia of the two gears about their respective fixed centers are l a and l C2 . 
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Solution 

The free-body diagram is shown in Figure 5.95b. The geometric constraint is 


Applying the moment equation to each gear gives 

+ rv: ^ M a = l a a, 
x 1 -r 1 F = / a 0 1 , 

and 


+ y i ,M C2 = / c 2 a, 

r 2 F = l c A- 


Combining the two equations and eliminating F yields 


Note that the angular displacements 0, and 0 2 are dependent through the geometric constraint. 
Thus, the gear-train in Figure 5.95 is a single-degree-of-freedom system, which requires only one 
equation of motion in terms of only one coordinate. Assume that the equation is expressed in 
terms of 0,. Introducing the geometric constraint results in the equation of motion 


simplified to 


/ci+^f/cajei^v 


which is the dynamics seen from the input side. 


Example 5.17: A Single-Link Robot Arm 

The mechanical model of a single-link robot arm driven by a motor can be represented as a gear- 
train system, as shown in Figure 5.96, in which two rotational subsystems are coupled with a pair 
of gears with negligible inertia. The mass moments of inertia of the motor and the load are / m and 
/, respectively. The coefficients of torsional viscous damping of the motor and the load are B m and 
B, respectively. T m is the torque generated by the motor. Assume that the gear ratio is N = r,/r 2 . 
Derive the differential equation of motion in terms of the motor variable 0 m . 
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FIGURE 5.96 The mechanical model of a single-link robot arm driven by a motor. 

Solution 

The free-body diagrams for the motor, the load, and the gear-train are shown in Figure 5.97, 
where F represents the contact force between the two gears. The moments caused by the contact 
force on the motor and on the load are and r 2 F, respectively. Applying the moment equation 
to the motor and the load gives 


+ ci: ^M 0 = / 0 a, 

x m -s m e m -r 1 / : =/ m e m , 

+ rv: M 0 = l Q a, 


Solving for F from the equation for the load and substituting it into the equation for the motor 
results in 


x m - e m e m - - 4 /e+ee) = / m e m . 


By the geometry of the gears, 


9=Ae m = N e m; 


0 =-^e m = N 0 m , 


where N is the gear ratio. 



FIGURE 5.97 Free-body diagrams: (a) motor, (b) load, and (c) gear-train. 
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Substituting these into the previous differential equation gives 

x m - s m e m - N 2 (/e m +Be m )=/ m e m , 


which can be rearranged as 


(l w + N 2 l)Q m +(B m 


■N 2 B)Q m = x m . 


The equation is in terms of the angular displacement of the motor. 

PROBLEM SET 5.5 

1. Repeat Example 5.16, and determine a mathematical model for the simple one-degree- 
of-freedom system shown in Figure 5.95a in the form of a differential equation of motion 
in 0 2 . 

2. Repeat Example 5.17, and determine a mathematical model for the single-link robot 
arm shown in Figure 5.96 in the form of a differential equation of motion in the load 
variable 0. 

3. Consider the one-degree-of-freedom system shown in Figure 5.98. The system consists of 
two gears of mass moments of inertia /, and / 2 and radii r, and r 2 , respectively. The applied 
torque on gear 1 is t,. Assume that the gears are connected with flexible shafts, which can 
be approximated as two torsional springs of stiffnesses K ] and K 2 , respectively. 

a. Draw the necessary free-body diagrams, and derive the differential equation of motion 
in 0j. 

b. Using the differential equation obtained in Part (a), determine the transfer function 

© 2 C ms). 

c. Using the differential equation obtained in Part (a), determine the state-space represen¬ 
tation with 0 2 as the output. 

4. Consider the gear-train system shown in Figure 5.99. The system consists of a rotational 
cylinder and a pair of gears. The gear ratio is N = r l ir 2 . The applied torque on the cylinder 
is x a . Assume that the gears are connected with flexible shafts, which can be approximated 
as two torsional springs of stiffnesses, K ] and K 2 , respectively. 

a. Draw the necessary free-body diagrams, and derive the differential equations of 
motion. 

h. Using the differential equations obtained in Part (a), determine the state-space repre¬ 
sentation. Use 0 a , 01, oo a , and ooj as the state variables, and use 0 2 and oo 2 as the output 
variables. 



FIGURE 5.98 


Problem 3. 
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FIGURE 5.99 Problem 4. 



5. A three-degree-of-freedom gear-train system is shown in Figure 5.100, which consists of 
four gears of moments of inertia /,, / 2 , / 3 , and / 4 . Gears 2 and 3 are meshed and their radii 
are r 2 and r 3 , respectively. Gears 1 and 2 are connected by a relatively long shaft, and gears 
3 and 4 are connected in the same way. The shafts are assumed to be flexible, and can be 
approximated by torsional springs. The applied torque and load torque are x a and t, on gear 
1 and gear 4, respectively. The gears are assumed to be rigid and have no backlash. Derive 
the differential equations of motion. 

6. Repeat Problem 5. Assume that the shaft connecting gears 1 and 2 is relatively short and 
rigid. 

5.6 SYSTEM MODELING WITH SIMULINK AND SIMSCAPE 

Simulink is a block diagram environment for multidomain simulation and model-based design. 
It provides a graphical editor, block libraries, and solvers for modeling, simulating, and ana¬ 
lyzing dynamic systems, and even connecting your model to hardware for real-time testing. 
Simscape is an extension of Simulink for modeling and simulating physical systems spanning 
mechanical, electrical, hydraulic, and other physical domains. The reader can refer to Sections 
1.8 and 1.9 for a brief introduction to Simulink and Simscape. In this section, more examples 
are included to illustrate mechanical system modeling with Simulink and Simscape. The math¬ 
ematical models in all examples are given without a detailed derivation and the reader can derive 
them as an exercise. 

5.6.1 Translational Systems 

It is known that translational mechanical systems can be modeled as systems with interconnected 
mass, spring, and damper elements. The dynamics of such systems can be represented by ordinary 
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differential equations, transfer functions, or in the state-space form. The common inputs are forces 
or displacements, and the common outputs are displacements, velocities, or accelerations. 

To model a translational mechanical system with Simulink and Simscape, three parts of blocks 
are needed to simulate the input, the system itself, and the output. A Simulink diagram is con¬ 
structed based on the system’s mathematical representation, such as differential equation(s), transfer 
function(s), or the state-space form. Blocks in the Simulink libraries of Sources, Continuous, 
and Sinks are commonly used to construct the input, the system itself, and the output, respec¬ 
tively. Whereas a Simscape block diagram is built just as you would assemble a physical system. 
Basic physical components like mass, spring, damper, etc., are available in the Simscape library of 
Translational Elements for representing one-dimensional translational motion. The blocks 
in the Simscape libraries of Mechanical Sources and Mechanical Sensors are used to 
generate inputs and output measurements. 

Example 5.4 in Section 5.2 shows how to build a Simulink or Simscape block diagram of 
a single-degree-of-freedom mass-spring-damper system with a force input. The mathemati¬ 
cal model of the system is given by an ordinary differential equation. In this section, we will 
consider different numbers of degrees of freedom, different system inputs, and different system 
representations. 

Example 5.18: A Single-Degree-of-Freedom Vehicle Model 

The mass-spring-damper system shown in Figure 5.101 represents a vehicle traveling on a rough 
road. Assume that the surface of the road can be approximated as a sine wave z = Z 0 sin(cot), where 
Z 0 = 0.01 m and a> = 3.5 rad/s. The mathematical model of the system is given by an ordinary 
differential equation 


mx+bx + kx = bz + kz, 


where m = 3000 kg, b = 2000 N-s/m, and k = 50 kN/m. 

a. Build a Simulink model of the system based on the mathematical representation and find 
the displacement output x(t). 

b. Convert the ordinary differential equation to a transfer function and repeat Part (a). Assume 
zero initial conditions. 

c. Build a Simscape model of the physical system and find the displacement output x(t). 



FIGURE 5.101 The mechanical model of a vehicle traveling on a rough road. 
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Solution 

a. Solving for the highest derivative of the output x gives 

x = -(kz + bz-kx-bx). 

The corresponding Simulink block diagram is shown in Figure 5.102. Note that the displace¬ 
ment input z(t) is a sine function, which can be defined using a Sine Wave block available 
in the library of Sources. Double-click on the block and type 0.01 for the Amplitude 
and 3.5 for the Frequency to define the input z(t) = 0.01 sin(3.5t). 

b. The transfer function relating the input z(f) to the output x(t) is 

X(s) _ bs+k 
Z(s) ms 2 + bs + k 

The Simulink block diagram built based on the transfer function is shown in Figure 5.103, 
where a Transfer Fen block is used to represent the vehicle system. Double-click on 
the block and type [b k] for the Numerator coefficient and [m b k] for the 
Denominator coefficient to define the transfer function X(s)/Z(s). 

c. The Simscape block diagram corresponding to the physical system is shown in Figure 5.104, 
which can be created by following these steps: 

1. Type ssc_new at the MATLAB Command window to open the main Simscape library 
and create a new model. 

2. Open the library of Simscape/Foundation Library/Mechanical/Translational 
Elements and drag the Mass, Translational Damper, and Translational 
Spring into the model window. Double-click on these blocks to define the parameters 
Mass, Damping coefficient, and Spring rate as m, b, and k. 

3. To add the representation of the displacement input, open the library of Simscape/ 
Foundation Library/Mechanical/Mechanical Sources and drag the Ideal 
Translational Velocity Source into the model window. Note that two types of 
inputs are available in Simscape for translational mechanical systems, and they are used 
to define either a force or a velocity input. Therefore, the displacement input function in 
this example must be converted to the velocity by taking the time derivative. 



FIG U RE 5.102 Simulink block diagram built based on the ordinary differential equation. 



FIGURE 5.103 Simulink block diagram built based on the transfer function. 
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FIGURE 5.104 Simscape block diagram corresponding to Example 5.18. 

4. To add the sensor to measure the displacement of the mass, open the library of 
Simscape/Foundation Library/Mechanical/Mechanical Sensors and 
drag the Ideal Translational Motion Sensor into the model window. 

5. Now open Simulink libraries to add the source and the scope. As mentioned in Step 3, 
taking the time derivative of z(t) gives the velocity input function i(t) = 0.035cos(3.5t). 
Open the library of Simulink/Sources to drag the Clock block and open the library 
of Simulink/User-Defined Functions to drag the Fun block. Double-click on 
the Fun block and type 0.035*cos(3.5*u) for the Expression, where u is the default 
name of the input to the Fun block, and here it represents the time t. Note that the 
Simulink-PS Converter and PS-Simulink Converter blocks are used to convert 
Simulink signals into physical signals or vice versa. 

6. Orient the blocks and connect them as shown in Figure 5.104. 

Define the values of the parameters m, b, and k in the MATLAB Command window. Run all 
simulations and the same curve as shown in Figure 5.105 can be obtained, which is the resulting 
displacement output x(t) of the vehicle due to the roughness of the road. 

Example 5.19: A Two-Degree-of-Freedom Mass-Spring System 

Consider the two-degree-of-freedom mass-spring system shown in Figure 5.106. The mathemati¬ 
cal model of the system is given by a set of ordinary differential equations 


m 2 x 2 -k 2 x, + k 2 x 2 = 0, 

where nr, = m 2 = 5 kg, k, = 2000 N/m, and k 2 = 4000 N/m. Assume that initially x(0) = [0 Of 
and x(0) = [1 Of. 

a. Build a Simulink model of the system based on the mathematical representation and find 
the displacement outputs x,(t) and x 2 (t). 

b. Convert the ordinary differential equations to the state-space form and repeat Part (a). 

c. Build a Simscape model of the physical system and find the displacement outputs x,(t) and x 2 (f). 
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FIGURE 5.105 Displacement output x(t) of the vehicle model in Example 5.18. 
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FIGURE 5.106 A two-degree-of-freedom mass-spring system. 


Solution 

a. Solving for the highest derivatives of the output x, and x 2/ respectively, gives 
-(k,+k 2 )x,+k 2 x 2 ]. 


x 2 = —(/c 2 x, - k 2 x 2 ). 


The corresponding Simulink block diagram is shown in Figure 5.107, where four 
Integrator blocks are included to obtain the signals x„ x„ x 2 , and x 2 . The default ini¬ 
tial condition of an integrator block is 0. Double-click on the Integrator block cor¬ 
responding to x, and define the Initial Condition as 1, which is the only nonzero 
initial value. 

b. Define the state and the output vectors as 
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FIGURE 5.107 Simulink block diagram built based on the ordinary differential equations. 


The state-space representation is 


0 

0 

k, + k 2 

JjL 


0 

0 

k 2 


0 



0 0 k. 


y = 


o o oik 
i o ojl x 3 


The Simulink block diagram built based on the state-space form is shown in Figure 5.108, 
in which a State-Space block is used to represent the mass-spring system. Note that no 
external forces are acting on the mass blocks and thus a Constant block with a scalar 
value of 0 is included. Double-click on the State-Space block and define the matrices A, 
B, C, and D, where B is a 4 x 1 zero matrix and D is a 2 x 1 zero matrix. The parameter of 
Initial conditions is [0; 0; 1; 0], which corresponds to [x^O); x 2 (0); x,(0); x 2 (0)]. 
The bar-shaped block in Figure 5.108 is called Demux, which can be found in the library of 
Signal Routing and is used to split the vector signal y into two signals x, and x 2 . 

























Mechanical Systems 


225 





FIGURE5.108 Simulink block diagram built based on the state-space form. 


configuration 



FIGURE 5.109 Simscape block diagram corresponding to Example 5.19. 

c. The Simscape block diagram corresponding to the physical system is shown in Figure 5.109, 
which can be created by following the steps similar to those in Example 5.18. To define the 
nonzero initial velocity x v double-click on the Mass block representing m„ type 1 for the 
Initial velocity, and choose the unit as m/s. 

Define the values of the parameters m v m 2 , k v and k 2 in the MATLAB Command window. 
Run all simulations and the same curves as shown in Figure 5.110 will be obtained, which are the 
resulting displacement outputs x,(t) and x 2 (t ) due to the nonzero initial condition. 

The above two examples and Example 5.4 demonstrate basic modeling techniques with Simulink 
and Simscape. Because a Simulink block diagram of a dynamic system is created based on the 
system’s mathematical model, the modeling techniques discussed in this section can be applied to 
other types of dynamic systems represented as ordinary differential equations, transfer functions, or 
in the state-space form. However, a Simscape model describes the physical structure of a dynamic 
system rather than the underlying mathematics. It is obvious that Simscape diagrams look different 
for different types of dynamic systems. Therefore, Sections 6.6 and 7.4 will focus on Simscape mod¬ 
eling in various physical domains, such as rotational mechanical, electrical, hydraulic, and thermal. 
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FIGURE 5.110 Displacement outputs jc,( r) and x 2 (t) of the system in Example 5.19. 


5.6.2 Rotational Systems 

The blocks in the library of Simscape\Foundation Library\Mechanical can be cat¬ 
egorized into two classes: translational and rotational. Basic elements such as inertia, rotational 
damper, and rotational spring available in the library of Rotational Elements are used to 
model a rotational mechanical system. Two source blocks. Ideal Torque Source and Ideal 
Angular Velocity Source, in the library of Mechanical Sources are used to gener¬ 
ate inputs. Also, two sensors, Ideal Torque Sensor and Ideal Rotational Motion 
Sensor, in the library of Mechanical Sensors are used to output measurements. 

Example 5.20: A Single-Degree-of-Freedom Rotational Mass-Spring-Damper System 

Consider the simple disk-shaft system in Example 5.8. A single-degree-of-freedom rotational 
mass-spring-damper system can be used to approximate the dynamic behavior of the disk-shaft 
system. The parameter values are / = 0.01 kg-m 2 , B = 1.15 N-m-s/rad, and K = 4150 N-m/rad. 

a. Assume that a torque t = 10sin(600t) is acting on the disk, which is initially at rest. Build a 
Simscape model of the physical system and find the angular displacement output 0(f). 

b. Assuming that the external torque is x = 0 and the initial angular displacement is 0(0) = 0.1 
rad, find the angular displacement output 0(f). 


Solution 


a. The Simscape block diagram and the angular displacement output of the system are shown 
in Figures 5.111 and 5.112, respectively. Comparing Figure 5.111 with Figure 5.31, which is 
the Simscape model of a single-degree-of-freedom translational mass-spring-damper sys¬ 
tem, reveals the similarity of these two Simscape diagrams. The main difference is that the 
blocks in this example are all related to rotational motion instead of translational motion. 

b. The Simscape model in Figure 5.111 can also be used to simulate the system in Part (b). To 
specify a zero external torque, we can either define the Amplitude of the Sine Wave as 




Mechanical Systems 


227 
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FIGURE 5.111 Simscape block diagram of the physical system in Example 5.20. 



FIGURE 5.112 Angular displacement output 0(f) of the system in Example 5.20 with a torque input. 


0 or delete the blocks related to input generation, including Sine Wave, Simulink-PS 
Converter, Ideal Torque Source, and Mechanical Rotational Reference 
blocks. To specify a nonzero initial angle, double-click on the Rotational Spring 
block, type 0.1 for the Initial deformation, and choose the unit as rad. This 
implies that the spring is initially twisted by 0.1 rad. Also, double-click on the Ideal 
Rotational Motion Sensor block, type 0.1 for the Initial angle, and choose 
the unit as rad. The corresponding angular displacement of the system is shown in 
Figure 5.113. 
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FIGURE 5.113 Angular displacement output 0© of the system in Example 5.20 with a nonzero initial condition. 

Example 5.21: A Single-Link Robot Arm with a Gearbox 

Consider the single-link robot arm in Example 5.17. It is driven by a DC motor through a gearbox 
with a gear ratio of N = 1/70. The mass moments of inertia of the motor and the load are / m and /, 
respectively. The coefficients of torsional viscous damping of the motor and the load are B m and 
B, respectively. x m is the torque generated by the motor. The parameter values are / m = 3.87 x 
10- 7 kg-m 2 , / = 0.0016 kg-m 2 , B m = 0 N-m-s/rad, and B = 0.004 N-m-s/rad. Assume that the robot 
arm is initially at rest and the motor torque is x m (t) = 0.003u(t), where u(t) is the unit-step function 
with a step time of 0 seconds. Build a Simscape model of the physical system and find the angular 
velocity output 0(t). 


Solution 

The Simscape model of the system is shown in Figure 5.114. To model the robot arm, two Inertia 
blocks are included, one for the motor and the other for the load. Because the damping of the 
motor can be ignored, one Rotational Damper block is included to represent the damping of 
the load. The shaft of the motor and that of the load are coupled through a gearbox. Double-click 
on the Gear Box block and type 70 (not 1/70) for the Gear ratio, which in Simscape is defined 
as the ratio of the input shaft angular velocity to that of the output shaft. This is the reciprocal of 



configuration 


FIGURE 5.114 Simscape block diagram of the single-link robot arm with a gearbox. 
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FIGURE 5.115 Angular velocity output 0(f) of the robot arm in Example 5.21. 

the gear ratio defined in Equation 5.53. The output of port W of the Ideal Rotation Motion 
Sensor is the corresponding angular velocity 0(t), which is shown in Figure 5.115. 

Note that only the Simscape block diagrams are given in the above two examples. The corre¬ 
sponding Simulink modeling is left to the reader as an exercise. 

PROBLEM SET 5.6 

1. ^Consider the mass-spring-damper system shown in Figure 5.116, in which the force 
acting on the mass block is a unit-impulse function with a magnitude of 10 N and a dura¬ 
tion of 0.1 seconds. The parameter values are m = 25 kg, b = 20 N-s/m, and k = 100 N/m. 

a. Build a Simulink model based on the differential equation of motion of the system and 
find the displacement output x(f). 

b. Build a Simscape model of the physical system and find the displacement output x(t). 

2. 4^ Repeat Problem 1 for the mass-spring-damper system shown in Figure 5.117, in which 
the origin of the coordinate x is set at equilibrium. Assume x(0) = 0.1 m and i(0) = 0 m/s. 
The parameter values are m = 20 kg, b = 125 N-s/m, and k = 400 N/m. 

3. Consider the mass-spring-damper system shown in Figure 5.118. The mass block m 1 
and the spring k ] represent a rotating machine, which is subjected to a harmonic disturbance 


Hr 
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FIGURE 5.116 Problem 1. 
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FIGURE 5.118 Problem 3. 

force/= 40sin(7jtf) N due to a rotating unbalanced mass. The mass block m 2 and the spring 
k 2 represent a vibration absorber (see Section 9.3 for more details), which is designed to 
reduce the displacement of the machine. The parameter values are m l = 6 kg, k ] = 6000 
N/m, m 2 = 1.65 kg, and k 2 = 800 N/m. 

a. Build a Simulink model based on the differential equations of motion of the system 
and find the displacement outputs x t (t) and x 2 (t). 
h. Build a Simscape model of the physical system and find the displacement outputs x,(f) 
and x 2 (f). 

4. 4V Repeat Problem 3 for the two-degree-of-freedom quarter-car model in Example 5.5. 
Assume that the surface of the road can be approximated as a sine wave z = Z 0 sin(2jtvf/L), 
where Z 0 = 0.01, L = 10 m, and the speed v = 20 km/h. If the car moves at a speed of 
100 km/h, rerun the simulations and compare the results with those obtained in the case of 
20 km/h. Ignore the control force/for both cases. 

5. 4V Consider the disk-shaft system in Problem 2 of Problem Set 5.3. The system is approx¬ 
imated as a single-degree-of-freedom rotational mass-spring system, where m = 10 kg, 
r = 0.05 m, and K = 1000 N-m/rad. 

a. Assume that a torque t = 50 uif) N-m is acting on the disk, which is initially at rest. 
Build a Simscape model of the physical system and find the angular displacement out¬ 
put 0(f). 

b. Assuming that the external torque is t = 0 and the initial angular displacement is 9(0) = 
0.1 rad, find the angular displacement output 0(f). 

6. 4V Consider the pendulum-bob system in Problem 5 of Problem Set 5.3. The parameter 
values are m = 0.1 kg, M = 1.2 kg, L = 0.6 m, and B = 0.5 N-s/m. The initial angular dis¬ 
placement is 0(0) = 0.1 rad and the initial angular velocity is 0 = 0.1 rad/s. 

a. Build a Simulink block diagram based on the nonlinear mathematical model of the 
system and find the angular displacement output 0(f). 
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b. Build a Simscape model of the nonlinear physical system and find the angular dis¬ 
placement output 9(f). 

5.7 SUMMARY 

This chapter was devoted to modeling mechanical systems. Because real systems are usually quite 
complicated, simplifying assumptions must be made to reduce the system to an idealized model 
consisting of interconnected mass, damper, and spring elements. The relations between the external 
forces or moments applied to the elements and the associated element variables are given by 

• Mass translation: f=mx rotation about fixed O: x = / o 0 

• Damper translation: / = bx vd rotation: x = B0 rel 

• Spring translation: /= fcc rel rotation: t = A"0 rel 

Here, the spring force is dependent on the relative displacement between the two ends of the spring, 
and the damping force depends on the relative velocity between the two ends of the damper. 

For a system of interconnected mechanical elements, the dynamic equations of motion can be 
obtained by applying Newton’s second law or the moment equation (or both). The number of equa¬ 
tions of motion is determined by the number of degrees of freedom of the system. The number of 
degrees of freedom of a dynamic system is defined as the number of independent generalized coor¬ 
dinates that specify the configuration of the system. The static equilibrium position of a mechanical 
system is usually chosen as the coordinate origin. This choice can simplify the equation of motion 
by eliminating static forces. 

To apply Newton’s second law or the moment equation to a mechanical system, it is useful to 
draw a free-body diagram for each mass in the system, showing all external forces or moments. The 
noninput forces can be described in terms of displacements or velocities using the expressions asso¬ 
ciated with the basic spring or damper elements. Drawing correct free-body diagrams is the most 
important step in analyzing mechanical systems using the force/moment approach. 

In this chapter, we were mainly concerned with the modeling of mechanical systems in plane 
motion, which involves translations along the x and y directions and rotation about one axis per¬ 
pendicular to the x-y plane. Newton’s second law is used for modeling translational mechanical 
systems, whereas the moment equation is used for rotational mechanical systems. Newton’s second 
law and the moment equation are used together for mixed translational and rotational systems. 

The general form of Newton’s second law for a rigid body (or a particle) is given by 



or 



For a rigid body rotating about a fixed axis through point O, the moment equation is given by 



If the axis of rotation is not fixed, the moment equation can be set about the mass center C as 
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or an arbitrary point P as 



which is equivalent to 



The symbol M eS tmc represents the effective moment caused by the fictitious force ma c . 

The mass moments of inertia for some rigid bodies with common shapes were given in Table 5.1, in 
which all masses are assumed to be uniformly distributed and the axes of rotation all pass through the 
mass centers. If the axis of rotation does not coincide with the axis through the mass center, but is parallel 
to it, the parallel-axis theorem can be applied to obtain the corresponding moment of inertia, 


I = I C + md 2 . 


where d is the distance between the two parallel axes. 

For a system of multiple masses, the force equations become 



and the moment equation becomes 



The force/moment approach is based on Newtonian mechanics. An alternative way of obtaining 
the system’s equations of motion is to use the energy method based on analytical mechanics. For a 
single-degree-of-freedom mass-spring system with negligible friction and damping, the principle 
of conservation of energy states that 


^(T + V) = 0. 
d t 


The kinetic energy of a rigid body in plane motion can be separated into two parts: (1) the kinetic 
energy associated with the translational motion of the mass center C of the body, and (2) the kinetic 
energy associated with the rotation of the body about C. Expressions for the kinetic energy of a rigid 
body in plane motion are given as 
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The potential energy includes 


• Gravitational potential energy: V g = mgh 

• Elastic potential energy: V e = ^ kx 2 or V e = ^ KB 2 


For an n-degree-of-freedom system, n independent equations of motion can be derived using 
Lagrange’s formulation. One of the forms of Lagrange’s equations for a conservative system is 



= 0, i—l,2,...,n. 


where q t is the ith generalized coordinate and n is the total number of independent generalized 
coordinates. In contrast to the force/moment approach with Newton’s second law and the moment 
equation, Lagrange’s equations do not require a free-body diagram. However, velocity analysis is 
essential to Lagrange’s equations. 

REVIEW PROBLEMS 

1. Determine the equivalent spring constant for the system shown in Figure 5.119. 

2. Determine the equivalent spring constant for the system shown in Figure 5.120. 

3. Consider the system shown in Figure 5.121, in which a mass-spring system is hung from 
the middle of a massless beam. Assume that the beam can be modeled as a spring and the 
equivalent stiffness at the midspan is 192 EIJL , 3 , where E is the modulus of elasticity of 
beam material and I A is the area moment of inertia about the beam’s longitudinal axis. 

a. Derive the differential equation of motion for the system. 

b. Using the differential equation obtained in Part (a), determine the transfer function 
X(s)/F(s). Assume that the initial conditions are x(0) = 0 and i(0) = 0. 

c. Using the differential equation obtained in Part (a), determine the state-space represen¬ 
tation. Assume that the output is the displacement x of the mass. 

4. An accelerometer attached to an object can be modeled as a mass-damper-spring system, 
as shown in Figure 5.122. Denote the displacement of the mass relative to the object, the 
absolute displacement of the mass, and the absolute displacement of the object as x(t), y(t), 
and z(t), respectively, where x(t) = y(t) - z(t ) and x(t) is measured electronically. 

a. Draw the necessary free-body diagram and derive the differential equation in terms of x(t). 

b. Using the differential equation obtained in Part (a), determine the transfer function 
X(s)/Z(s). Assume that the initial conditions are x(0) = 0 and x(0) = 0. 

c. Using the differential equation obtained in Part (a), determine the state-space repre¬ 
sentation. The input is the absolute displacement of the object z(f) and the output is the 
displacement of the mass relative to the object x(t). 
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FIGURE 5.119 Problem 1. 
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FIGURE 5.120 
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FIGURE 5.121 Problem 3. 
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FIGURE 5.122 Problem 4. 


5. For the system shown in Figure 5.123, the inputs are the forces/! and/ 3 , and the outputs are the 
displacements x u x 2 , and x 3 . Draw the necessary free-body diagrams and derive the differential 
equations of motion. Write the differential equations of motion in the second-order matrix form. 

6. Consider a quarter-car model shown in Figure 5.124, where m l is the mass of the seats 
including passengers, m 2 is the mass of one-fourth of the car body, and m 3 is the mass of 
the wheel-tire-axle assembly. The spring k { represents the elasticity of the seat supports, 
k 2 represents the elasticity of the suspension, and k 3 represents the elasticity of the tire. 
z(t) is the displacement input due to the surface of the road. Draw the necessary free-body 
diagrams and derive the differential equations of motion. Write the differential equations 
of motion in the second-order matrix form. 



L->*! >X 2 '—>■*3 


FIGURE 5.123 Problem 5. 
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FIGURE 5.124 Problem 6. 


7. The system shown in Figure 5.125 consists of a uniform rod of mass m and length L and a 
translational spring of stiffness k at the rod’s tip. The friction at the joint O is modeled as 
a damper with coefficient of torsional viscous damping B. The input is the force/and the 
output is the angle 0. The position 0 = 0 corresponds to the static equilibrium position when 

/= o. 

a. Draw the necessary free-body diagram and derive the differential equation of motion 
for small angles 0. 

b. Using the linearized differential equation obtained in Part (b), determine the transfer 
function &(s)/F(s). Assume that the initial conditions are 0(0) = 0 and 0(0) = 0- 

c. Using the differential equation obtained in Part (b), determine the state-space 
representation. 

8. Consider the inverted-pendulum system shown in Figure 5.126. The system consists of a 
bob of mass m and a massless rod of length L. Two springs of stiffness k are connected to 
the middle of the rod. The position 0 = 0 corresponds to the static equilibrium position. 

a. Draw the necessary free-body diagram and derive the differential equation of motion 
for small angles 0. 

b. Using the differential equation obtained in Part (a), determine the state-space representa¬ 
tion. Assume that the outputs are the angular displacement 0 and the angular velocity 0. 



FIGURE 5.125 


Problem 7. 
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FIGURE 5.126 Problem 8. 

9. Consider the system shown in Figure 5.127. Assume that a cylinder of mass m rolls without 
slipping. Draw the necessary free-body diagram and derive the differential equation of 
motion for small angles 0. 

10. The pulley of mass M shown in Figure 5.128 has a radius of r. The mass moment of inertia of 
the pulley about the point O is I Q . A translational spring of stiffness k and a block of mass m 
are connected to the pulley as shown. Assume that the pulley rolls without slipping. Derive 
the equation of motion using (a) the force/moment approach, and (b) the energy approach. 

11. Consider the mechanical system shown in Figure 5.129, in which a uniform rod of mass m 
and length L is attached to a massless rigid link of equal length. Assume that the system 
is constrained to move in a vertical plane. Denote the angular displacement of the link as 
0 1; and the angular displacement of the rod as 0 2 . Derive the equations of motion for small 
angles using (a) the force/moment approach, and (b) the energy approach. 



:• >* 


FIGURE 5.127 Problem 9. 
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FIGURE 5.128 Problem 10. 
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FIGURE 5.129 Problem 11. 
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12. Consider a half-car model shown in Figure 5.130, in which I c is the mass moment of inertia 
of the car body about the pitch axis, m h is the mass of the car body, m f is the mass of the 
front wheel-tire-axle assembly, and m r is the mass of the rear wheel-tire-axle assembly. 
Each of the front and rear wheel-tire-axle assemblies is represented by a mass-spring- 
damper system. The input is the force/ and the car undergoes vertical and pitch motion. 
Derive the equations of motion using the force/moment approach. 

13. A rack and pinion is a pair of gears that convert rotational motion into translation. As 
shown in Figure 5.131, a torque t is applied to the shaft. The pinion rotates and causes the 
rack to translate. The mass moment of inertia of the pinion is I and the mass of the rack is 
m. Draw the free-body diagram and derive the differential equation of motion. 

14. Consider the mass-spring-damper system shown in Problem 9 of Problem Set 5.2, in 
which the cam and follower impart a displacement z(t) in the form of a periodic sawtooth 




FIGURE 5.132 Problem 14. 
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function (Figure 5.132) to the lower end of the system. The values of the system parameters 
are m = 12 kg, b = 200 N-s/m, k y = 4000 N/m, and k 2 = 2000 N/m. 
a. Build a Simulink model based on the differential equation of motion of the system and 
find the displacement output x(t). 

h. Build a Simscape model of the physical system and find the displacement output x(t). 


Electrical, Electronic, and 
Electromechanical Systems 


Many engineering systems have electrical, electronic, or electromechanical subsystems as impor¬ 
tant components, such as power supplies, motors, sensors, or controllers. In this chapter, we discuss 
the modeling techniques for these systems. We first introduce the fundamentals of electrical ele¬ 
ments, which include resistors, inductors, and capacitors. The two main physical laws, Kirchhoff’s 
voltage law and Kirchhoff’s current law, are then reviewed and applied to develop mathematical 
models of electrical circuits. For electronic systems, we take a look at simple operational amplifiers 
(op-amps), and the op-amp equation is presented, which is useful for obtaining models of amplifiers. 
This is followed by the modeling of electromechanical systems. The coupling between electrical 
and mechanical subsystems is established and applied to motor modeling. To simplify the modeling 
of electrical systems, the concept of impedance is introduced, which provides an alternative way of 
obtaining mathematical models of systems. The chapter concludes with a simulation of electrical, 
electronic, and electromechanical systems using MATLAB®, Simulink®, and Simscape™ computer 
tools. 


6.1 ELECTRICAL ELEMENTS 

Electrical systems, or electrical circuits, can usually be considered as interconnections of lumped 
elements, such as sources, resistors, inductors, and capacitors. Sources are active electrical elements, 
which can provide energy to the circuit and serve as the inputs. Resistors, inductors, and capacitors 
can store or dissipate energy available in the circuit; however, they cannot produce energy. They are 
referred to as passive electrical elements. 

Two primary variables used to describe the dynamic behavior of an electrical circuit are current 
and voltage. Current is the time rate of change of charge, 


where q is charge in coulomb (C) and i is current in ampere (A). For a two-terminal electrical ele¬ 
ment, the current entering one end of the element must be equal to the current leaving the other end. 
As shown in Figure 6.1, an arrow is used to denote the direction in which the positive current (or 
charge) flows. 

The voltage at a point in a circuit is a measure of the electrical potential difference between that 
point and a reference point called the ground. The unit of voltage is volt (V). If a point has the same 
electrical potential as the ground, it has a voltage of zero. For a two-terminal electrical element, the 
voltages at both ends are different. As shown in Figure 6.1, Vj and v 2 denote the terminal voltages 
with respect to the ground, and 


v = v 1 - v 2 , (6.2) 

where v is the voltage across the element. The sense of the voltage v is indicated by plus and minus 
signs. The terminal with the plus sign has a higher voltage than that with the minus sign. The 
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Electrical 

element 


v2 

-O 


FIGURE 6.1 A two-terminal electrical element. 


(a) (b) 


0 : ■© 


FIGURE 6.2 Active electrical elements: (a) ideal voltage source and (b) ideal current source. 

positive sense of the current associated with an electrical element is defined such that within the 
element, the positive current is assumed to flow from the high-voltage terminal to the low-voltage 
terminal. If the current flow has the same direction as the voltage drop, then the energy is supplied 
to the element. The supplied energy is either stored in the element or dissipated by the element. This 
type of electrical element is passive. For an active electrical element, current flows in the direction 
opposite to the voltage drop, and it supplies energy to the rest of the circuit. The power supplied to 
a passive element or generated by an active element is 


P = vi. (6.3) 

An active electrical element can be modeled as an ideal current source or an ideal voltage source, 
as shown in Figure 6.2. An ideal current source provides specified current no matter how much 
voltage is required by the circuit. An ideal voltage source provides specified voltage, no matter how 
much current flows in the circuit. 

To derive the dynamic model of an electrical circuit, it is important to understand the voltage- 
current relations for all passive electrical elements. 

6.1.1 Resistors 

The voltage-current relation for a linear resistor as shown in Figure 6.3 is an algebraic relationship, 

v = Ri, (6.4) 

where R is the resistance in units of ohm (Q). Equation 6.4 is known as Ohm’s law, which states that 
the voltage and current of a linear resistor are directly proportional to each other. It is an empirical 
formula and can be obtained by a series of measurements. 

A resistor dissipates energy by converting it into heat. The power dissipated by a linear resistor 
is given by 
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FIGURE 6.3 A resistor and its variables. 


P = Ri 2 = — 


(6.5) 


R 


In many electrical circuits, multiple resistors are used. They are arranged in different ways, such 
as series connections, parallel connections, or both. The equivalent resistance for several resistors 
arranged in any of these configurations can be obtained to simplify the modeling procedure. 

Figure 6.4 shows a circuit with two resistors in series. It is known that the current (or charge) 
remains unchanged when crossing an electrical element. Thus, for the series connection, the current 
is the same through each resistor. Ohm’s law gives V! = R t i and v 2 = R 2 i, where the voltages v, and 
v 2 also represent a measure of the energy required to move a charge through resistor R t or resistor 
R 2 , respectively. The total voltage required to move a charge across the two resistors is v = v, + v 2 = 
(R t + R 2 )i. Comparing this result with the equivalent circuit, where v = R cq i, we have 


(6.6) 


R eq = /?, + R 2 . 


A circuit with parallel resistors is shown in Figure 6.5. Note that the parallel resistors share the 
same terminals. Thus, the voltage across each resistor must be the same, v, = v 2 . Ohm’s law gives 
v = R { ii and v = R 2 i 2 , where q and i 2 are currents through resistors R t and R 2 , respectively. Because 
of the conservation of charge, i = q + i 2 = v(l IR l + 1/R 2 ). Comparing this result with the equivalent 
circuit, where i = v/R eq , we have 


R eq R l + R 2 


(6.7) 





FIGURE 6.4 Equivalence for two resistors in series. 
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FIGURE 6.5 Equivalence for two resistors in parallel. 

or 


R t , 


R t R 2 
R ] + R 2 


(6.8) 


The results for series or parallel resistance can be extended to n resistors. For a circuit of n resis¬ 
tors in series, the equivalent resistance is equal to the sum of all the individual resistances R{. 

*eq = *l+*2+*.+ *„• (6-9) 

For a system of n resistors in parallel, the reciprocal of the equivalent resistance R cq is equal to the 
sum of all the reciprocals of the individual resistances /?,: 


R sq 


1 1 1 

-1-h • • • H-. 

R l R 2 R n 


( 6 . 10 ) 


6.1.2 Inductors 

Figure 6.6 shows the symbol for an inductor. The voltage-current relation for a linear inductor is 


( 6 . 11 ) 


or 


J T11IW L 


( 6 . 12 ) 


FIGURE 6.6 An inductor and its variables. 
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where L is the inductance, and the unit is henry (H). 

The energy supplied to an inductor is stored in its magnetic field. The stored energy can be 
derived by performing integration of the power 


P = 


(6.13) 


follows: 


In Equation 6.14, it is assumed that the current through the inductor is zero at t = 0. Note that the 
energy stored in an inductor is dependent on the square of the current through the inductor and is 
independent of how the current is established. 


6.1.3 Capacitors 

Figure 6.7 shows the symbol for a capacitor, where C is the capacitance in units of farad (F). The 
capacitance is a measure of how much charge can be stored for a given voltage difference across 
the capacitor, and the mathematical description is q = Cv or v = q/C. Note that the charge q is 
related to the current, i = dq/dt or q = \i d t. Thus, the voltage-current relation for a capacitor is 
expressed as 

v-iji* (6.15) 


or 


(6.16) 


A capacitor is also designed to store energy. The energy supplied to the capacitor is stored in its 
electrical field and can be derived by performing integration of the power 


P = vi = 


(6.17) 


o- 


-o 


FIGURE 6.7 A capacitor and its variables. 
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follows: 


E(t) = j P(t)dt = j Cv(f) dv = ^Cv 2 1 


- Cv 2 (t) - ' Cv 2 (0) = 1 Cv 2 (f). 
2 V 2 2 ' 


(6.18) 


In Equation 6.18, it is assumed that the voltage across the capacitor is zero at t = 0. Note that the 
energy stored in a capacitor is dependent on the square of the voltage across the capacitor and is 
independent of how the voltage is acquired. 

PROBLEM SET 6.1 

1. Determine the equivalent resistance R eq for the circuit shown in Figure 6.8. 

2. Determine the equivalent resistance R eq for the circuit shown in Figure 6.9. 

3. Determine the equivalent resistance R eq for the circuit shown in Figure 6.10. Assume that 
all resistors have the same resistance of R. 

4. Determine the equivalent resistance R cq for the circuit shown in Figure 6.11. Assume that 
all resistors have the same resistance of R. 

5. A potentiometer is a variable resistor with three terminals. Figure 6.12a shows a potenti¬ 
ometer connected to a voltage source. The two end terminals are labeled as 1 and 2, and 
the adjustable terminal is labeled as 3. The potentiometer acts as a voltage divider, and 





o- 


FIGURE 6.8 Problem 1. 





FIGURE 6.9 Problem 2. 
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FIGURE 6.10 Problem 3. 



FIGURE 6.11 Problem 4. 


(a) 



FIGURE 6.12 Problem 5. (a) Potentiometer and (b) voltage divider. 


the total resistance is separated into two parts as shown in Figure 6.12b, where R n is the 
resistance between terminal 1 and terminal 3, and R v is the resistance between terminal 
3 and terminal 2. Determine the relationship between the input voltage v ; and the output 
voltage v 0 . 

6. The output voltage of a voltage divider is not fixed but varies according to the load. 

a. Find the output voltage v D in Figure 6.13 for two different values of load resistance: 
(1) R l = 10 kQ and (2) R h = 100 kQ. 

b. If the output voltage v 0 must be greater than 3.8 V, determine the minimum value of the 
load resistance. 

7. Consider an inductive divider shown in Figure 6.14. For an alternating current (AC) input 

Vj, prove that the output voltage of the inductive voltage divider is v D = ^ i_^ v <- 
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FIGURE 6.13 Problem 6. 



FIGURE 6.14 Problem 7. 

8. Consider a capacitive divider shown in Figure 6.15. For an AC input v„ prove that the out- 

Q 

put voltage of the capacitive voltage divider is v 0 = q + q v i- 

9. Consider a circuit of two inductors, L t and L 2 , in series. Prove that the equivalent induc¬ 
tance of the circuit is L eq = L l + L 2 . 

10. Consider a circuit of two inductors, L x and L 2 , in parallel. Prove that the equivalent induc¬ 
tance of the circuit is ^ = -j- + -jj™ 

11. Consider a circuit of two capacitors, C x and C 2 , in series. Prove that the equivalent capaci¬ 
tance of the circuit is q ~ C + C ' 


-o 


FIGURE 6.15 


Problem 8. 
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FIGURE 6.16 Problem 13. 
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FIGURE 6.17 Problem 14. 

12. Consider a circuit of two capacitors, C, and C 2 , in parallel. Prove that the equivalent capac¬ 
itance of the circuit is C eq = C, + C 2 . 

13. The current through an inductor of 10 mH is shown in Figure 6.16. Find the voltage across 
the inductor. What is the energy stored in the inductor when (1) t = 2 s and (2) t = 4 s? 

14. The voltage across a capacitor of 100 pF is shown in Figure 6.17. Find the current through 
the capacitor. What is the energy stored in the capacitor when (1) t = 3 s and (2) t = 4 s? 

6.2 ELECTRIC CIRCUITS 

When electrical elements are interconnected to form an electrical circuit, the dynamics model of the 
circuit can be developed using the voltage-current relations for electrical elements along with two 
main physical laws. The two laws are known as Kirchhoff’s voltage law and Kirchhoff’s current law. 

6.2.1 Kirchhoff's Voltage Law 

For a closed path, or a loop, in a circuit, Kirchhoff’s voltage law states that the algebraic sum of 
voltages around the loop must be zero, 



(6.19) 


where Vj is the voltage across the y'th element in the loop. 

As an example, let us consider a series RLC circuit shown in Figure 6.18, in which a resistor, an 
inductor, and a capacitor are connected in series. An ideal voltage source provides the desired voltage 
to the circuit. The current flows from the high-voltage terminal of the source, crosses three passive 
elements, and enters the low-voltage terminal of the source. If we sum the voltages around the loop in 
a clockwise direction, a voltage drop occurs for each of the three passive elements, and a voltage gain 
occurs for the source. Assigning a positive sign to a voltage drop, and a negative sign to a voltage gain, 
Kirchhoff’s voltage law gives v R + v L + v c - v a = 0 or v a = v R + v L + v c , which implies that the voltage 
of the source must equal the sum of the voltages across the resistor, the inductor, and the capacitor. 
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FIGURE 6.18 A series RLC circuit. 

Example 6.1: A Series RLC Circuit 

Consider the series RLC circuit shown in Figure 6.18. 


a. Derive the differential equation in terms of the loop current /'. 

b. Determine the transfer function l(s)/V a (s), which relates the source voltage v a (t) to the loop 
current i{t). Assume that all the initial conditions are zero. 

c. Determine the transfer function V^sl/V^s), which relates the source voltage v a (t) to the 
capacitor voltage v c (f). Assume that all the initial conditions are zero. 


Solution 


a. Applying Kirchhoff's voltage law to the single loop along the clockwise direction gives 


For the series loop, the same current flows through each element. The expressions for v R , 
v L , and v c are 


v R = Ri, 



We then have 


Ri + L^- + - idt = v. 


Note that the above equation is an integral-differential equation, not a differential equa¬ 
tion. To eliminate the integral term, we take the time derivative of both sides of the equation. 
Rearranging the terms results in 
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/ d2/ . p d/ , 1 ,-^4*4 

L d? +R dt + c'-^P 

which is a second-order differential equation for current /' with the time derivative of the 
applied voltage as the forcing function. 

b. Taking the Laplace transform of the above differential equation yields 

Ls 2 l(s)+Rsl(s)+^l(s) = sVM 

The transfer function relating the input voltage v a (t) and the output current i(t) is 

/(s) _ 5 

V a (s) Ls 2 + Rs+[VC) ' 

c. Note that the capacitor voltage v c does not appear explicitly in the differential equation. To 
determine the transfer function V c (s)/V a (s), we use the result of the transfer function l(s)/V 3 (s) 
and apply the voltage-current relation for a capacitor 



which gives 


V c (s) = ±l(s). 

Cs 

Thus, the transfer function relating the input voltage v a (t) and the capacitor voltage v c (t) is 


V c (s)_ 1 /{.s) = 1 

V a (s) Cs \ 4(s) LCs 2 + RCs +1' 

The circuit in Figure 6.18 can also be modeled using a differential equation for charge q. Recall that 
current is the time rate of change of charge, i = dq/dt or q = \i dt. Rewriting the current-related terms 
in the equation Ri + L(di/dt) + (MC)\idt = v a in terms of q gives 


dt 2 dt 


which is a second-order differential equation for the charge q(t) with the applied voltage as the 
forcing function. 


6.2.2 Kirchhoff's Current Law 

When the terminals of two or more circuit elements are connected together, the common junction 
is referred to as a node. For a node in a circuit, Kirchhoff’s current law states that the sum of the 
currents entering the node must be equal to the sum of the currents leaving that node. If we assign 
a positive sign to the current entering the node and a negative sign to the current leaving the node, 
the algebraic sum of the currents at the node must be zero. 
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( 6 . 20 ) 


where ij is the current of the jth element at the node. 

Example 6.2: A Parallel RLC Circuit 

Consider the parallel RLC circuit shown in Figure 6.19, in which an ideal current source supplies 
the desired current to the circuit. 

a. Derive the differential equation relating the input current /' a to the output voltage v 0 . 

b. Determine the transfer function V a (s)/I 3 (s) r which relates the input current ijf) to the output 
voltage v 0 (t). Assume that all the initial conditions are zero. 

c. Determine the transfer function / L (s)// a (s), which relates the input current i a (t) to the current 
through the inductor 4(f). Assume that all the initial conditions are zero. 


Solution 


a. The three currents ;' R , ;' L , and i c are defined in Figure 6.19. Each passive element has one 
terminal connected to the ground and the other terminal connected to a common node. We 
can apply Kirchhoff's law to either the ground or node 1. Applying Kirchhoff's current law 
to node 1 gives 


For the parallel connection, the voltages across all three elements are the same. The expres¬ 
sions for ; R , 4, and i c are 


R ' 







-O + 




FIGURE 6.19 A parallel RLC circuit. 
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KH' 


which is an integral-differential equation. To eliminate the integral term, we take the time 
derivative of both sides of the equation. Rearranging the terms results in 

d 2 v 0 t 1 dv 0 . 1 _ d/' a 

C "dt F+ S’dT + l' / ° _ dF' 

which is a second-order differential equation for the output voltage v 0 (t). 
b. Taking the Laplace transform of the above differential equation yields 


Cs 2 V 0 (s)+^sV 0 (s) + jV 0 (s) = sl a (s). 

The transfer function relating the input current / a (t) and the output voltage v 0 (t) is 


V Q (s) s 

46 ) Cs 2 + m)s+(VL)' 


c. To find the transfer function / L (s)// a (s), note that 



which gives 

li(s) = ^-V 0 (s). 
Ls 


Thus, 


4 W_ i v'oW , 1 

/ a (s) Ls IM LCs 2 +(L/R)s + V 

The above two simple examples illustrate how one can develop a differential equation for a series 
or parallel RLC circuit using Kirchhoff’s voltage law or Kirchhoff’s current law. However, if circuit 
components are series connected in some parts and parallel in others, we must selectively apply 
Kirchhoff’s voltage law and Kirchhoff’s current law to obtain the desired differential equation. 


Example 6.3: An RC Circuit 

Consider the circuit shown in Figure 6.20. Derive the differential equation relating the output volt¬ 
age v 0 (t) to the input voltage v a (t). 
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FIGURE 6.20 



Solution 

The currents through the three passive elements (/ Ri , i Rz , and i c ) are defined in Figure 6.20. 
Applying Kirchhoff's current law gives 


Applying voltage-current relations and Kirchhoff's voltage law gives 


dv ( dv„ 


Substituting the above expressions into Kirchhoff's current law, we have 


1 ^ - v °+c dVo . 

R, R 2 dt 


Rearranging the terms results in 


C^J1 + ±) V =l v 

dt U R 2 J ° R, 


As shown in Example 6.3, the procedure for deriving the differential equation of a circuit con¬ 
sists of applying Kirchhoff’s laws and voltage-current relations for the components of the circuit. 
However, obtaining a set of equations for more complicated circuits is not that easy. Instead, a for¬ 
mal method is needed that produces a small, simple set of equations leading directly to the input- 
output relation. The two commonly used methods are the node method (which relies on Kirchhoff’s 
current law) and the loop method (which relies on Kirchhoff’s voltage law). 


6.2.3 Node Method 

If a node in a circuit is chosen as the reference, any other node can be assigned a voltage, which is 
defined between this node and the reference. This common reference node is usually referred to as the 
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ground. To apply the node method to a circuit, we start by labeling all currents at each node whose 
voltage is unknown. The current through each passive circuit element is expressed in terms of the node 
voltages using the voltage-current relations given in Section 6.1. We then apply Kirchhoff’s current 
law to each node, and the resulting set of equations can be combined to obtain the complete model of 
the circuit. The following two examples show details of the node-voltage method. 

Example 6.4: Circuit Modeling Using the Node Method: One Node 

Consider the circuit shown in Figure 6.21. Derive the differential equation relating the output volt¬ 
age v 0 (t) to the input voltage v a (t). 


Solution 


Note that the voltage at node 1 is unknown and we denote it as v v All currents entering or leav¬ 
ing node 1 are labeled as shown in Figure 6.21. Applying Kirchhoff's current law to node 1 gives 


Expressing the current through each element in terms of the node voltage, we have 



Differentiating the above equation with respect to time results in 



Because the node voltage v, is essentially the output voltage v D , the above equation can be rewrit¬ 
ten as 


RLCv a + Lv a + Rv a = Rv a , 


which is the input-output equation relating the applied voltage v a and the output voltage v 0 . 



R C 



FIGURE 6.21 


A circuit containing one node. 
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Example 6.5: Circuit Modeling Using the Node Method: Two Nodes 

Consider the circuit shown in Figure 6.22. Using the node method, derive the differential equa¬ 
tions of the system in terms of node voltages. 


Solution 

Note that the voltages at node 1 and node 2 are unknown. Denote the voltage at node 1 as v, 
and the voltage at node 2 as v 2 . All currents entering or leaving node 1 and node 2 are labeled as 
shown in Figure 6.22. 

At node 1, applying Kirchhoff's current law gives 

4 t -/l,-/r,=0. 

Expressing the current through each element in terms of the node voltages, we have 

-j- J (v a - v,).dt - J (v, - v 2 )df - m 0. 

Differentiating the above equation with respect to time results in 



which can be rearranged to give the first differential equation 



Similarly, applying Kirchhoff's current law to node 2 yields 
i l2 -i R2 -i c =0. 

Expressing the current through each element in terms of the node voltages, we have 



FIGURE 6.22 A circuit containing two nodes. 
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Differentiating the above equation with respect to time results in 


A --f-Cv,= 0- 


which can be rearranged to give the second differential equation 


Cv 2 


R 2 


L 2 V ' + L 


Note that the differential equation obtained at node 1 is first-order, and that obtained at node 
2 is second-order. Thus, the circuit shown in Figure 6.22 is a third-order system. In second-order 
matrix form, we have 



As presented in Sections 4.3 and 4.4, the above input-output equation can be converted to trans¬ 
fer functions or the state-space form. The problem of finding the transfer function V 0 (s)/VJs) is left 
to the reader as an exercise. 


6.2.4 Loop Method 

In a circuit carrying some current, there exists at least one loop. Starting from any loop, a current 
circulating that loop can be assigned. For any additional loop containing at least one new element 
that is not in any previous loop, a new loop current can be assigned. To apply the loop method to a 
circuit, we start by assigning each loop current. Generally, assume that all unknown currents flow 
in the clockwise direction, and all known currents follow the directions of the current sources. The 
voltage across each passive element is expressed in terms of loop currents using the voltage-current 
relations given in Section 6.1. We then apply Kirchhoff’s voltage law to each loop with unknown 
current, and the resulting set of equations can be combined to obtain the complete model of the 
circuit. The following example shows the details of the loop-current method. 


Example 6.6: Circuit Modeling Using the Loop Method: Two Loops 

Reconsider the circuit in Figure 6.21 and solve Example 6.4 using the loop method. 

Solution 

Assign loop currents as shown in Figure 6.23. Note that there are two loops with unknown 
currents. 
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FIGURE 6.23 A circuit containing two loops. 

For loop 1, applying Kirchhoff's voltage law gives 


v L + v R - v a = 0. 

Expressing the voltage across each element in terms of the loop currents, we have 

4+W,0. 

dt 

Similarly, applying Kirchhoff's voltage law to loop 2 gives 
v c + v R = 0, 


lji 2 dt + R(i 2 -id = 0. 


Differentiating the above equation with respect to time results in 
±j 2+R !k- R *L = o. 


The differential equation obtained in each loop is first-order; thus, the circuit is a second-order 
system. The two first-order differential equations can be written in matrix form as follows: 


i| olk/dtl 

L -R /d1d/ 2 /dt| 


Note that the output voltage v D is related to the currentthrough the capacitor, that is, v D =— f/ 2 dt 
1 C J 

r V4I s) = l 2 (s). Taking the Laplace transform of the system of differential equations gives 


i \r (s) \- 

-Rs Rs + ^ |/ 2 (s)J 


Using Cramer's rule to solve for / 2 (s), we have 


/ 2 (s) = 


4£{t). 
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Thus, 


Taking the inverse Laplace transform gives the same input-output equation obtained previ¬ 
ously in Example 6.4, 


RLCv„ + Lv a + Rv a = Rv r 

Example 6.6 shows that the loop method is similar to the node method. The choice between 
the two methods is often made based on the circuit at hand. For example, considering the circuit 
in Figure 6.22, there are two independent nodes, but three independent loops. Therefore, the node 
method is expected to be easier to apply (see Example 6.5). The reader can try the loop method to 
solve the same problem. We will emphasize the node method to obtain mathematical models of 
circuits in this book. 


6.2.5 State Variables of Circuits 

To represent a circuit model in state-space form, we need to choose an appropriate set of state variables 
whose time derivatives are expressed in terms of the state variables and inputs. Because the choice of 
state variables is not unique, it is difficult to identify the appropriate states for expressing a circuit in 
state-space form. Here, we introduce a customary choice of state variables by identifying the energy 
storage elements. As stated in Section 6.1, both inductors and capacitors can store energy. In a given 
circuit, knowledge of the voltage signals across capacitors and of the current signals through induc¬ 
tors is sufficient enough to calculate other circuit variables using only algebraic equations. Generally, 
inductor currents and capacitor voltages are continuous in nature and are often chosen as the state 
variables. To determine the state-space form of an electric circuit, we need to find the expression of 
dr L /df or dv c /df for each inductor or capacitor. Based on the voltage-current relations, we have 


di L 

~dT 


( 6 . 21 ) 


and 


dv c 

~dT 


C 


( 6 . 22 ) 


where v L is the inductor voltage and i c is the capacitor current. Thus, the problem is converted to 
expressing v L and i c in terms of state variables and inputs using Kirchhoff’s laws and voltage- 
current relations for electrical elements. 


Example 6.7: State-Variable Model of the Circuit in Example 6.4 

Reconsider the circuit shown in Figure 6.21. 

a. Derive the state-variable model with inductor currents and capacitor voltages as states. The 
input is the applied voltage v a , and the output is the voltage across the capacitor C. 

b. Based on the state-space form obtained in Part (a), determine the differential equation relat¬ 
ing the output voltage v D (t) to the input voltage v a (t). 



258 


Modeling and Analysis of Dynamic Systems 


Solution 

a. We first label the nodes and currents as we did in Example 6.4. Note that the circuit has 
two independent energy storage elements, L and C. This implies that two state variables are 
needed, and they are 


Their time derivatives are 


• 1 
Xl_ d t~T Vl ' 

■ _ dv c _ 1 . 

T~c' c ' 

We need to express the voltage across the inductor, v L , and the current through the capaci¬ 
tor, / c , in terms of the state variables and the input. Note that 


Applying Kirchhoff's current law to node 1 gives 



Thus, the complete set of two state-variable equations is 
_1 T_ 

l* 2 + l u ' 

^ 1 

C Xl RC* r 



The output equation is 


The state equation and the output equation can be written in matrix form as follows: 



C RC_ 


y=[° 1 ]{^} +0 ’ u - 


b. Note that V a (s) = Yfs) and V a (s) = U(s). As presented in Section 4.4, the state-space form can 
be converted to a transfer function using 





Electrical, Electronic, and Electromechanical Systems 


259 


Substituting A, B, C, and D matrices obtained in Part (a) gives 



s 



R 


L 


oj RLCs 2 + Ls + R ' 


C S+ RC_ 


which returns the same input-output equation as the one obtained in Examples 6.4 and 6.6. 

PROBLEM SET 6.2 

1. Consider the first-order RC circuit shown in Figure 6.24. 

a. Derive the input-output differential equation relating v c and v a . 

b. Determine the transfer function I(s)/VJis), which relates the loop current i(t) to the 
applied voltage v a (t). Assume that all the initial conditions are zero. 

2. Consider the first-order RL circuit shown in Figure 6.25. 

a. Derive the input-output differential equation relating i L and v a . 

b. Determine the transfer function V L (s)/VJ % s), which relates the voltage across the induc¬ 
tor v L (f) to the applied voltage v a (f). Assume that all the initial conditions are zero. 

3. Consider the circuit shown in Figure 6.26. Use the node method to derive the input-output 
differential equation relating v D and v a . 

4. Repeat Problem 3 using the loop method. 

5. Consider the circuit shown in Figure 6.27. Use the node method to derive the input-output 
differential equation relating i and v a . 

6. Repeat Problem 5 using the loop method. 



FIGURE 6.24 Problem 1. 



FIGURE 6.25 Problem 2. 
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FIGURE 6.26 Problem 3. 


'6 


X- 


FIGURE 6.27 Problem 5. 


7. Consider the circuit shown in Figure 6.28. Use the node method to derive the input-output 
differential equation relating v D and v a . 

8. Repeat Problem 7 using the loop method. 

9. Consider the circuit shown in Figure 6.29. Use the node method to derive the differential 
equations for node voltages. Determine the transfer function V n (s)IV.J,s). Assume that all 
initial conditions are zero. 

10. Reconsider the circuit shown in Figure 6.29. Use the loop method to derive the differential 
equations for loop currents. Determine the transfer function V n (s)IV.J.s). Assume that all 
initial conditions are zero. 

11. Consider the circuit shown in Figure 6.26. Determine a suitable set of state variables and 
obtain the state-space representation with v 0 as the output. 

12. Repeat Problem 11 for the circuit shown in Figure 6.27 with i as the output. 



FIGURE 6.28 


Problem 7. 
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FIGURE 6.29 






FIGURE 6.30 Problem 15. 


Ri L x 



FIGURE 6.31 Problem 16. 

13. Repeat Problem 11 for the circuit shown in Figure 6.28. 

14. Repeat Problem 11 for the circuit shown in Figure 6.29. 

15. Repeat Problem 11 for the circuit shown in Figure 6.30. 

16. Repeat Problem 11 for the circuit shown in Figure 6.31. 

6.3 OPERATIONAL AMPLIFIERS 

An op-amp is an electronic element that is used to amplify electrical signals and drive physical 
devices. Figure 6.32 shows the schematic diagram of an op-amp, which is a voltage amplifier with 
a high gain K. Unlike the electrical elements discussed in earlier sections, op-amps have more than 
two terminals. The diagram in Figure 6.32 does not show all of the terminals connected to the phys¬ 
ical devices. It only shows a pair of input terminals and one output terminal. The output voltage is 

v 0 = K(v + - v_), (6.23) 

where A'is a very large positive number, typically 10 5 to 10 6 . Because the output voltage v Q must be a 
finite number and K is very large, the voltage difference between the input terminals must approach 
zero. Thus, 
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FIGURE 6.32 An op-amp. 


(6.24) 


which is considered to be the op-amp equation. 

Note that the diagram in Figure 6.32 is a simple symbol for an op-amp, which typically contains 
many resistors, inductors, and capacitors built on an integrated chip. 

Example 6.8: An Op-Amp Multiplier 

Consider the op-amp circuit shown in Figure 6.33, in which one resistor R 2 is in parallel connec¬ 
tion with an op-amp, and the resulting parallel circuit is in series connection with another resistor 
R,. Determine the relation between the input voltage Vi and the output voltage v D . Assume that the 
current drawn by the op-amp is very small. 


Solution 


Label the currents at the nodes with unknown voltages. The system has only one significant node: 
node 1. Applying Kirchhoff's current law to node 1 gives 


Because the current drawn by the op-amp is very small, that is, i 3 ~ 0, we have 


Using the voltage-current relation for each resistor yields 


R, R 2 


R 2 



FIGURE 6.33 An op-amp multiplier circuit. 
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Note that the input terminal marked with the plus sign is connected to the ground. From the 
op-amp equation v + « v_, we have 


v, = v_ « v + = 0. 

Thus, the relation between the input voltage v-, and the output voltage v D is 


_ % 

V ° _ Z?/ 1 ' 

This circuit is known as an op-amp multiplier and is widely used in control systems. Op-amps 
can also be used for integrating and differentiating signals. 


Example 6.9: An Op-Amp Differentiator 

Consider the op-amp circuit shown in Figure 6.34. Derive the differential equation relating the 
input voltage v, and the output voltage v 0 . 


Solution 

Note that the current drawn by the op-amp is very small. Applying Kirchhoff's current law to node 
1 gives 


Because the input terminal marked with the plus sign is connected to the ground, the op- 
amp equation yields v, = v_ ~ v + = 0. Thus, the differential equation for the op-amp circuit in 
Figure 6.34 is 


CVj = 


R 



FIGURE 6.34 An op-amp differentiator circuit. 
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FIGURE 6.35 An op-amp integrator circuit, 
or 


v 0 = -RCv i . 

This implies that the output voltage v 0 is proportional to the time derivative of the input volt¬ 
age Vi. The circuit in Figure 6.34 is therefore called a differentiator. Switching the resistor and 
the capacitor in Figure 6.34 results in an op-amp integrator shown in Figure 6.35. The relation 
between the output voltage and the input voltage is v 0 =-v i /(RC). We leave the derivation as an 
exercise for the reader. 


Example 6.10: An Op-Amp Circuit 

Consider the op-amp circuit shown in Figure 6.36. Derive the differential equation relating the 
output voltage v D (t) and the input voltage V;(t). 


Solution 

Note that the current flowing into the input terminal of the op-amp is very small. Applying 
Kirchhoff's current law to node 1 yields 

'r,+'c,-'r 2 -'c 2 =0- 

Using the voltage-current relations for electrical elements to express each term in the equa¬ 
tion, we obtain 



FIGURE 6.36 An op-amp circuit. 
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Because v + = 0, the op-amp equation yields v, = v_ ~ v + = 0. Substituting this into the previous 
equation results in 


which can be rearranged into 


PROBLEM SET 6.3 

1. The op-amp circuit shown in Figure 6.37 is a summing amplifier. Determine the relation 
between the input voltage V; and the output voltage v 0 . 

2. The op-amp circuit shown in Figure 6.38 is a difference amplifier. Determine the relation 
between the input voltage V; and the output voltage v 0 . 

3. The op-amp circuit shown in Figure 6.39 is a noninverting amplifier. Determine the rela¬ 
tion between the input voltage v, and the output voltage v 0 . 

4. Consider the op-amp integrator circuit shown in Figure 6.35. Derive the differential equa¬ 
tion relating the input voltage v ; and the output voltage v 0 . 

5. Consider the op-amp circuit shown in Figure 6.40. Derive the differential equation relating 
the input voltage v, and the output voltage v 0 . 

6. Repeat Problem 5 for the op-amp circuit shown in Figure 6.41. 



FIGURE 6.37 Problem 1. 



FIGURE 6.38 Problem 2. 
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FIGURE 6.39 Problem 3. 


Ri 



FIGURE 6.41 Problem 6. 

6.4 ELECTROMECHANICAL SYSTEMS 

Many useful devices, such as motors, generators, speakers, microphones, and accelerometers, are 
constructed by combining electrical elements and mechanical elements. For such electromechani¬ 
cal systems, we must apply electrical principles (e.g., Kirchhoff’s laws) and mechanical principles 
(e.g., Newton’s second law) to develop the dynamics model of the system. In this section, we discuss 
the modeling of direct current (DC) motors, which can generate forces or torques using electrical 
subsystems, and are essential actuators in control systems. 

6.4.1 Elemental Relations of Electromechanical Systems 

In a variety of electromechanical systems, electrical and mechanical subsystems are coupled by a 
magnetic field. Figure 6.42 shows a DC motor, which consists of basic elements (including the sta¬ 
tor, the rotor, the armature, and the commutator). The stator provides a magnetic field across the 
rotor. The current is conducted to coils attached to the rotor via brushes, and the rotor is free to 
rotate. The combined unit of coils attached to the rotor is called the armature. The brushes are in 
contact with the rotating commutator, which causes the current to always be in the proper conduc¬ 
tor windings so as to produce a torque and keep it in the proper direction. The magnetic coupling 
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FIGURE 6.42 A DC brush motor. 

relations between the electrical and mechanical subsystems in a DC motor can be derived using 
fundamental electromagnetic laws in introductory physics textbooks [4]. 

For simplicity, let us first consider a wire carrying a current within a magnetic field. Assume 
that the wire is either a straight conductor perpendicular to a uniform magnitude field or a circular 
conductor in a radial magnetic field. These are two common situations in many applications. Then a 
force will be exerted on the wire, and the relation between the force/and the current i is 


/= BLi, (6.25) 

where B is the magnetic flux density in tesla (1 T = 1 Wb/m 2 ) and L is the length of the conductor in 
the magnetic field. The direction of the force can be determined using the right-hand rule as shown 
in Figure 6.43a. Curl four fingers from the positive current direction to the positive direction of the 
magnetic field, and the thumb will point to the positive direction of the force. 

If the conductor moves relative to the magnetic field, then a voltage will be induced in the con¬ 
ductor. Figure 6.43b shows a straight conductor moving upward in a magnetic field. Assume that 
the direction of the motion is perpendicular to the direction of the magnetic field. Then the scalar 
relation between the induced voltage e b and the velocity v of the conductor is 


e b = BLv. (6.26) 

To avoid confusion, we use e to denote the voltage instead of v as we did in the previous sections. 
Again, using the right-hand rule, curl four fingers from the positive direction of the velocity to the 
positive field direction, and the thumb will point to the positive direction of the induced voltage e b . 
Note that the induced voltage e b opposes the current, and is known as back electromotive force (emf, 
an old term for voltage). 

For the DC motor shown in Figure 6.42, assume that the armature current is i and the number of 
armature coils is n. By Equation 6.25, the force generated on the armature due to the magnetic field 
is/= nBLi. If the radius of the armature is r, then the torque produced by the motor is 


(a) 


/ 




FIGU RE 6.43 The direction of (a) the force on a conductor and (b) the voltage induced in a moving conductor. 
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T m =fr = nBLir = K t i. 


(6.27) 


where K t = nBLr is the torque constant of the motor. Note that the linear velocity of the coils is 
proportional to the angular velocity, v = cor. Then, by Equation 6.26, the back emf generated in the 
armature due to the rotating motion is 


(6.28) 


e b = nBLv = nBLmr = K e (o, 


where K e = nBLr is the back emf constant of the motor. The two constants, K t and K e , have the same 
expression and they will have the same numerical value if expressed in the same system of units. 
Equations 6.27 and 6.28 are used to model the coupling between the electrical and mechanical 
subsystems in a DC motor. Two primary types of DC motors, armature-controlled DC motors and 
field-controlled DC motors, are discussed next. 

6.4.2 Armature-Controlled Motors 

Figure 6.44 shows an electromechanical system with an armature-controlled DC motor. The elec¬ 
trical system is represented by an armature circuit, in which v a is applied armature voltage, R A is 
armature resistance, L a is armature inductance, and e b is back emf generated in the armature. The 
mechanical part is represented by a rotational system, in which I is the mass moment of inertia due 
to the rotor and the load, B is the viscous rotational damping associated with the load, T m is the 
torque produced by the motor, and t l is an additional torque applied to the load. In general, the load 
torque acts in the direction opposite to the motor torque. The differential equations of the system 
can be derived by using Kirchhoff’s voltage law, the moment equation, and the electromechanical 
coupling relations. 

For the electrical circuit, applying Kirchhoff’s voltage law gives 




(6.29) 


For the mechanical part, applying the moment equation gives 



T m —T l -BQ = 


(6.30) 




X a 



FIGURE 6.44 An electromechanical system with an armature-controlled DC motor. 
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Substituting the coupling relations between the electrical and mechanical subsystems, e b — K e (o — KJd 
and T m = K t i a , into Equations 6.29 and 6.30, we obtain 

K — + 44+40 = v a , (6.31) 

At 

/0+/i0-Ay a =-T L . (6.32) 

Note that the stiffness terms associated with the variable 0 do not appear in Equations 6.31 and 
6.32. Thus, the system dynamics can also be expressed in terms of co instead of 0, as 

4 — + 44 + K e (0 = v a , (6.33) 

df 

7cb + Bco - 44 = -t L . (6.34) 

Assume that all the initial conditions are set to zero. Taking the Laplace transform of Equations 
6.33 and 6.34 results in 


L. d sIJs) + RJJs) = V,(s) - K e Cl(s), (6.35) 

*Q(r) + BQ(s) = -T l (s) + KJ d (s). (6.36) 

Figure 6.45 shows a block diagram of the above system. Using the basic rules for block diagram 
operation and reduction (see Section 4.5), we obtain the transfer function relating the armature volt¬ 
age vjt) and angular velocity o>(f), with t L (t) = 0, 

Q(j) _ (l/(4j+4))-g t -(i/(/j+J)) _4_ (637) 

VJs) l + (l/a a s + 4))-4-(l/(A + B))-A e LJs 2 +(L a B+RJ)s + R,B+K t K l: ' 

The transfer function relating the load torque T, (f) and co(0, with v a (f) = 0, is 

Q(J) __ -(l/(/.s + B)) _ = _ L.j+R d _ 

r L (s) l-(l/(/s + £)X-R e )-(l/(L,s+R l ))-K t LJs 2 + (L a B + RJ)s + R a B + K t K e ' { ' ’ 

Note that the two transfer functions have the same denominator, which is characteristic of the 
system. The order of the characteristic polynomial implies that the system is second-order. The 



FIGURE 6.45 Block diagram of an armature-controlled DC motor. 
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transfer functions Cl(s)/V. A (s) and Q(s)/T L (s) can also be obtained by solving Equations 6.35 and 6.36 
using Cramer’s rule, and this is left as an exercise for the reader. 

The motor model can be represented in state-space form by choosing appropriate states. We 
choose the armature current i a and the angular velocity to as the states. As shown in Figure 6.44, the 
armature voltage and the load torque are the two inputs. Let m, = v a and u 2 = t l . Solving for the time 
derivatives di a /df and (b from Equations 6.33 and 6.34 yields 


(6.39) 


X 2 = (0 = —i a -C0--T l . 


Thus, the state equation is 


ft- 

4 4 

4 4 

ft* 

[-1 ol 
4 

ft 

1*2 j 

K t B 

1*2 j 

o - 1 

L / J 

w 


I I „ 




If we select to as the output, then the output equation is 


y = [o 




(6.40) 


(6.41) 


(6.42) 


Example 6.11: A Single-Link Robot Arm Driven by a DC Motor 

Consider the dynamic system shown in Figure 6.46, in which a single-link robot arm is driven 
by a DC motor. The differential equation of the robot arm in terms of the motor variable 0 m was 
determined in Example 5.17 to be 


(/ m + N 2 I) e m +(B m + N 2 fi)0 m = x m , 



FIGURE 6.46 The model of a single-link robot arm driven by an armature-controlled DC motor. 
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where / m and / are the mass moments of inertia of the motor and the load, respectively, B m and B 
are the coefficients of the torsional viscous damping of the motor and the load, respectively, x m is 
the torque generated by the motor, and N is the gear ratio. Assume that the armature inductance 
is negligibly small, that is, L a ~ 0. The torque and the back emf constants of the motor are K t and 
K e , respectively. 

a. Derive the differential equation relating the applied voltage v a and the link angular displace¬ 
ment 0. 

b. Determine the transfer function &(s)/V 3 (s) using the differential equation obtained in Part (a). 
Assume that all initial conditions are zero. 


Solution 


a. For the electrical circuit, applying Kirchhoff's voltage law gives 


where e b = fC e 0 m . With the given gear ratio, 


we have 



Thus, the current 4 can be expressed as 


— v - fe 1 1 

R a Va R a N ' 


0. 


The model of the mechanical part in terms of 0 is given by 


(/ m + N 2 I) 0+ (B m + N 2 B) 10 = x m , 


N 


N 


where x m = K t i a . Substituting the expression of the current 4 , we obtain 



Rearranging the equation yields 



b. Taking the Laplace transform results in 


0(5) 


NK t /R a 


V a (s) (/ m + N 2 l)s 2 +(B m + N 2 B + K t K e /R^ )s' 
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This electromechanical system can be modeled using Simulink and Simscape. The details will 
be discussed in Section 6.6. 


6.4.3 Field-Controlled Motors 

In all but the smallest motors, the magnetic field is established by a current in separate field wind¬ 
ings on the stator. For an armature-controlled DC motor, a constant current source is supplied to the 
field windings and the applied armature voltage, v a , varies. Another way of controlling a DC motor 
is to keep the armature current i a constant while varying the voltage applied to the field windings. 
A simple model of a field-controlled DC motor is shown in Figure 6.47, in which the shaft in the 
mechanical subsystem is assumed to be massless, rigid, and undamped. The electrical part is repre¬ 
sented by a field circuit, where R { is field resistance, L { is field inductance, v f is field voltage, and i t is 
field current. Note that there is no back emf created in the field circuit. The torque generated by the 
motor is proportional to the field current, 


(6.43) 


The system under consideration has two inputs, v f and t l . Two independent variables, i f and 0, 
can be used to describe the system dynamics. For the electrical part, we apply Kirchhoff’s voltage 
law to the field circuit, 


L f — + R f i f = v f . 
df 


(6.44) 


For the mechanical part, introducing the motor equation (Equation 6.43) and applying the moment 
equation gives 


IQ+BQ-Kjf = -t l 


(6.45) 


or 


/(b + Bco- K t i f = —t l . 


(6.46) 


v f 



X f 



FIGURE 6.47 An electromechanical system with a field-controlled DC 
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Equations 6.44 and 6.45, or Equations 6.44 and 6.46, are the system differential equations of the 
field-controlled DC motor. 

Assuming zero initial conditions and taking the Laplace transform of Equations 6.44 and 6.46, 
we have 


L f sfas) + R f I f (.v) = V f (.y), 

(6.47) 

M2 (s) + BQ(s) = KJ f (s) - T l (s). 

(6.48) 


A block diagram of the system is shown in Figure 6.48. The transfer functions Q(s)/V f (s) and £2(,s)/ 
7j (.s) can be easily derived from the diagram, 


QQ) K t _ K ,_ 

Vf(s) ~ ( L { s + R f )(Is + B)~ L f Is 2 + (L f B + R f I)s + R f B’ 


(6.49) 


Ms) _ t 
T l (s) Is + B' 


(6.50) 


If we choose the field current and the angular velocity as the state variables fa = i { and x 2 = w), the 
field voltage and the load torque as the inputs fa = v f and u 2 = t l ), and the angular velocity as the 
output (y = m), then the state-space form is 



(6.51) 


PROBLEM SET 6.4 

1. Reconsider the armature-controlled motor in Figure 6.44. Equations 6.31 and 6.32 repre¬ 
sent the dynamics of the system in terms of the variables 4 and 0. 

a. Assuming the angle 0 to be the output, draw a block diagram to represent the dynamics 
of the armature-controlled motor. 

b. Derive the transfer functions Q(s)/VJs) and Q(s)/T L (s). All of the initial conditions are 
assumed to be zero. 

c. Determine the state-space form. 

2. Reconsider the field-controlled motor in Figure 6.50. Equations 6.44 and 6.45 represent the 
dynamics of the system in terms of the variables i f and 0. 




Vf (s) 



fas) 


FIGURE 6.48 Block diagram of a field-controlled DC motor. 
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a. Assuming the angle 0 to be the output, draw a block diagram to represent the dynamics 
of the field-controlled motor. 

b. Derive the transfer functions ®(s)/V£s) and ®(s')/T L (s). All of the initial conditions are 
assumed to be zero. 

c. Determine the state-space form. 

3. Consider the electromechanical system shown in Figure 6.49a. It consists of a cart of mass 
m moving without slipping on a ground track. The cart is equipped with an armature- 
controlled DC motor, which is coupled to a rack and pinion mechanism to convert the rota¬ 
tional motion to translation and to create the driving force/for the system. Figure 6.49b 
shows the equivalent electric circuit and the mechanical model of the DC motor, where r 
is the radius of the motor gear. The torque and the back emf constants of the motor are K t 
and K e , respectively. 

a. Derive the differential equation of the system relating the cart position x and the 
applied voltage v a . 

b. Determine the transfer function X(s)/V t (s) using the differential equation obtained in 
Part (a). Assume that all initial conditions are zero. 

4. Consider the single-link robot arm as shown in Figure 6.50a. It is driven by an armature- 
controlled DC motor through spur gears with a total gear ratio of N. The mass moments 
of inertia of the motor and the load are I m and I, respectively. The coefficients of torsional 
viscous damping of the motor and the load are B m and B, respectively. Figure 6.50b shows 
the equivalent electric circuit and the mechanical model of the DC motor. The torque and 
the back emf constants of the motor are K t and K e , respectively. 

a. Determine the transfer function Assume that all initial conditions are zero. 

b. Determine the differential equation relating the applied voltage v a and the link angular 
displacement 0. 



FIGURE 6.50 Problem 4. (a) a single-link robot arm, (b) the DC motor 
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FIGURE 6.52 Problem 6. 


5. A more complicated model of the armature-controlled motor is shown in Figure 6.51, in 
which the rotor is connected to an inertial load through a flexible and damped shaft. K m 
and B m represent the torsional stiffness and the torsional viscous damping of the shaft, 
respectively. The mass moments of inertia of the motor and the load are / m and I L , respec¬ 
tively. Let co m = 0 m and co L = 0 L . 

a. Assuming zero initial conditions, derive the transfer functions £2 L (s)/14(i) and £l L (s)/T L (s). 

b. Assuming the angular velocity co L to be the output, draw a block diagram to represent 
the dynamics of the armature-controlled motor. 

c. Determine the state-space form. 

6. A more complicated model of the field-controlled motor is shown in Figure 6.52, in which 
the rotor is connected to an inertial load through a flexible and damped shaft. K m and B m 
represent the torsional stiffness and the torsional viscous damping of the shaft, respec¬ 
tively. The mass moments of inertia of the motor and the load are I m and / L , respectively. 

a. Assuming zero initial conditions, derive the transfer functions £2 L (i)A^(s) and £l L (s)/T L (s). 

b. Assuming the angular velocity oo L to be the output, draw a block diagram to represent 
the dynamics of the field-controlled motor. 

c. Determine the state-space form. 

6.5 IMPEDANCE METHODS 

The concept of impedance is very useful in electrical systems because it provides an alternative 
to transfer functions and differential equations for the derivation of system mathematical models. 
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6.5.1 Impedances of Electric Elements 

Impedance is a generalization of the concept of resistance. Mathematically, electrical impedance is 
defined as the ratio of the voltage to the current in the s domain. 


Z(s) = 


V^s) 

Ids)' 


(6.52) 


For a resistor, we have v = Ri, hence the impedance is its resistance R, 

Z{s) = R. (6.53) 

For an inductor, we have v = Ldi/dt. Assuming zero initial conditions, this yields V(s) = Lsl(s). 
Thus, the impedance of an inductor is 


Z(s) = Ls. (6.54) 

Similarly, for a capacitor, i = Cdvldt yields I(s) = CsV(s). Thus, the impedance of a capacitor is 

Z(s)=^. (6.55) 


6.5.2 Series and Parallel Impedances 

Because impedance can be viewed as a generalized resistance, it is easy to find the equivalent 
impedance for series-connected or parallel-connected electrical elements. Figure 6.53 shows n 
impedances in series. Note that the same current flows through n impedances and the total voltage 
drop across them is 


V(y) = 1{s)Z ] {s) + I(s)Z 2 (s) + • • • + I(s)Z n {s). (6.56) 

In the equivalent diagram, the relation between the current and the voltage is 

V(s) = I(s)Z cq (s). (6.57) 


Thus, 


Z eq (y) = Z,(a) + Z 2 (s) + - + Z n (s). (6.58) 

That is, the equivalent impedance Z eq is equal to the sum of all the individual impedances Z ; . 

If there are n impedances in parallel as shown in Figure 6.54, then all the impedances have the 
same voltage drop. The total current through all the elements is 


m= 


V(s) | V(j) | 
Z, (.s') Z 2 (s) 


, V(s) 
Z n (s) 


(6.59) 


FIGURE 6.53 Equivalence for impedances in series. 
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FIGURE 6.54 Equivalence for impedances in parallel. 
For the equivalent impedance, 


I(s) = 


V(s) 

z^sY 


Therefore, 


Z^s) 


( 6 . 60 ) 


( 6 . 61 ) 


That is, the reciprocal of the equivalent impedance Z eq is equal to the sum of all the reciprocals of 
the individual impedances Z r 

Note that impedance is essentially a transfer function, which has no integral or derivative signs. 
If we redraw an electrical system in the s domain by replacing passive elements with their corre¬ 
sponding impedances, we can determine the transfer function of the system using Kirchhoff’s laws 
along with series and parallel laws. The differential equation of the system can then be obtained by 
converting the transfer function back from the s domain to the time-domain. Thus, the concept of 
impedance provides another way of modeling electrical systems without writing any time-domain 
equations. 


Example 6.12: Impedance Method: An RLC Circuit 

For the electric circuit in Example 6.4, use the impedance method to derive the differential equa¬ 
tion relating the output voltage v a (t) to the input voltage v a (t). Assume zero initial conditions. 


Solution 

The original electric circuit is shown in Figure 6.55a. We can replace the passive elements with 
their impedance representations and redraw the circuit in the s domain as shown in Figure 6.55b. 
Note that the resistor R is in parallel connection with the capacitor C. The corresponding equiva¬ 
lent impedances are 


Z 2 (s) 


Y i 

R + VCs' 


R 

rcs+v 


Z 2 (s) = 
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FIGURE 6.55 An RLC circuit drawn (a) in time-domain, (b) in s domain, and (c) using impedances. 

For the equivalent impedance circuit in Figure 6.55c, we apply Kirchhoff's voltage law, 

Z,(s)/(s) + Z 2 (s)/(s) - V a (s) = 0, 
where the current is related to the output voltage by 

V Q (s) = Z 2 (s)l(s). 

Thus, we have 

Z 1 (s)^ + V 0 (s) = V a (s), 

Z 2 (s) 

which gives the transfer function relating the input voltage v a and the output voltage v 0 , 

V 0 (s) ZM = R 
K(s) ~ Z,(s)+ Z 2 (s)" RLCs 2 +b+R' 

By transforming V^sl/V^s) from the s domain to the time-domain with the assumption of zero 
initial conditions, we obtain the differential equation of the system 

RLCv a + Lv a + Rv a = Rv a , 

which is the same as the one obtained in Example 6.4. 

Example 6.13: Impedance Method: An Op-Amp Circuit 

For the op-amp circuit in Example 6.10, use the impedance method to derive the differential 
equation relating the output voltage v 0 (t) to the input voltage vj(f). Assume zero initial conditions. 
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Solution 

The original op-amp circuit is shown in Figure 6.56a. Replacing the passive elements with their 
impedance representations gives the equivalent op-amp circuit as shown in Figure 6.56b, where 


1 _ | 1 

Z,(s) " R, + 1/C,s ' 
1 _ 1 1 

Z 2 (s) " R 2 + VC 2 s' 


Z,(s) = 


% , 
j^Qs+f 


Z 2 (s) = 


RjQs+T 


Because the current drawn by the op-amp is very small, applying Kirchhoff's current law to 
node 1 yields, 


/,(s) = / 2 (s), 

l/(s)-U 1 (s) = \/ ] (s)-V' 0 (s) 
ZjCsJ $0 ' 


where the voltage at node 1 obeys 


V,(s) = V_(s) = V + (s) = 0. 


Consequently, we have 


V,is) _ *4(s) 
Z,,(5) Z 2 (s)' 



FIGURE 6.56 An op-amp circuit drawn (a) in time-domain and (b) using impedances. 
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which gives the transfer function relating the input voltage v t and the output voltage v o; 

VJfr) Zfis) _ Rfi 2 fis + R 2 

V,(s) ~ Z,(s) Rfi 2 C 2 s+R,' 

By transforming V^/V^s) from the s domain to the time-domain with the assumption of zero 
initial conditions, we obtain the differential equation of the system 

Rfi 2 C 2 v 0 + R,v a = -RfcPM - R 2 V v 

which is the same as the one obtained in Example 6.10. 


6.5.3 Mechanical Impedances 

Analogous to electrical impedance, mechanical impedance is defined 


Z(s) = 


V(J) 

F(s)’ 


(6.62) 


where V(s) and F(s) are the Laplace transforms of velocity v(i) and force fit), respectively. The 
impedance concept can also be used to obtain models of mechanical systems along with the linear 
graph, which is a topic beyond the scope of this text. Here, we only give the definitions of imped¬ 
ances for fundamental mechanical elements. 

For a viscous damper, the damping force is related to the velocity by/= bv or F(s) = bV(s). Thus, 
the impedance of a damper is 


Z(s) 


b' 


(6.63) 


For a spring element, the spring force is proportional to the displacement, f — kx = kjvdt or 
F(s) = kV(s)/s. Thus, 


Z(s)=[. (6.64) 

k 

For a mass element, by Newton’s second law, f = ma = mv or F(s) = msV(s). Thus, the impedance 
of a mass element is 


Z(s) = — . (6.65) 

ms 

When comparing the two sets of equations, Equations 6.53 through 6.55 and Equations 6.63 
through 6.65, we note that the corresponding electrical and mechanical elements are not equivalent, 
although they have similar physical effects. For example, both the resistor and the damper dissipate 
energy. However, the mathematical expressions for their impedances are different. 

PROBLEM SET 6.5 

1. Reconsider the RC circuit shown in Figure 6.24. Use the impedance method to determine 
the transfer function I(s)IVfis) and the input-output differential equation relating v c and v a . 
Assume that all the initial conditions are zero. 
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2. Reconsider the RL circuit shown in Figure 6.25. Use the impedance method to determine 
the transfer function V L (,s)/V a (.s) and the input-output differential equation relating i L and 
v a . Assume zero initial conditions. 

3. Reconsider the RLC circuit shown in Figure 6.26. Use the impedance method to determine 
the input-output differential equation relating v Q and v a . Assume zero initial conditions. 

4. Reconsider the RLC circuit shown in Figure 6.27. Use the impedance method to determine 
the input-output differential equation relating i and v a . Assume that all the initial condi¬ 
tions are zero. 

5. Reconsider the RLC circuit shown in Figure 6.28. Use the impedance method to determine 
the input-output differential equation relating v Q and v a . Assume zero initial conditions. 

6. Reconsider the RLC circuit shown in Figure 6.29. Use the impedance method to determine 
the input-output differential equation relating v Q and v a . Assume zero initial conditions. 

7. Reconsider the RLC circuit shown in Figure 6.30. Use the impedance method to determine the 
input-output differential equation relating v D and v a . Assume that all initial conditions are zero. 

8. Reconsider the op-amp circuit shown in Figure 6.41. Use the impedance method to deter¬ 
mine the differential equation relating the input voltage v ; and the output voltage v 0 . 

6.6 SYSTEM MODELING WITH SIMULINK AND SIMSCAPE 

Electrical systems, or electrical circuits, can be modeled as systems with interconnected electrical 
elements, such as resistors, inductors, capacitors, op-amps, and others. These passive electrical ele¬ 
ments are connected with active electrical elements, including current sources and voltage sources. 
The common output signals of electrical systems are currents and voltages. Similar to modeling of 
mechanical systems, the dynamics of electrical systems can be represented by ordinary differential 
equations, transfer functions, or the state-space form. Therefore, the Simulink modeling techniques 
discussed in Section 5.6 can also be applied to electrical systems. 

This section focuses on physical modeling of electrical systems with Simscape. The blocks in the 
library of Simscape\Foundation Library\Electrical are categorized into three types, 
Electrical Elements, Electrical Sources, and Electrical Sensors. The Simscape 
library of Electrical Elements includes basic electrical building blocks, such as resistors, 
inductors, capacitors, op-amps, electromechanical convertors, switches, grounds, etc. The Simscape 
library of Electrical sources includes DC, AC, and controlled voltage and current sources. 
The Simscape library of Electrical sensors includes two types of sensors, current and volt¬ 
age sensors. The examples in this section illustrate Simscape modeling of electric circuits, op-amp 
circuits, and DC motors. 

6.6.1 Electric Circuits 

To correctly model an electric circuit using Simscape, it is very important to verify polarity and 
connection to the ground. First, the + and - signs seen on the ports of a block indicate how the 
current flows through that block. Second, each topologically distinct electric circuit must contain at 
least one Electrical Reference block, which represents a connection to the ground. 

Example 6.14: A Series RLC Circuit 

Consider the series RLC circuit shown in Figure 6.57, where R = 1 Cl, L=1 H, and C = 0.5 F. When 
the switch is closed at 1 second, the circuit is driven by a 24 V DC voltage source. Assume that 
all initial conditions are zero. 

a. Build a Simscape model of the physical system and find the loop current i(t) and the voltage 
across the capacitor v c (t). 
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FIGURE 6.57 A series RLC circuit with a switch closed at 1 second. 

b. Refer to the results obtained in Example 6.1. Build a Simulink model of the system based on 
the transfer function l(s)/V a (s) and find the loop current /(£). 

c. Refer to the results obtained in Example 6.1. Build a Simulink model of the system based on 
the transfer function V c (s)/V a (s) and find the voltage across the capacitor v c (t). 


Solution 

a. The Simscape block diagram corresponding to the physical system is shown in Figure 6.58, 

which can be created by following these steps. 

1. Type ssc_new at the MATLAB Command window to open the main Simscape library 
and create a new model. 

2. Open the library of Simscape/Foundation Library/Electrical/Electrical 
Elements and drag the Resistor, Inductor, and Capacitor blocks into the 
model window. Double-click on these blocks to define the parameters Resistance, 
Inductance, and Capacitance as 1 Ohm, 1 H, and 0.5 F. Also, drag the Switch 
and Electrical Reference blocks into the model window. 

3. To add a 24 V DC voltage source, open the library of Simscape/Foundation 
Library/Electrical/Electrical Sources and drag the DC Voltage Source 



FIGURE 6.58 Simscape block diagram corresponding to Example 6.14. 
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block into the model window. Double-click on the block and define the parameter 
Constant voltage as 24 V. 

4. To measure the loop current and the voltage across the capacitor, open the library of 
Simscape/Foundation Library/Electrical/Electrical Sensors and drag 
both the Current Sensor and Voltage Sensor blocks into the model window. 
Each sensor has ports + and -, through which the sensor is connected to the circuit. 
The third port, I for the Current Sensor or V for the Voltage Sensor, is a physical 
signal port that outputs either current or voltage value. 

5. Note that the Switch is closed at 1 second. To add the time source, open the library 
of Simulink/Sources and drag the Clock block, which is connected to the 
Simulink-PS Converter block and then the Switch block. Double-click on the 
Switch block and type 1 for the Threshold. This implies that the switch is closed if 
the time is greater than 1 second, otherwise the switch is open. 

6. To display the loop current and the voltage across the capacitor, open the library of 
Simulink/Sinks and drag two Scope blocks, which are connected to the sen¬ 
sor blocks through the PS-Simulink Converter blocks. Note that the Current 
Sensor is connected in series with the circuit and the Voltage Sensor is connected 
in parallel with the Capacitor block. 

7. Orient the blocks and connect them as shown in Figure 6.58. 

Set the simulation time to 15 seconds and run the model. The plots of the resulting loop 
current i(t) and the voltage across the capacitor v c (t) are shown in Figures 6.59 and 6.60, 
respectively. 

b. Refer to the results obtained in Example 6.1. The transfer function relating the input v a (f) to 

the output i(t) is 


l(s) _ Cs 
V a (s) LCs 2 + RCs+Y 

When the switch is closed at 1 second, the circuit is driven by a 24 V DC voltage 
source. Mathematically, this can be modeled using a Step block with the Step time 
set as 1 and the Final value set as 24. The corresponding Simulink block diagram is 
shown in Figure 6.61, where a Transfer Fen block is used to represent the series RLC 



Time (s) 


FIGURE 6.59 Loop current output iff) of the series RLC circuit in Example 6.14. 
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Time (s) 

FIGURE 6.60 Voltage across the capacitor v c (t) in Example 6.14. 



FIGURE 6.61 Simulink block diagram built based on the transfer function I(s)/V a (s). 


circuit. Double-click on the block and type [1 0] for the Numerator coefficient 
and [L*C R*C 1] for the Denominator coefficient to define the transfer function 
/(s)/V/(s). 

c. Similarly, the transfer function relating the input v a (t) to the output v c (t) is obtained as 

Vcls) _ 1 

'%'(*> LCs 2 + RCs + 1 

The corresponding Simulink block diagram is similar to the one shown in Figure 6.61, 
except that the Numerator coefficient of the Transfer Fen block is [1], instead 
of [1 0]. Running the Simulink models, we will obtain the same current output as 
shown in Figure 6.59 and the voltage output as shown in Figure 6.60. 

Example 6.15: An RC High-Pass Filter 4V 

A passive, analog, first-order high-pass filter can be realized by an RC circuit (see Figure 6.62), 
which passes high-frequency signals but attenuates signals at low frequencies. Assume that the 
resistance is R = 100 Cl and the capacitance is C = 10 pF. The circuit is connected to an AC volt¬ 
age source, which has an amplitude of 1 V and a frequency varying from 1 to 1000 Hz. Build a 
Simscape model of the physical system and find the output voltage v D (t) when the frequency of the 
input voltage is 1, 10, 100, and 1000 Hz. 











Voltage (V) Voltage (V) 
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FIGURE 6.62 A passive, analog, first-order high-pass filter realized by an RC circuit. 



FIGURE 6.63 Simscape block diagram corresponding to Example 6.15. 

Frequency = 1 Hz Frequency = 10 Hz 



Frequency =100 Hz 




FIGURE 6.64 Comparison between the input and output voltages of the high-pass filter in Example 6.15. 
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Solution 

The Simscape block diagram of the RC high-pass filter is shown in Figure 6.63, in which the AC 
Voltage Source block outputs a sinusoidal voltage. To better understand high-pass filtering, 
two Voltage Sensor blocks are included to measure the input and output voltages. They are 
displayed on the same scope through a Mux block, which can be found in the Simulink library 
of Signal Routing. Double-click on the AC Voltage Source block, type 1 for the Peak 
amplitude, and choose the unit as V. Vary the Frequency from 1, 10, 100, to 1000 Hz and 
run the simulations. The comparison between the input voltage and output voltage is given in 
Figure 6.64, in which solid lines are the output voltages and the dashed ones are the input volt¬ 
ages. It is obvious that the filter passes high-frequency signals but attenuates signals at low fre¬ 
quencies. The reader can derive the transfer function of the system and build a Simulink block 
diagram as an exercise. 


6.6.2 Operational Amplifiers 

The Op-Amp block in the Simscape library of Electrical Elements models the ideal behavior 
of an op-amp. The block has three electrical conserving ports. As discussed in Section 6.3, the volt¬ 
age at the positive pin is equal to the voltage at the negative pin. In other words, the op-amp gain 
is assumed to be infinite. This implies that the current from the positive terminal to the negative 
terminal is zero. Building an op-amp circuit using the Op-Amp block combined with other electri¬ 
cal elements, such as resistors, capacitors, etc., is very straightforward. 


Example 6.16: An Op-Amp Differentiator 

Consider the op-amp differentiator in Example 6.9. Assume that the parameter values are R = 1 
MCI and C = 1 pF. Build a Simscape model of the op-amp circuit and find the output voltage v a (t) 
when the input voltage is v, = -0.lt V. 


Solution 

The Simscape block diagram of the op-amp differentiator is shown in Figure 6.65, in which a 
Clock block and a Gain block are used to generate the input voltage Vj = -0.1t V. The Simulink 



FIGURE 6.65 Simscape block diagram corresponding to Example 6.16. 
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input signal is converted into an equivalent voltage source using a Controlled Voltage 
Source block. According to the result in Example 6.9, the output voltage v 0 is proportional to the 
time derivative of the input voltage V; via v D = -RCv,. Substitute the parameter values, and a con¬ 
stant value of 0.1 is expected to be the output voltage. The problem of building a Simulink block 
diagram based on the differential equation is left to the reader as an exercise. 


6.6.3 DC Motors 

As presented in Section 6.4, the mathematical model of a DC motor can be represented using a set of 
differential equations, a set of transfer functions, or in the state-space form. For each representation, 
a Simulink model can be built using the corresponding blocks, such as Transfer Fen and State- 
Space blocks. To build a Simscape model of a DC motor, which is an electromechanical system, we 
need to use the blocks in both the Simscape\Foundation Library\Electrical and the 
Simscape\Foundation Library\Mechanical libraries. Two blocks. Translational 
Electromechanical Converter and Rotational Electromechanical Converter, 
in the Simscape library of Electrical Elements provide an interface between the electrical 
and mechanical translational or rotational domains. The following example illustrates how to model 
an armature-controlled DC motor with Simulink and Simscape. 

Example 6.17: An Armature-Controlled DC Motor 

Consider the dynamic system shown in Figure 6.66, which represents an armature-controlled DC 
motor. Assume that the armature inductance is negligibly small, that is, Z. a = 0. The system dynam¬ 
ics can be expressed as 


where the armature resistance is R a = 0.5 Cl, the back emf constant is K e = 0.05 V-s/rad, the torque 
constant is K t = 0.05 N-m/A, the mass moment of inertia of the motor is / m = 0.00025 kg-m 2 , 
the coefficient of the torsional viscous damping of the motor is B m = 0.0001 N-m-s/rad, and the 
applied voltage is v a = 10 V. 

a. Denote co m =0 m . Following Figure 6.45, build a Simulink block diagram using the given 
equations and find the armature current output ijf) and the rotor speed a> m (f). 

b. Assume zero initial conditions, determine the transfer functions / a (s)/V a (s) and fi m (s)/\/ a (s). 
Build a Simulink block diagram using these two transfer functions and find the armature 
current output i a (t) and the rotor speed ra m (t). 



B m 


FIGURE 6.66 An armature-controlled DC motor with negligible inductance. 
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c. Choose 0 m and 0 m as state variables and determine the state-space form of the system. Build 
a Simulink block diagram based on the state-space form and find the armature current out¬ 
put 4(C) and the rotor speed a> m (t). 

d. Build a Simscape model of the DC motor and find the armature current output ijf) and the 
rotor speed a> m (t). 


Solution 

a. This electromechanical system includes an armature circuit 

RJ a = e b' 


a rotational system 


/ m cb m + B m cn m = x m , 

and couplings between the electrical and mechanical subsystems 
e b = 4"> r „, /44- 

Following Figure 6.45, we can construct a Simulink block diagram (see Figure 6.67), 
which shows the major components of the DC motor and their interconnections. The 
dynamics of the mechanical rotational system is represented using a Transfer Fen block. 
The armature resistance, torque constant, and back emf constant are represented using 
Gain blocks. 

b. Taking Laplace transform of the two equations given and denoting s@ m (s) = f2 m (s) provides 
R a l a (s) + K e n(s) = V^s), 

/ m sn m (s) + B m n m (s) - K t / a (s) = o. 

Using Cramer's rule to solve for the transfer functions l a (s)/V a (s) and fl m (s)/l/(s) yields 

4M _ Ls + B m 
\ /(s) R a / m s + R a B m + K t K e ' 


Q Js) K t 

\/ a (s) RJ m s + R a B m + K t K e ' 

both of which can easily be represented using a Transfer Fen block (see Figure 6.68). 


r^B 




Armature current 


Armature circuit 


- 

Back emf constant 


-H3 

Rotor speed 


FIGURE 6.67 Simulink block diagram built based on the dynamics equations. 
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c. Let x, = 0 m , x 2 = 0 m , and u = v a , and the state-variable equations are 
x, = 0 m = x 2 , 


%k* M k, u 
J m R a l m ) 2 / m R a ' 


or in matrix form 



The output equations are 


or in matrix form 



The system can be represented using a State-Space block (see Figure 6.69) with A, 
B, C, D matrices defined above. A Demux block from the Simulink library of Signal 
Routing is used to split the output vector signal into two scalar signals ijf) and w m (t). 
d. The Simscape block diagram of the DC motor (see Figure 6.70) consists of elements from 
two domains, electrical and mechanical rotational. Note that each domain requires at 
least one reference block. As shown in Figure 6.70, both Electrical Reference and 
Mechanical Rotational Reference blocks are attached to the appropriate circuit. 


Eh 

Voltage input 


W+B m 


frnl 

RJm «+*A, + *lK. 


U 


K t 


[Tnl 

R.J m s + ll,B m + KJ< C 


U 


n(s)/V a (s) Rotor s P eed 


FIGURE 6.68 Simulink block diagram built based on the transfer functions. 
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Rotor speed 


FIGURE 6.69 Simulink block diagram built based on the state-space form. 



FIGURE 6.70 Simscape block diagram of the DC motor in Example 6.17. 



FIGURE 6.71 Armature current output ijt) in Example 6.17. 





















Electrical, Electronic, and Electromechanical Systems 


291 



FIGURE 6.72 Rotor speed output w m (f) in Example 6.17. 


Define all the parameters in MATLAB Workspace and run the Simulink or Simscape models. 

The result can be plotted as shown in Figures 6.71 and 6.72. 

PROBLEM SET 6.6 

1. 4V Consider the RC circuit shown in Figure 6.24 (Problem Set 6.2, Problem 1), in which 
R = 450 Q and C = 1000 pF. When the switch is closed at 1 second, the circuit is driven by 
a 5 V DC voltage source. Assume that all initial conditions are zero. 

a. Build a Simscape model of the physical system and find the loop current i(t) and the 
voltage across the capacitor v c (t). 

b. Build a Simulink model of the system based on the differential equation relating v c and 
v a , and find the voltage across the capacitor v c (t). 

c. Build a Simulink model of the system based on the transfer function l(s)/V il (s), and find 
the loop current i(t). 

2. <4V Consider the RL circuit shown in Figure 6.25 (Problem Set 6.2, Problem 2), in which 
R = 35 £2 and L = 10 H. When the switch is closed at 0 seconds, the circuit is driven by a 
6 V DC voltage source. Assume that all initial conditions are zero. 

a. Build a Simscape model of the physical system and find the loop current i L (f) and the 
voltage across the inductor v L (f). 

b. Build a Simulink model of the system based on the differential equation relating i L and 
v a , and find the loop current i L (t). 

c. Build a Simulink model of the system based on the transfer function V L (s)/Vj(s), and 
find the voltage across the inductor v L (i). 

3. <4V Consider the parallel RLC circuit shown in Example 6.2, in which R = 2 Q, L = 1 H, 
and C = 0.5 F. The circuit is driven by a controlled current source ijt) = 10 u(t), where u(t) 
is a unit-step function. 

a. Build a Simscape model of the physical system and find the voltage across the capaci¬ 
tor v c (f) and the current through the inductor i L (t). 

b. Refer to the results obtained in Example 6.2. Build a Simulink model of the system 
based on the transfer function V c (s)/I t (s) and find the voltage across the capacitor v c (f). 

c. Refer to the results obtained in Example 6.2. Build a Simulink model of the system 
based on the transfer function / L (s)// a (s) and find the current through the inductor i L (t). 
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FIGURE 6.73 Problem 4. 
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FIGURE 6.74 Problem 6. 


4. <4V A simple band-pass filter can be realized by an RLC circuit (see Figure 6.73), which 
passes frequencies within a certain range and attenuates frequencies outside that range. 
Assume that the parameter values are R = 500 Q, L= 100 mH, and C = 10 pF. The circuit is 
connected to an AC voltage source, which has an amplitude of 1 V and a varying frequency. 

a. Build a Simscape model of the physical system and find the output voltage v Q (?) when 
the frequency of the input voltage is 1000, 800, and 1200 rad/s. 

b. Derive the transfer function V 0 (s)IV. A (s), build a Simulink model of the system based on 
this transfer function, and verify the results obtained in Part (a). 

5. 4V Consider the op-amp integrator in Figure 6.35. Assume that the parameter values are 
R = 1 Mfl and C = 1 pF. Build a Simscape model of the op-amp circuit and find the output 
voltage v a (t) when the input voltage is Vj = -0.1 V. 

6. <4V Consider the op-amp circuit shown in Figure 6.74, in which the parameter values are 
C, = 0.8 pF, ft, = 10 kQ, C 2 = 80 pF, and R 2 = 100 kQ. The circuit is connected to an AC 
voltage source, which has an amplitude of 1 V and a frequency of 200 Hz. 

a. Build a Simscape model of the op-amp circuit and find the output voltage v 0 (f). 

b. Derive the transfer function V 0 (s)/V i (,s), build a Simulink model of the system based on 
this transfer function, and verify the results obtained in Part (a). 

6.7 SUMMARY 

This chapter was devoted to the modeling of electrical, electronic, and electromechanical systems. 
An electrical system or electrical circuit can be considered to be an interconnection of active and 
passive electrical elements. Active electrical elements include ideal current sources and ideal volt¬ 
age sources, both of which can provide energy to the circuit and serve as the inputs. Passive elec¬ 
trical elements, including resistors, inductors, and capacitors, can either store or dissipate energy 
available in the circuit, but they cannot produce energy. The voltage-current relations for passive 
electrical elements are given as follows: 
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• Resistor: 


v = Ri, 



• Inductor: 



h 


• Capacitor: 



For the modeling of electrical, electronic, and electromechanical systems, Kirchhoff’s voltage law 
and Kirchhoff’s current law are the two main physical laws to derive the governing differential equations. 

Kirchhoff’s voltage law states that the algebraic sum of the voltages around a loop (closed path) 
must be zero. 



where w is the voltage across the y'th element in the loop. 

Kirchhoff s current law states that the sum of the currents entering a node must be equal to the sum 
of the currents leaving that node. If we assign a positive sign to the current entering the node and a nega¬ 
tive sign to the current leaving the node, then the algebraic sum of the currents at the node must be zero, 



where ij is the current of the jth element at the node. 

It is usually not easy to obtain a set of differential equations for complicated circuits. For this 
purpose, two systematic methods, the node method that relies on Kirchhoff’s current law and the 
loop method that relies on Kirchhoff’s voltage law, were introduced in Section 6.2. 

To represent a circuit model in state-space form, an appropriate set of state variables are nor¬ 
mally chosen by identifying the energy storage elements. Both inductors and capacitors can store 
energy, and expressions for the stored electrical energy are given as follows: 

• Inductor: E(t) = ~ Li 2 (t) - ~ Li 2 (0) 

• Capacitor: E{t) = — Cv 2 (f) - ^ Cv 2 (0) 

Generally, inductor currents and capacitor voltages are chosen as the state variables. To determine the 
state-space form of an electrical circuit, the expression of di L /dt or dv c /dt for each inductor or capaci¬ 
tor is needed. Based on the voltage-current relations, we have di L /dt = 1/Lv l and dv c /d? = 1/C7 c . The 
problem is thus converted to expressing the inductor voltage v L and the capacitor current i c in terms 
of state variables and inputs using Kirchhoff’s laws and voltage-current relations for electrical 
elements. 

For an op-amp, which is an electronic element used to amplify electrical signals and drive physi¬ 
cal devices, the differential equation relating the output voltage and the input voltage can be derived 
by applying Kirchhoff’s laws and the op-amp equation 
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where v + and v_ are the voltages at the two input terminals of the op-amp. 

For an electromechanical system, the dynamic model can be derived by applying electrical prin¬ 
ciples (e.g., Kirchhoff’s laws) and mechanical principles (e.g., Newton’s second law). The modeling 
of DC motors was discussed in Section 6.4. For an armature-controlled motor, the torque produced 
by the motor is 


= a 

and the back emf generated in the armature due to the rotating motion is 
e b = K e ay = kJ)- 


Armature-controlled motors are commonly used, in which a constant current source i f is supplied 
to the field windings and the applied armature voltage v a varies. Field-controlled motors are used 
in a different way, keeping the armature current i a constant and letting the voltage v f applied to the 
field windings vary. The torque generated by a field-controlled motor is proportional to the field 
current, 


T m = K t i f . 

The impedance concept provides an alternative to transfer functions and differential equations 
to obtain mathematical models of systems. The electrical impedance is defined as the ratio of the 
voltage to the current in the Laplace domain. The expressions of impedances for passive electrical 
elements are given as follows: 

• Resistor: Z(.v) = R 

• Inductor: Z(s) = Ls 

• Capacitor: Z(s) = q, 

Because the impedance can be viewed as a generalized resistance, it is easy to find the equivalent 
impedance for electrical elements connected in series or parallel and determine mathematical mod¬ 
els of systems. 

REVIEW PROBLEMS 

1. Determine the equivalent resistance R eq for the circuit shown in Figure 6.75. 

2. Find R , 3 and R n for the voltage divider shown in Figure 6.76 so that the current is limited 
to 0.5 A when v, = 110 V and v Q = 100 V. 

3. Consider the LC circuit shown in Figure 6.77. Derive the input-output differential equation 
relating v Q and v a and find the order of this system. 

4. Consider the second-order RC circuit shown in Figure 6.78. Assume that all the initial 
conditions are zero. 

a. Use the node or loop method to derive the input-output differential equation relating 
v Q and v a , and find the transfer function V 0 (s)/V t (s). 
h. Use the impedance method to determine the transfer function V 0 (s)/V. A (s), and compare 
with the result obtained in Part (a). 
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FIGURE 6.76 Problem 2. 



FIGURE 6.77 Problem 3. 



FIGURE 6.78 Problem 4. 
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5. Repeat Problem 4 for the RLC circuit shown in Figure 6.79. Assume zero initial conditions. 

a. Use the node or loop method to derive the input-output differential equation relating i 
and v a , and find the transfer function I(s)/V n (s). 

b. Use the impedance method to determine the transfer function I(s)/V t (s), and compare 
with the result obtained in Part (a). 

6. Consider the RLC circuit shown in Figure 6.80, and assume zero initial conditions. 

a. Use the node or loop method to derive the input-output differential equation relating 
v Q and v a , and find the transfer function V n (s)/V n (s). 

b. Use the impedance method to determine the transfer function V 0 (s)/VJjs), and compare 
with the results obtained in Part (a). 

7. Consider the circuit shown in Figure 6.77 (Review Problems, Problem 3). 

a. Determine a suitable set of state variables and obtain the state-space representation. 

b. Find the transfer function directly from the state-space form and compare with the 
result obtained in Problem 3. 

8. Repeat Problem 7 for the circuit shown in Figure 6.78 (Review Problems, Problem 4). 

9. Repeat Problem 7 for the circuit shown in Figure 6.79 (Review Problems, Problem 5). 

10. Repeat Problem 7 for the circuit shown in Figure 6.80 (Review Problems, Problem 6). 

11. The op-amp circuit shown in Figure 6.81 is an active low-pass filter. Derive the input- 

output differential equation relating the output voltage v 0 (t) and the input voltage vfi). 

Assuming zero initial conditions, find the transfer function V n (s)IV { (s) directly from the 

input-output equation. 

12. Repeat Problem 11 for the op-amp circuit shown in Figure 6.82, which represents an active 

band-pass filter. 



FIGURE 6.79 Problem 5. 



FIGURE 6.80 Problem 6. 
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FIGURE 6.81 Problem 11. 


FIGURE 6.82 



13. Consider the RLC circuit shown in Figure 6.30 (Problem Set 6.2, Problem 15), where 
i?! = 100 Q., L= 20 H, R 2 = 400 £2, and C = 1/120 F. The circuit is driven by a 100V DC 
voltage source. 

a. Build a Simscape model of the physical system and find the output voltage v 0 (f). 

b. Build a Simulink model of the system based on the state-space form and find the output 
voltage v 0 (f). 

14. Consider the DC motor-driven wheeled mobile robot shown in Figure 6.83a, in which m 
is the mass of the wheeled mobile robot, r is the radius of the driving wheel, and t is the 



FIGURE 6.83 Problem 14. (a) DC-motor driven wheeled mobile robot, (b) simplified drive system. 
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torque delivered to the wheeled mobile robot by the DC motor. For simplicity, the motion 
is restricted to one spatial dimension. Figure 6.83b shows the simplified drive system, 
including the equivalent electrical circuit of the DC motor, the rotor of the DC motor, 
the gears, and the driving wheel. The motor parameter values are armature inductance 
L a = 0.001 H, resistance R a = 2.6 £2, back emf constant K e = 0.008 V-s/rad, and torque 
constant K t = 0.008 N-m/A. The mass moment of inertia of the motor can be negligible. 
The gear ratio is N = 0/0 m = x m /x = 1/3.7. The wheel and axle mechanism converts the rota¬ 
tional motion to translation, and the wheel radius is r = 0.00635 m. The mass of the cart is 
m = 0.455 kg. 

a. Derive the equations of motion of the system. 

h. Choose the armature current z' a , the robot displacement x, and the robot velocity x as 
state variables and find the state-space form of the system. 

c. Assuming zero initial conditions, find the transfer function X(s)/V a (s). 

d. 4 \ Following Figure 6.45, build a Simulink block diagram using the differential 
equations obtained in Part (a) and find the displacement output x(t) when the voltage 
applied to the DC motor is a pulse function, vjt) = 1 V for 1 < t < 2 s. 

e. Build a Simscape model of the wheeled mobile robot and find the displacement 
output x(f) when the voltage applied to the DC motor is a pulse function, v a (f) = 1 V for 
1 < t < 2 s. 


Fluid and Thermal Systems 


Fluid is a general term used to represent a gas or a liquid. A fluid is said to be incompressible if its 
density does not change with pressure. All gases are considered compressible, whereas liquids can 
be considered incompressible. Although real liquids are actually compressible, the changes in their 
densities are insignificant when pressure is varied. Fluid systems can be divided into pneumatics 
and hydraulics. A pneumatic system is one in which the fluid is compressible. A hydraulic system is 
one in which the fluid is incompressible. A general type of incompressible liquid systems is liquid- 
level systems, which are operated by adjusting the heights or levels of liquids in storage tanks. 

A thermal system is one in which thermal energy is stored or transferred. The mathematical 
model of a thermal system is often complicated because of the complex temperature distribution 
throughout the system. Partial, rather than ordinary, differential equations are required for precisely 
analyzing such a distributed-parameter system. This topic is beyond the scope of this text. To sim¬ 
plify analysis, a lumped-parameter model, rather than a distributed-parameter model governed by 
ordinary differential equations, may be used to approximate the dynamics of the system. 

The modeling of fluid and thermal systems is presented in this chapter. The three major systems 
that are discussed include pneumatic, liquid-level, and heat-transfer systems. For each, we first 
introduce the concepts of capacitance and resistance. It is useful to think of fluid and thermal sys¬ 
tems as electrical circuits. Along with the basic elements, two main laws, the conservation of mass 
and the conservation of energy, are then used to develop mathematical models of fluid and thermal 
systems, respectively. The chapter concludes with simulation of fluid and thermal systems using 
MATLAB®, Simulink®, and Simscape™ computer tools. 

7.1 PNEUMATIC SYSTEMS 

Pneumatic systems are often used in industry, particularly for pneumatic switches, pneumatic actua¬ 
tors, compressed-air engines, air brakes on buses and trucks, and so on. The working medium in a 
pneumatic system is compressible gas, typically air. To derive the mathematical model of a pneu¬ 
matic system, it is important to understand the thermodynamic properties of gases. 

7.1.1 Ideal Gases 

The state of an amount of gas is determined by its pressure, volume, and temperature. In other 
words, pressure, volume, temperature, and mass are functionally related for gases. The ideal gas 
law is the model that is most often used to describe this relation. An ideal gas is a hypothetical gas 
whose quantity pV/T is constant, where p is the absolute pressure of the gas, V is the volume, and 
T is the absolute temperature (K or °R). All real gases behave as ideal gases if the pressure is low 
enough and the temperature is high enough. At low pressure and moderate temperature, real gases 
may be approximated as ideal gases to simplify calculations. 

The ideal gas law states the relationship 


pV=nR u T, (7.1) 

where n is the number of moles of the gas and R a is the universal gas constant. The mole is the 
unit of the amount of substance. A mole of an element or a compound contains 6.023 x 10 23 atoms 
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or molecules. The numerical value of the universal gas constant R u is 8314.3 N-m/(kg-mol-K) or 
1545.3 ft-lb/(lb-mol°R). 

The amount of substance can also be given in mass instead of moles. The number of moles n is 
equal to m/M, where m is the mass and M is the molar mass. Therefore, an alternative form of the 
ideal gas law is 


pV=mR g T, 


(7.2) 


where R g = RJM is the specific gas constant that depends on the particular type of gas. For dry air, 
R g = 287.06 N-m/(kg-K) or 1716.6 ft-lb/(slug°R). The ideal gas law can be used to solve for one of the 
four variables (p, V, T, or m) if the other three are known. 

For a particular thermodynamic process from state 1 to state 2, the ideal gas equation can be 
simplified. Assume that the mass is constant. The following lists five possible processes, in which 
the state number is denoted by the subscript. 

1. Isobaric (or constant-pressure) process (p x = p 2 ): The ideal gas law implies T x /V x = T 2 /V 2 
or T X IT 2 = V t /V 2 . When heat is added to the gas, some of it increases the temperature and 
some expands the volume to exert external work. 

2. Isochoric (or constant-volume) process (Vj = V 2 ): The ideal gas law implies T x /p x = T 2 /p 2 
or T x /T 2 = p x /p 2 . Because the volume is constant, there is no external work done. The heat 
added to the gas only increases the temperature. 

3. Isothermal (or constant-temperature) process (I] = T 2 ): The ideal gas law implies p x V x = 
p 2 V 2 or p x /p 2 = V 2 /V|. The heat added to the gas only does external work. 

4. Isentropic process (reversible adiabatic process): An adiabatic process is a process in 
which no heat is transferred to or from the gas. A reversible process is a process that, 
after it has taken place, can be reversed and causes no change in the thermodynamic 
conditions of either the system or its surroundings. Any reversible adiabatic process is 
an isentropic process. This process is described by p x V x = p 2 V 2 , where y is defined as 
the heat capacity ratio. 


5. Polytropic process: It is the most general thermodynamic process. The process is described 
by 



(7.3) 


where p is the density of the gas. For an ideal gas with a constant mass, this process reduces 
to the previous four processes if n is chosen as 0, °°, 1, or y, respectively. 

7.1.2 Pneumatic Capacitance 

Fluid capacitance is the relation between the stored fluid mass and the resulting pressure caused by 
the stored mass. Specifically, the pneumatic capacitance C is defined as the ratio of the change in 
stored gas mass to the change in gas pressure: 


For a container of constant volume V with a gas of density p, Equation 7.4 can be rewritten 


d(pV) _y dp 

dp dp 


(7.5) 
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For a polytropic process, we have 



Introducing the ideal gas law presented in Equation 7.2 gives 

— = T 

pm 8 ' 

Substituting this into Equation 7.6 yields 


dp _ 1 

dp ~ nR g T 


Thus, the capacitance of the container is 


C = 


V 

nR g T 


(7.6) 


(7.7) 


(7.8) 


(7.9) 


Example 7.1: Pneumatic Capacitance 

Dry air passes through a valve into a rigid 27 m 3 container at a constant temperature of 25°C 
(298 K). The process is assumed to be isothermal. Determine the capacitance of the air container. 


Solution 

The filling of the container is modeled as an isothermal process. In Equation 7.9, let n = 1, and 
we have 


C 


V 

V 


27 

287.06x298 


= 3.16x1(T 4 kg-m 2 /N. 


Note that the same container can have a different pneumatic capacitance. The value of C depends 
on the type of gas, the temperature of gas, and the type of thermodynamic process. 


7.1.3 Modeling of Pneumatic Systems 

It is rather difficult to precisely model pneumatic systems due to their highly nonlinear dynamics. 
To simplify the modeling, each mass storage element in a pneumatic system can be represented 
using a capacitance element, and the resistance due to a valve, an orifice, or pipe wall friction, can 
be represented using a resistance element. Such a simple model may be adequate to describe the 
dynamic behavior of the real system. 

Consider a pneumatic system shown in Figure 7.1, where p t is the inlet pressure, q, is the volume 
flow rate (m 3 /s), and p and p are the pressure and the density of the gas in a container of constant vol¬ 
ume V. The gas passes through a valve and flows into the rigid container by the pressure difference, 
Ap = Pi - p. Note that the gas meets resistance when flowing through the valve. The valve resis¬ 
tance depends on the pressure p and the mass flow rate q m (kg/s). Generally, the p versus q m curve 
is nonlinear. Thus, the value of the valve resistance R, which is defined as the slope of the curve, 
varies with operating conditions. The definition of the resistance R is valid for both pneumatic and 
hydraulic systems, and more details will be given in Section 7.2. 
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V 


FIGURE 7.1 A pneumatic system with gas flowing into a container of constant volume. 

Although the valve resistance R is nonlinear, it may be linearized about an operating point. For 
a constant pressure p, at the inlet of the valve and a constant volume flow rate q, through the valve, 
the resistance R is given as 


R _ Ap _ Pi ~P 

Mm Pi% 


(7.10) 


Combining with the capacitance of the container given in Equation 7.9, the pneumatic system can 
be represented using a resistance-capacitance model. 

The differential equation of the system can be derived by applying the law of conservation of mass: 


(7.11) 


that is, the rate of mass increase in the container equals the mass flow rate into the container minus 
the mass flow rate out of the container. Note that 


dm _ dm dp _ ^ dp 

dr dp dr dr 


(7.12) 


= (7.13) 

For the pneumatic system in Figure 7.1, the mass flow rate out of the container is q mo = 0. Thus, 
Equation 7.11 can be rewritten as 


C^M-P (7.14) 

d t R 

or 

RC d P+p= Pl , (7.15) 

dr 

which is a first-order ordinary differential equation of the pressure p. Introducing the expression of 
the capacitance C given by Equation 7.9, we find 


RV dp 

- —+ P 

nR g T dr 


Pi- 


(7.16) 
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Either one of Equations 7.15 or 7.16 is the mathematical model of the pneumatic system under¬ 
going a poly tropic process with an ideal gas. It is also valid for an isobaric, isochoric, isothermal, 
or isentropic process if the value of n in the capacitance C is chosen as 0, 1, or y, respectively. 


Example 7.2: A Pneumatic System 

Dry air at a constant temperature of 20°C (293 K) passes through a valve into a rigid cubic con¬ 
tainer of 1 m on each side (see Figure 7.2). The pressure p, at the inlet of the valve is constant, and 
it is greater than p. The valve resistance is approximately linear, and R = 1000 Pa-s/kg. Assume 
the filling process is isothermal. Develop a mathematical model of the pressure p in the container. 


Solution 


Applying the law of conservation of mass gives 


Note that 


dm _ dm dp _ ^ dp 
dt dp dt dt 

Air at room temperature and low pressure can be approximated as an ideal gas. For an isothermal 
process, the pneumatic capacitance of the container is 



The linear valve resistance R is defined as 


R=P^P. 

Ptfi 

Thus, the differential equation of the system is 

V dp _ P( - p 


R*J dt 


where RV/(R air T) = 1000 x 1 3 /(287.06 x 293) = 1.19 x 10“ 2 s. 



FIGURE 7.2 A pneumatic system with a rigid cubic container. 
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FIGURE 7.3 Problem 3. 
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FIGURE 7.4 Problem 4. 

PROBLEM SET 7.1 

1. A car has an internal volume of 2.8 m 3 . If the sun heats the car from a temperature of 20°C 
to a temperature of 40°C, what will the pressure inside the car be? Assume the pressure is 
initially 1 atm. 

2. Find the pneumatic capacitance of dry air in a rigid container with volume 15 ft 3 for an 
isothermal process. Assume the air is initially at ambient temperature of 68°F. 

3. Figure 7.3 shows a pneumatic system, in which the pneumatic capacitances of the two rigid 
containers are C, and C 2 , respectively. Dry air at a constant temperature passes through 
a valve of linear resistance ft, into container 1. The pressure p, at the inlet of the valve is 
constant, and it is greater than p x . The air flows from container 1 to container 2 through a 
valve of linear resistance ft 2 . Derive the differential equations in terms of the pressures p x 
and p 2 . Write the equations in second-order matrix form. 

4. Figure 7.4 shows a pneumatic piston, which can exert a force in one direction and serve as 
a translational actuator. The displacement of the piston is x, and m is the total mass of the 
piston and the load. Use subscript i to denote the chamber index and i = 1, 2. As shown in 
Figure 7.4, p, is the absolute pressure in the chamber, q mi is the mass flow rate at the port, 
and A, is the effective area of the piston. The two chambers have the same initial volume 
of V 0 . Assuming ideal gas and isothermal process, ft is the specific gas constant and T is 
the absolute gas temperature. Derive the dynamic equations of the pressure change in the 
pneumatic chambers and the equation of motion of the mass block. 

7.2 LIQUID-LEVEL SYSTEMS 

Unlike gases, most liquids are generally considered incompressible, and this approximation greatly 
simplifies the modeling of hydraulic systems. A general category of hydraulic systems is liquid-level 
systems, which often appear in water treatment, water supply, and other chemical processing appli¬ 
cations. Such a system usually consists of storage tanks interconnected to other systems through 
valves, pumps, or pistons. 

The dynamic behavior of a liquid-level system can be described using volume flow rate q, pres¬ 
sure p, and liquid height h. Note that the hydrostatic pressure, rather than the dynamic pressure, will 
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be used in the modeling of liquid-level systems. The hydrostatic pressure is defined as the pressure 
that exists in a fluid at rest. It is caused by the weight of the fluid. For a liquid of density p, the abso¬ 
lute pressure p and the liquid height h are related by 

P=P* + Pgh, (7.17) 


where p a is the atmospheric pressure. 

7.2.1 Hydraulic Capacitance 

As introduced in Section 7.1, fluid capacitance is the ratio of the change in stored mass to the change 
in pressure. Because the density for an incompressible liquid is constant, the change in mass is 
equivalent to the change in volume. Some books define the capacitance for hydraulic systems in 
terms of volume instead of mass, 


(7.18) 


which is related to Equation 7.4 via C = p C v . The definition given in Equation 7.4 is used for both 
pneumatic and hydraulic systems in this text. 

To find the expression of capacitance for a hydraulic system, let us consider a container, whose 
cross-sectional area varies with the liquid height. The mass stored in the container can be deter¬ 
mined by integrating pA(h) from the base of the container to the top of the liquid, 


m=JpA(y)dy. 


By Equation 7.4, 


dm dm d h 
dp dh dp 


Note that Equation 7.19 implies that 


dh 


P A(h). 


Also, Equation 7.17 gives 


dp 

dh 


d^ 

dh 


(P* + Pgh) = pg- 


Thus, the hydraulic capacitance of the container is 


(7.19) 


(7.20) 


(7.21) 


(7.22) 


C = pA(h) — 
P g 


A(h) 

g 


(7.23) 


If the cross-sectional area of the container is constant, then C = A/g. Unlike the pneumatic capac¬ 
itance (see Equation 7.9), which depends on the type of gas and its temperature, the hydraulic 
capacitance does not depend on any liquid properties. 
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Example 7.3: Hydraulic Capacitance of a Conical Tank 

Derive the capacitance of the conical tank shown in Figure 7.5a using 

a. C = dm/dp. 

b. C = A(h)/g- 


Solution 

a. From Figure 7.5b, the radius r of the cross-section A at an arbitrary height is 

r = htana = /j—• 

H 

Thus, the volume of the liquid is 

1 n R 2 . 


and the stored mass is 


m = p V(h) = 1 h 3 

H 3 H 2 


Note that the pressure caused by the height of the liquid is 
P = Pa + P gh, 

which gives 


d h 

Thus, the capacitance of the conical tank is 

£ _ dm _ dm dh _ f pn R 2 ^ 2 V 1 _ nR 2 h 2 

dp dh dp \ H 2 Ap g) H 2 g ' 

b. The hydraulic capacitance can also be derived directly using C = A(h)/g, which yields 

c= nr 2 JnVRW\^RW' 
g KgA H 2 J H 2 g 



FIGURE 7.5 A conical tank, (a) Three-dimensional view and (b) 


s-sectional view. 
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7.2.2 Hydraulic Resistance 


When liquid flows through a pipe, a valve, or an orifice, the liquid meets resistance that creates a 
reduction in the pressure of the liquid. The pressure difference is associated with the mass flow rate 
q m in a nonlinear relationship, p =f(q m ), as illustrated in Figure 7.6. The slope of the curve is defined 
as the hydraulic resistance R, which depends on the reference mass flow rate q mi and reference pres¬ 
sure p r . The expression of the hydraulic resistance R is given by 


R 


dpi 

Lmr.ft) 


(7.24) 


which is also used for pneumatic systems. Near a reference operating point (q mr ,p r ), we can perform 
linearization and obtain the linearized resistance, which is 


R = A? = P~Pr 

A 4m q m ~q m 


(7.25) 


The resistance due to a valve, an orifice, or pipe wall friction can be represented by the valve-like 
symbol as in Figure 7.7. In many fluid systems, multiple valves, orifices, or pipes are used. They are 
arranged in different ways, such as in series or parallel connections. The equivalent linear hydraulic 
resistances can he obtained similar to electrical resistances. 

Figure 7.8 shows resistances in series. Note that the mass flow rate remains the same through 
each resistance. The pressure decreases across the resistances R 1 and R 2 are p 1 - p 2 = R\q m and 
p 2 - p 3 = R 2 q m , respectively. Consequently, the total pressure reduction across the two resistances 
in series is P\-p 2 = (R\ + R 2 )q m ■ Comparing this result with the equivalent fluid system, p t - p 3 = 
R cq q m , we have 


(7.26) 



FIGURE 7.6 Linearized resistance near a reference point. 


R 



Pi P2 


FIGURE 7.7 A symbol for hydraulic resistance. 


Ri R 2 R e q 



FIGURE 7.8 Equivalence for series hydraulic resistances. 
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FIGURE 7.9 Equivalence for parallel hydraulic resistances. 

A fluid system with resistances in parallel is shown in Figure 7.9. Note that the pressure decrease 
across each resistance must be the same. The mass flow rates through the resistances R x and R 2 are 
ry m | = (pi - p 2 )!R\ and q m2 = (P\ - p 2 )IR 2 , respectively. Therefore, the total mass flow rate through 
the two resistances in parallel is q ml + q m2 = (/;, - p 2 )(l/R l + \/R 2 ). Comparing this result with the 
equivalent fluid system, q m = (Pi~ Pt)IR cv we have 


7.2.3 Modeling of Liquid-Level Systems 

To obtain a simple model of a liquid-level system, we will use a capacitance element to represent 
each storage tank and a resistance element to represent each valve in the system. The resulting math¬ 
ematical model may adequately describe the dynamics of the real system. Similar to the modeling 
of pneumatic systems, the basic law used to derive the differential equation of a liquid-level system 
is the law of conservation of mass presented in Equation 7.11: dmldt = q mi - q mo . That is, the time 
rate of change of fluid mass in a tank equals the mass flow rate into the tank minus the mass flow 
rate out of the tank. 

Consider a single tank with a valve as shown in Figure 7.10, where p. A is the atmospheric pressure, 
and q, and q„ are the volume flow rates into and out of the tank, respectively. The cross-sectional 
area of the tank is A and the liquid height is h. The liquid leaves the tank through the valve, for 
which the hydraulic resistance is R. The density of the liquid is constant p. 

Next, we will show how to derive the differential equation of the system by applying the law of 
conservation of mass presented in Equation 7.11. Note that the total fluid mass in the tank is p Ah. 
For constant cross-sectional area and constant density, the left-hand side of Equation 7.11 can be 
rewritten as 



(7.28) 



A 


FIGURE 7.10 A single-tank liquid-level system with a valve. 
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The right-hand side of Equation 7.11 can be rewritten as 

4mi - 7mo = P'7, - pq 0 - (7.29) 


Labeling point 1 at the upstream side of the valve and point 2 at the downstream side of the valve, 
the hydraulic resistance of the valve can be expressed as 


r= Ap = Pi~Pi . 

A'/m P<7o 


(7.30) 


Assume that the pressure p l can be approximated as the hydrostatic pressure, p t = p. d + p gh, and the 
pressure p 2 can be approximated as the atmospheric pressure, p 2 = p. d . Substituting p x and p 2 into 
Equation 7.30 gives 


Consequently, 


= P gh. 

P4o 


or 


P7i - P7o = P7,- 


Substituting Equations 7.28 and 7.33 into Equation 7.11 results in 


(7.31) 


(7.32) 


(7.33) 


Rearranging the equation gives 


P gh 


8 d t 


(7.34) 


(7.35) 


which is a first-order ordinary differential equation relating the liquid height h and the inlet volume 
flow rate q r Introducing the expression of the hydraulic capacitance C given by Equation 7.23, we 
can rewrite Equation 7.35 as 


(7.36) 


Equation 7.36 describes the dynamic behavior of a single-tank liquid-level system with capacitance 
C and resistance R as shown schematically in Figure 7.10. 

Hydraulic systems are usually connected with pumps, which can be considered as pressure 
sources. The following example shows how to derive the governing differential equation for a 
single-tank liquid-level system with a pump. 


Example 7.4: A Single-Tank Liquid-Level System with a Pump 

Consider the single-tank liquid-level system shown in Figure 7.11, where a pump is connected to 
the bottom of the tank through a valve of linear resistance R. The inlet to the pump is open to the 
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Pa 



A 


FIGURE 7.11 A single-tank liquid-level system with a pump. 

atmosphere, and the pressure of the fluid increases by Ap when crossing the pump. Derive the dif¬ 
ferential equation relating the liquid height h and the volume flow rate q a at the outlet. The tank's 
cross-sectional area A is constant. The density p of the liquid is constant. 


Solution 

We begin by applying the law of conservation of mass to the tank, 
dm 

^-9mi-9mo' 

The fluid mass inside the tank is p Ah. For constant fluid density and constant cross-sectional 
area, 


The mass flow rate into the tank is 


where p, = p a + Ap and p 2 = p a + p gh, which is equal to the hydrostatic pressure at the bottom 
of the tank. Thus, 


P-Pgh 


The mass flow rate out of the tank can be expressed in terms of the volume flow rate q a as 
9mo = P9o- 


Substituting these expressions into the law of conservation of mass gives 
Hb 

Rearranging the equation gives 


.dhpe, p 
pA—+^h — j^ = -pq . 
dt R R 4 


For a liquid-level system with two or more tanks, we apply the law of conservation of mass to 
each tank. 
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Example 7.5: A Two-Tank Liquid-Level System 

Figure 7.12 shows a liquid-level system, in which two tanks have cross-sectional areas A, and A 2 , 
respectively. A pump is connected to the bottom of tank 1 through a valve of linear resistance R,. 
The liquid flows from tank 1 to tank 2 through a valve of linear resistance R 2 , and leaves tank 2 
through a valve of linear resistance R 3 . The density p of the liquid is constant. 

a. Derive the differential equations in terms of the liquid heights b, and h 2 . Write the equations 
in second-order matrix form. 

b. Assume the pump pressure A p is the input and the liquid heights b, and h 2 are the outputs. 
Determine the state-space form of the system. 


Solution 


a. Applying the law of conservation of mass to tank 1 gives 



where 



The mass flow rates entering and leaving tank 1 can be written as 

_ Cp a + p)-{p a + pgh ] ) = p ~ Pgbj 

4mi R, R, 


and 


= ' Pa + Pgfy)-Pa = Pgf>1 

r 2 r 2 


Substituting these expressions results in 


db, p - pgb, pgb, 

pA dt " R, " R 2 





FIGURE 7.12 A two-tank liquid-level system. 
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which can be rearranged as 


Applying the law of conservation of mass to tank 2 gives 
dm 


The mass flow rates entering and leaving tank 2 can be written as 


and 


qmo = 


(Pa+Pff/y-Pa _ P 8 h 2 


r 3 r 3 

Substituting these expressions results in 

l df) 2 _ pgh, pgh 2 


PA> 


dt ' 


which can be rearranged as 


d h 2 pgh, p gh 2 


The system of differential equations in second-order matrix form is found to be 


PA 0 
[o P A 2 


P£+M n 
/?, r 2 
_P g Pg 
r 2 r 3 




b. As specified, the state, the input, and the output are 

x= fcH£}' •- p ' y= t 

The state-variable equations are 


_dh L _ 


1 
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[x,l 

g 

A 

ii + i 2 , 

I 0 

M 

i 

14 - 


g 

a 2 r 2 

6 

a 2 r 3 

t:r 

pA«. 

0 


The output equation is 



PROBLEM SET 7.2 

1. Derive the capacitance of the tank shown in Figure 7.13. There is an opening at the top of 
the tank at height H. 

2. Derive the capacitance of the tank shown in Figure 7.14. 

3. Consider the rectangular tank in Figure 7.15a and the pyramid tank in Figure 7.15b. The 
volume flow rate into each tank through a pipe is q v The liquid leaves each tank through a 
valve of linear resistance R. The density p of the liquid is constant. 

a. Derive the dynamic model of the liquid height h for each tank. 

b. For each tank, write the differential equation in terms of hydraulic capacitance and 
hydraulic resistance. Compare the models for the two single-tank systems. 



FIGURE 7.13 Problem 1. 





FIGURE 7.14 Problem 2. 
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FIGURE 7.15 Problem 3. 

4. Consider the single-tank liquid-level system shown in Figure 7.16, where the volume flow 
rate into the tank through a pipe is q % . A pump is connected to the bottom of the tank 
through a valve of linear resistance R v The pressure of the fluid increases by A p when 
crossing the pump. The liquid leaves the tank through a valve of linear resistance R 2 . Derive 
the differential equation relating the liquid height h and the volume flow rate q i at the inlet. 
The tank’s cross-sectional area A is constant. The density p of the liquid is constant. 

5. Consider the two-tank liquid-level system shown in Figure 7.17. The liquid is pumped into 
tanks 1 and 2 through valves of linear resistances R l and R 2 , respectively. The pressure of 
the fluid increases by A p when crossing the pump. The cross-sectional areas of the two 
tanks are A 1 and A 2 , respectively. The liquid flows from tank 1 to tank 2 through a valve of 
linear resistance R 3 and leaves tank 2 through a valve of linear resistance R 4 . The density p 
of the liquid is constant. Derive the differential equations in terms of the liquid heights h l 
and h 2 . Write the equations in second-order matrix form. 



A 


FIGURE 7.16 Problem 4. 



FIGURE 7.17 Problem 5. 
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A j 


FIGURE 7.18 Problem 6. 


6. Figure 7.18 shows a liquid-level system, in which two tanks have cross-sectional areas A l 
and A 2 , respectively. The volume flow rate into tank 1 is q v A pump is connected to the 
bottom of tank 1 and the pressure of the fluid increases by A p when crossing the pump. 
Tank 2 is located higher than tank 1 and the vertical distance between the two tanks is H. 
The liquid is pumped from tank 1 to tank 2 through a valve of linear resistance R ] and 
leaves tank 2 through a valve of linear resistance R 2 . The density p of the liquid is constant. 
Derive the differential equations in terms of the liquid heights h l and h 2 . Write the equa¬ 
tions in second-order matrix form. 

7. Consider the single-tank liquid-level system shown in Figure 7.19, where the volume 
flow rate into the tank through a pipe is q v The liquid leaves the tank through an orifice 
of area A a . Denote C d as the discharge coefficient, which is the ratio of the actual mass 
flow rate to the theoretical one, and lies in the range of 0 < C d < 1 because of friction 
effects. Derive the differential equation relating the liquid height h and the volume flow 
rate q { at the inlet. The tank’s cross-sectional area is constant. The density p of the liquid 
is constant. 

8. Figure 7.20 shows a hydraulic system of two interconnected tanks, which have the same 
cross-sectional area of A. A pump is connected to tank 1. Assume that the relationship 
between the voltage applied to the pump and the mass flow rate into tank 1 is linear, that 
is, q mi = k p v a , where k p is called the pump constant and can be obtained by experimental 
measurements. Tank 1 is connected to tank 2, which is connected to a reservoir. The liquid 
leaves each tank through an outlet of area A a at the bottom. Derive the differential equa¬ 
tions in terms of the liquid heights /q and h 2 . 



FIGURE 7.19 


Problem 7. 











316 


Modeling and Analysis of Dynamic Systems 



7.3 THERMAL SYSTEMS 

Thermal systems are those that involve the transfer of heat from one object to another. When an 
object is at a different temperature than its surroundings or another object, heat will transfer from 
the higher-temperature object to the lower-temperature one, obeying the law of conservation of 
energy. Examples of thermal systems include heaters, air conditioners, refrigerators, and so on. Just 
like with fluid systems (either pneumatic or hydraulic), for which fluid capacitance, fluid resistance, 
and the conservation of mass are the basis for system modeling, we will introduce thermal capaci¬ 
tance, thermal resistance, and the conservation of energy, which together form the basis of modeling 
for thermal systems. 


7.3.1 First Law of Thermodynamics 

The first law of thermodynamics is a version of the law of conservation of energy, adapted for ther¬ 
modynamic systems. For a system with well-defined boundaries, the law of conservation of energy 
states 


A E=Q-W, (7.37) 

where A E is the change in energy of the system, Q is the heat flow into or out of the system, and W 
is the work done by or on the system. In Equation 7.37, Q is positive if heat is supplied to the system 
and negative if heat is given off by the system. W is positive if work is done by the system and nega¬ 
tive if work is done to the system. Based on this sign convention, we have 

AE = (Q m - Q„J - (W nul - WJ, (7.38) 


where Q in , Q out , W ln , and W (mt are all positive quantities. 
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In actuality, the net amount of energy added to the system is equal to the net increase in the 
energy stored internally in the system and any change in the mechanical energy of the system’s 
center of mass, 


AE = AU+ A ME C . (7.39) 

U is the internal energy (or internal thermal energy), which is the energy stored at the molecu¬ 
lar level. It includes the kinetic energy due to the motion of molecules and the potential energy 
that holds the atoms together. ME C stands for the mechanical energy, which includes the kinetic 
energy and the potential energy associated with the system’s mass center. For systems with negli¬ 
gible change in mechanical energy, 

AU =Q-W= (Q in - Q a J - (W out - WJ, (7.40) 

which is the mathematical expression of the first law of thermodynamics. It basically states that the 
change in internal energy is equal to the amount of energy gained by heating minus the amount lost 
by doing work on the environment. 

Heat Q is the energy transfer at the molecular level. Work W is the energy transfer that is capable 
of producing macroscopic mechanical motion of the system’s mass center. For thermal systems with 
pure heat transfer and no work involved, that is, W in = lV (mt = 0, the law of conservation of energy 
presented in Equation 7.40 can be rewritten as 

AU=Q = Q in -Q out (7.41) 


or 


d{ =7 hl -7 h „, (7.42) 

where q h = dQ/dt is the heat flow rate having units of J/s, which is a watt or ft-lb/s. 

7.3.2 Thermal Capacitance 

For an object, the thermal capacitance C is defined as the ratio of the change in heat flow to the 
change in the object’s temperature, 


C 


dQ 

dr’ 


(7.43) 


where C has units of J/K, J/°C, or ft-lb/°F. The thermal capacitance is a measure of the heat required 
to increase the temperature of an object by a certain temperature interval. 

Strictly speaking, the value of the thermal capacitance of a substance depends on thermodynamic 
processes. For a constant-volume process, no work is involved and all the heat goes into the internal 
energy of the substance, 


Q = AU = mc y AT, (7.44) 

where m is the mass of the substance, c v is the constant-volume specific heat capacity of the sub¬ 
stance in units of J-K/kg, J°C/kg, or ft-lb°F/slug, and AT is the change in temperature of the sub¬ 
stance. For a constant-pressure process. 


Q = AH = mc p AT 


(7.45) 
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where H is the enthalpy and c p is the constant-pressure specific heat capacity. Combining Equation 
7.43 with Equations 7.44 or 7.45 gives 


(7.46) 


or 


C = mc v . (7.47) 

For incompressible liquids and solids, because the volume cannot expand, the heat flow in a 
constant-pressure process is equal to the internal energy: Q = AU and c p = c v . Assuming that the 
density and the volume of the mass are p and V, respectively, we have 

C = mc = pVc. (7.48) 

where c is the specific heat capacity and c = c p = c v . The subscripts p and v will be dropped in the 
rest of the chapter for simplicity. 

Note that the value of the specific heat capacity c depends on the substance of the object, whereas 
the thermal capacitance C is an extensive property because its value is proportional to the mass of 
the object. For instance, the specific heat capacity of water at room temperature (25°C) is a constant 
value of 4186 J/(kg°C). However, the thermal capacitance for a bathtub of water is greater than that 
for a cup of water. 

7.3.3 Thermal Resistance 

There are three mechanisms by which heat is transported: conduction, convection, and radiation. 
Conduction is the transfer of heat between substances that are in direct contact with each other. 
Convection is the transfer of heat due to a flowing fluid, which can be a gas or a liquid. Radiation is 
the transfer of heat through empty space. Here, we only consider conduction and convection. 

The thermal resistance R for heat transfer is defined as the ratio of the change in temperature 
difference to the change in heat flow rate. 


R 


d T 


(7.49) 


The thermal resistance R has units of Ks/J, °C-s/J, or °F-s/(ft-lb). 

For simple one-dimensional conduction as shown in Figure 7.21, Fourier’s law, also known as the 
law of heat conduction, gives 



Ti> T 2 


FIGURE 7.21 


One-dimensional conduction: heat flow from higher to lower temperature. 
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where L is the length of the body in the direction of heat flow, A is the cross-sectional area normal 
to the heat flow direction, A T is the temperature difference along its length, and k is the thermal 
conductivity of the material in M(m-K) or lT/(m°C). Note that the heat flow is in the direction of 
decreasing temperature. Fourier’s equation is often used only for solids, although it is valid for both 
solids and fluids. Combining Equations 7.49 and 7.50 gives the thermal resistance for conduction 

K =s- (751) 

For convective heat transfer, Newton’s law of cooling states that the rate of heat flow of a body 
is proportional to the difference in temperatures between the body and its surroundings or environ¬ 
ment. The mathematical expression is 

q h = hAAT = hA(T s - T em ), (7.52) 

where A is the surface area, from which the heat is being transferred, T s is the temperature of the 
body’s surface, 7’ C11V is the temperature of the environment, and h is the heat transfer coefficient 
in WV(m 2 -K) or W/(m 2 °C). Combining Equations 7.49 and 7.52 gives the thermal resistance for 
convection 


R = ^r- (7.53) 

hA 

It is very useful to utilize the concept of thermal resistance and represent heat transfer by thermal 
circuits. The heat flow rate q h is analogous to the current, the temperature difference AT is analo¬ 
gous to the voltage, and the thermal resistance is analogous to the electric resistance. 

Figure 7.22 shows the heat transfer across a composite slab, which can be represented using a 
thermal resistance network with series interconnection. The heat flow rate remains the same through 
each component. Assume that the thermal resistances are and R 2 . As a result, the temperature 
differences across the resistances R t and R 2 are 7, - T 2 = R t q h and 7) - 7) = R 2 q h , respectively. The 
total temperature difference across the composite slab is 7, - 7) = (R { + R 2 )q h . Thus, the equivalent 
thermal resistance for a series interconnection is 

R eq = R,+ R 2 . (7.54) 

Figure 7.23 shows heat transfer across a wall with different materials and how it can be repre¬ 
sented by a thermal resistance network with parallel interconnection. Note that the temperature 
decrease across each material must be the same. Consequently, the heat flow rates through the 
resistances R t and R 2 are q hl = (7j - T 2 )/R, and q h2 = (7, - T 2 )/R 2 , respectively. The total heat flow 




FIGURE 7.22 Heat transfer across series thermal resistance. 


?hi 

?h2 




ti — m — 

^—vw—J 


FIGURE 7.23 Heat transfer across parallel thermal resistance. 
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rate through the wall is q M + q h2 = (7, - T 2 )(\/R l + 1 /R 2 ). Thus, the equivalent thermal resistance for 
a parallel interconnection is 


R eq ” R l 


(7.55) 


If there are different heat transfer modes in a system, a thermal circuit with thermal resistances 
representing the different modes of heat transfer can be used to analyze the system. 


Example 7.6: Thermal Resistance 

Consider heat transfer through an insulated wall as shown in Figure 7.24. The wall is made of a 
layer of brick with thermal conductivity /q and two layers of foam with thermal conductivity k 2 
for insulation. The left surface of the wall is at temperature 7, and exposed to air with heat transfer 
coefficient h v The right surface of the wall is at temperature T 2 and exposed to air with heat trans¬ 
fer coefficient h 2 . Assume that /q = 0.5 W/(m-°C), k 2 = 0.17 W/(m-°C), h, = h 2 = 10 W/(m 2 -°C), 7, = 
38°C, and 7 2 = 20°C. The thickness of the brick layer is 0.1 m, the thickness of each foam layer is 
0.03 m, and the cross-sectional area of the wall is 16 m 2 . 

a. Determine the heat flow rate through the wall. 

b. Determine the temperature distribution through the wall. 


Solution 

a. The heat transfer through the insulated wall can be represented using a thermal circuit with 
five thermal resistances connected in series as shown in Figure 7.25. Two modes of heat 
transfer, conduction and convection, are involved. The corresponding thermal resistances 
are 


R\ = 

R 2 = 


h,A 10x16 


= 6.25x10“ 3 °C-s/J, 



FIGURE 7.24 Heat transfer through an insulated wall. 








Fluid and Thermal Systems 


321 



Air Foam Brick Foam Air 

FIGURE 7.25 The equivalent thermal circuit for the heat transfer system in Figure 7.24. 



FIGURE 7.26 Temperature distribution through the insulated wall. 
The total thermal resistance is 


Thus, the heat flow 


= 4-70 X 10 _ 2 ° C ’ s/ J- 

through the insulated wall is 


38-20 
4.70 xIO" 2 


= 382.98 W. 


b. Note that the heat flow rate stays the same through the insulated wall. Thus, from left to 
right, the heat flow rate through each layer is 


Air: q h = /? 1 (T 1 -T 3 ) 

Foam: q h =R 2 (T 3 -T 4 ) 

Brick: q h = R 3 (T 4 -T 5 ) 

Foam: q h =R 4 (T 5 -T 6 ) 

Air: q h =/? 5 (T 6 -T 2 ) 

With the given temperatures T, and T 2 , we have T 3 = 35.61 °C, T 4 = 31,40°C, T s = 26.61 °C, 
and T 6 = 22.40°C. Figure 7.26 shows the temperature distribution through the wall. Note 
that the temperatures shown in Figure 7.26 are the values when the heat transfer process 
reaches steady state. 

7.3.4 Modeling of Heat Transfer Systems 

The mathematical model of a thermal system is often complicated because of the complex tem¬ 
perature distribution throughout the system. To simplify analysis, in this section, we discuss how to 
obtain a lumped-parameter model, which may approximate the gross system dynamics. The validity 
of this lumped-parameter assumption can be checked using the so-called Biot number. 
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FIGURE 7.27 A solid object submerged in a fluid. 

Consider a solid body submerged in hot fluid as shown in Figure 7.27, in which T { is the fluid 
temperature, 7’ w is the temperature at the wall of the object, and T is the temperature of an arbitrary 
point inside the object. There are two modes of heat transfer involved, conduction within the body 
and convection between the fluid and the body. The heat flow rates for the two different modes can 
be approximated to have the same magnitude, 

kA 

Y (4 - T )« hA(T f - TJ, (7.56) 

where h is the heat transfer coefficient, k is the thermal conductivity for the material of the object, 
and L is the relevant length between the wall and the point. The ratio of the temperature differences 
caused by the different modes of heat transfer is 


T w - T hL 


T f — T w k 


(7.57) 


Note that the temperature difference within the object can be negligible if the object is thin or 
small enough. The criterion for determining a solid being thin or small is based on the Biot number, 
which is defined as 


Bi = c , (7.58) 

k 

where L c is the characteristic length of the solid object, defined as the volume of the body divided 
by the surface area of the body, 


4 = 


Kody 

A luI&ce ' 


(7.59) 


For a body whose Biot number is much less than one, typically, Bi <0.1, the interior of the body may 
be assumed to have the same temperature. 


Example 7.7: Temperature Dynamics of a Heated Object 

Consider a steel sphere with a radius of r = 0.01 m submerged in a hot water bath with a heat 
transfer coefficient of h = 350 W/(m 2 -°C). For steel, the density is p = 7850 kg/m 3 , the specific heat 
capacity is c = 440 J/(kg-°C), and the thermal conductivity is k = 43 W/(m-°C). The temperature of 
the water T f is 100°C and the initial temperature of the sphere T 0 is 25°C. 
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a. Determine whether the sphere's temperature can be considered uniform. 

b. Derive the differential equation relating the sphere's temperature T(t) and the water's tem¬ 
perature Tf. 

c. ^ Using the differential equation obtained in Part (b), construct a Simulink block diagram 
to find the sphere's temperature T(t). 


Solution 


a. The characteristic length of the sphere is 


, = Vjody 4/37tr 3 = 1 f = 0.01 
Aurface 47tr 2 3 r 3 


The Biot number of the steel sphere is 


oj hL c 350(0.01) 
k 43(3) 


2.71x10“ 2 


:0.1. 


Thus, the sphere can be treated as a lump-temperature system, and its temperature can be 
considered uniform within the body. 

b. The dynamic model of the sphere's temperature can be derived using the law of conserva¬ 
tion of energy, 


Note that U = mcT = p VcT, and we have 


dU 

dt 


_d_ 

dt 


■(pVfcT) = pVc—■ 


The heat flow rate into the body is 


9hi = 


T ,-T 

M 


and the heat flow rate out of the body is q ho = 0. Thus, the differential equation of the system is 


pVc(dT/dt) = (T f - T)/R. 

Introducing the expression for the thermal capacitance p Vc = C, we find 


- T = T f . 


The thermal capacitance of the sphere is 


C = pVc = 785O0j(7t)(O.O1) 3 (44O) = 14.47 J/°C, 


and the thermal resistance due to convection 
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FIGURE 7.28 A Simulink block diagram representing the thermal system in Example 7.7. 





FIGURE 7.29 Temperature output T(f) of the thermal system in Example 7.7. 


M 350(4)(ji)(0.01) 2 


2.27°Cs/J. 


Thus, the dynamic model of the sphere's temperature is 


■7 = 7}. 


c. ^ Given T f = 100°C, solving for the highest derivative of the output 7 gives 


dT 

dt 


32.85 


(100-7), 


which can be represented using the Simulink block diagram shown in Figure 7.28. Double¬ 
click on the Integrator block and define the initial temperature of the sphere to be 25°C. 
Run the simulation. The results can be plotted as shown in Figure 7.29. 

Example 7.7 shows that the temperature dynamics of a thermal system can be expressed in terms 
of thermal capacitance and thermal resistance. For multiple thermal capacitances, we apply the law 
of conservation of energy to each of them. 
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Heater 


r, q 



FIGURE 7.30 A room with a heater. 

Example 7.8: Temperature Dynamics of a House with a Heater 

The room shown in Figure 7.30 has a heater with heat flow rate input of q 0 . The thermal capaci¬ 
tances of the heater and the room air are C, and C 2 , respectively. The thermal resistances of the 
heater-air interface and the room wall-ambient air interface are R, and R 2 , respectively. The 
temperatures of the heater and the room air are 7, and 7 2 , respectively. The temperature outside 
the room is T 0 , which is assumed to be constant. 

a. Derive the differential equations relating the temperatures 7„ T 2 , the input q 0 , and the out¬ 
side temperature T 0 . 

b. Using the differential equations obtained in Part (a), determine the state-space form of the 
system. Assume the temperatures 7, and 7 2 as the outputs. 


Solution 


a. Applying the law of conservation of energy to the heater, we have 


dt =qhi ~ qM 


where 


6U_ d7] 

dt _ 1 dt ' 


<7hi - <7or 



Substituting these expressions gives 



which can be rearranged into 
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Applying the law of conservation of energy to the room air, we have 
d U _ 

dt~ qh ~ qM 

where 


d U = d7j 
dt 2 dt 

7;-r. 


<7hi = 

<7ho = 


/?, ' 

/? 2 


Substituting these expressions gives 


dT, 7,-T, T,-T 0 


Ci dt 


R 2 


which can be rearranged into 

c 2 ^_l T Jl + ±) T -± To 

2 dt R, ' [r, rJ 2 R 2 0 ’ 

The system of differential equations can be written in second-order matrix form as 



b. To represent a thermal system in the state-space form, the temperature of each thermal 
capacitance is often chosen as a state variable. As specified, the state, the input, and the 
output are 



The state-variable equations are 


d7^ 

dt 


dT,. 

dt 



Rf 2 



q 

o 



or in matrix form 
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PROBLEM SET 7.3 

1. Consider heat transfer through an insulated frame wall of a house. The thermal conductiv¬ 
ity of the wall is 0.055 W/(m-°C). The wall is 0.15 m thick and has an area of 15 m 2 . The 
inside air temperature is 20°C and the heat transfer coefficient for convection between the 
wall and the inside air is 2.6 W/(m°C). On the outside of the wall, the heat transfer coef¬ 
ficient for convection between the wall and the outside air is 10.4 W/(m-°C) and the outside 
air temperature is -20°C. Determine the heat flow rate through the wall. 

2. Consider heat transfer through a double-pane window as shown in Figure 7.31a. Two layers 
of glass with thermal conductivity k l are separated by a layer of stagnant air with ther¬ 
mal conductivity k 2 . The inner surface of the window is at temperature 1\ and exposed to 
room air with heat transfer coefficient h v The outer surface of the wall is at temperature 
T 2 and exposed to air with heat transfer coefficient h 2 . Assume that k ] = 0.95 W/(m°C), 
k 2 = 0.0285 W/(m-°C), h, = h 2 = 10 W/(m 2 -°C), 7j = 20°C, and T 2 = 35°C. The thickness of 
each glass layer is 4 mm, the thickness of the air layer is 8 mm, and the cross-sectional area 
of the window is 1.5 m 2 . 

a. Determine the heat flow rate through the double-pane window. 

b. Determine the temperature distribution through the double-pane window. 

c. Repeat Parts (a) and (b) for the single-pane glass window shown in Figure 7.31b. 

3. The junction of a thermocouple can be approximated as a sphere with a diameter of 1 mm. 
As shown in Figure 7.32, the thermocouple is used to measure the temperature of a gas 
stream. For the junction, the density is p = 8500 kg/m 3 , the specific heat capacity is c = 320 
J/(kg-°C), and the thermal conductivity is k = 40 W/(m-°C). The temperature of the gas T { 
is 100°C and the initial temperature of the sphere T 0 is 20°C. The heat transfer coefficient 
between the gas and the junction is h = 70 W/(m 2 °C). 

a. Determine if the junction’s temperature can be considered uniform. 

b. Derive the differential equation relating the junction’s temperature T(t) and the gas’s 
temperature T f . 

c. 4\ Using the differential equation obtained in Part (b), construct a Simulink block 
diagram to find out how long it will take the thermocouple to read 99% of the initial 
temperature difference. 


(a) 


20°C 





Air 

*-35°C 


20°C 





4 ^ 8 ^ 


FIGURE 7.31 Problem 2 (a) double-pane window, (b) single-pane window. 
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Thermocouple 



r f =ioo°c 


FIGURE 7.32 Problem 3. 



FIGURE 7.33 Problem 4. 

4. Figure 7.33 shows a thin-walled glass of milk, which is taken out of the refrigerator at a uniform 
temperature of 3°C and is placed in a large pan filled with hot water at 60°C. Assume that the 
assumption of the lumped system analysis is applicable because the milk is stirred constantly, 
so that its temperature is uniform at all times. The glass container is cylindrical in shape with a 
radius of 3 cm and a height of 6 cm. The estimated parameters of the milk are density p = 1035 
kg/m 3 , specific heat capacity c = 3980 J/(kg°C), and thermal conductivity k = 0.56 W/(m°C). 
The heat transfer coefficient between the water and the glass is h = 250 W/(m 2 °C). 

a. Derive the differential equation relating the milk’s temperature T(t) and the water 
temperature. 

h. 4V Using the differential equation obtained in Part (a), construct a Simulink block 
diagram. How long will it take for the milk to warm up from 3°C to 58°C? 

5. As shown in Figure 7.34, the wall of a room consists of two layers, for which the thermal 
capacitances are C, and C 2 . Assume that the temperatures in both layers are uniform and 
they are T ] and T 2 , respectively. The temperatures inside and outside the room are 7] and T a , 
respectively. Both layers exchange heat by convection with air and the thermal resistances 
are R t and R 3 , respectively. The thermal resistance of the interface between the layers is R 2 . 
a. Derive the differential equations for this system. 



FIGURE 7.34 


Problem 5. 
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FIGURE 7.35 Problem 6. 

b. Using the differential equations obtained in Part (a), determine the state-space form of 
the system. Assume the temperatures T ] and T 2 are the outputs. 

6. For the three-room house shown in Figure 7.35, all rooms are perfectly square and have the 
same dimensions. An air conditioner produces an equal amount of heat flow q ho out of each 
room. The temperature outside the house is T a . Assume that there is no heat flow through 
the floors or ceilings. The thermal resistances through the inner walls and the outer walls 
are R, and R a , respectively. The thermal capacitance of each room is C. Derive the differ¬ 
ential equations for this system. 


7.4 SYSTEM MODELING WITH SIMULINK AND SIMSCAPE 

Similar to the modeling of mechanical and electrical systems, the dynamics of fluid and thermal 
systems can be represented by ordinary differential equations, transfer functions, or the state-space 
form. Therefore, the Simulink modeling techniques discussed in Sections 5.6 and 6.6 can also be 
applied to fluid and thermal systems. 


Example 7.9: Modeling of a Pneumatic System with Simulink 

Consider the pneumatic system in Example 7.2. Construct a Simulink block diagram to find the 
pressure inside the container, p(f), which is assumed to be 0 Pa initially. The pressure at the inlet 
is assumed to be 101.325 kPa. 


Solution 

The dynamics equation obtained in Example 7.2 is 


RV dp 

Kj* + p=p " 


where W/(R air T) = 1.19 x 10 -2 s. Solving for the highest derivative of the output p gives 


p = 84.03(101,325-p), 


which can be represented by the block diagram shown in Figure 7.36. One Integrator block 
is used to form the container pressure p, which is fed back to form the variation rate p. Note that 
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FIGURE 7.36 Simulink block diagram representing the pneumatic system in Example 7.2. 



FIGURE 7.37 Pressure output pit) for constant inlet pressure p, = 101.325 kPa. 


the system input is the inlet pressure p„ which is constant and is represented using a Constant 
block. Run the simulation. Double-click the Scope block and the resulting output of the pneu¬ 
matic system p(t) is shown in Figure 7.37. 


Example 7.10: Modeling a Two-Tank Liquid-Level System with Simulink 

Consider the two-tank liquid-level system in Example 7.5. Construct a Simulink block diagram to 
find the liquid levels h,(t) and h 2 {t). Assume p = 1000 kg/m 3 , g = 9.81 m/s 2 , A, = 2 m 2 , A 2 = 3 m 2 , 
R, = R 2 = R 3 = 400 N-s/(kg-m 2 ), and initial liquid heights /?,(0) = 1 m and h 2 ( 0) = 0 m. The pump 
pressure A p is a step function with a magnitude of 0 before f = 0 s and a magnitude of 130 kPa 
after t = 0 s. 


Solution 

The Simulink block diagram can be constructed based on either the differential equations obtained 
in Part (a) or the state-space form obtained in Part (b) in Example 7.5. Substituting the values of the 
parameters into the differential equations gives 
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FIGURE 7.38 Simulink block diagram constructed based on differential equations. 


^ =-0.0245b, +1.25x1 CT 6 p, 

^ = 0.0082b, - 0.0082b 2 . 
dt 

Figure 7.38 shows the resulting Simulink block diagram, in which two Integrator blocks are 
used to form b, and b 2 . Double-clicking on each Integrator block, we can enter the initial 
liquid level for each tank. 

Substituting the values of the parameters into the state-space equations gives 


M [-0.0245 0 ikljl 25x10*1 

[x 2 J L 0.0082 -0.0082J Jxj [ 0 J ' 



Outl 


FIGURE 7.39 Simulink block diagram constructed based < 


;-space equations. 
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FIGURE 7.40 Liquid level outputs hfi) and h 2 (t). 



The Simulink block diagram based on the state-space form is shown in Figure 7.39, in which a 
State-Space block is used to represent the liquid-level system. Double-clicking on the State- 
Space block with the name Liquid-level system, we can define the matrices A, B, C, and D. 
The initial liquid level is the vector [1; 0]. Running either of the two simulations, we can obtain 
the same results as plotted in Figure 7.40. 

To model a fluid or thermal system with Simscape, the Simscape\Foundation Library 
can be used, which contains basic pneumatic, hydraulic, and thermal blocks. However, connecting 
pneumatic or hydraulic components requires a good knowledge of the physical domains and the 
equations involved. Because this is beyond the scope of this text, this section focuses on Simscape 
modeling of thermal systems only. 



converter 


FIGURE 7.41 Simscape block diagram of the thermal system in Example 7.7. 
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Example 7.11: Temperature Dynamics of a Heated Object ^ 

Consider the heat transfer system in Example 7.7, in which a steel sphere is submerged in hot 
water and the temperature of the sphere is assumed to be uniform. Build a Simscape model of 
the physical system and find the sphere's temperature output T{t). Compare the result with that 
obtained in Example 7.7. 

Solution 

The Simscape block diagram corresponding to the physical system is shown in Figure 7.41. The 
temperature of the hot water is known as 100°C or 373 K. The Ideal Temperature Source 
block in the library of Simscape/Foundation Library/Thermal/Thermal Sources is 
used to represent the temperature input. A Simulink-PS Converter block converts the con¬ 
stant value of 373 K into a physical signal. Double-click on the block and define the Input sig¬ 
nal unit as K. 

Because the temperature of the sphere is assumed to be uniform, only the convective heat trans¬ 
fer between the water and the sphere is considered in modeling. The corresponding block can be 
found in the library of Simscape/Foundation Library/Thermal/Thermal Elements. 
Double-click on the block and define Area as 0.0013 m 2 , and Heat transfer coefficient 
as 350 W/(m 2 -K). The block Thermal Mass in the same library is used to represent the steel 
sphere. The associated parameters are Mass, Specific heat, and Initial temperature, 
and their values are 0.0329 kg, 440 J/(kg-K), and 25°C or 298 K. All parameter values can be 
determined using the information given in Example 7.7. 

To measure the sphere's temperature, drag the Ideal Temperature Sensor block in 
the library of Simscape/Foundation Library/Thermal/Thermal Sensors. The PS- 
Simulink Converter block converts the physical signal to a Simulink signal. Double-click 
on the block and define the Output signal unit as K. Because the simulation result in 
Example 7.7 is given in units of °C, we can also define the unit as C and check the box of Apply 
affine conversion. 

Run the simulation and the same curve as shown in Figure 7.29 can be obtained, which is the 
resulting temperature output T{t) of the heated sphere. 


Example 7.12: Temperature Dynamics of Two Adjacent Objects 

Figure 7.42 represents the temperature dynamics of two adjacent objects, in which the thermal 
capacitances of the objects are C, and C 2 , respectively. Assume that the temperatures of both 
objects are uniform, and they are T, and T 2 , respectively. The heat flow rate into object 1 is q 0 , 
and the temperature surrounding object 2 is T 0 . There are two modes of heat transfer involved, 
conduction between the objects and convection between object 2 and the air. The corresponding 
thermal resistances are R, and R 2 , respectively. 



FIGURE 7.42 Thermal dynamics of two adjacent objects. 
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a. Derive the differential equations relating the temperatures T v T 2 , the input q 0 , and the out¬ 
side temperature T 0 . 

b. 4V Build a Simscape model of the physical system and find the temperature outputs 
7,(t) and T 2 (t). Use default values for the blocks of Thermal Mass (mass = 1 kg, specific 
heat = 447 J-K/kg, and initial temperature = 300 K), Conductive Heat Transfer 
(area = 1 xIO -4 m 2 , thickness = 0.1 m, and thermal conductivity = 401 W/(m-K)), and 
Convective Heat Transfer (area = 1 x 10 -4 m 2 and heat transfer coefficient = 20 W/ 
(m 2 -K)). Assume that the heat flow rate is q 0 = 400 J/s and the surrounding temperature is 
T 0 = 298 K. 

c. 4V Build a Simulink block diagram based on the differential equations obtained in Part (a) 
and find the temperature outputs T,(t) and T 2 (t). 


Solution 

a. Similar to Example 7.8, the differential equations relating the temperatures T„ T 2 , the input 
q 0 , and the outside temperature T 0 can easily be obtained as 


4 ' 


d t 2 = r,-r 2 _ t 2 ~t 0 

C ? dt ~ Rj ~ R 2 


The equations can be rearranged as 


Thermal reference 1 = ^ = 



FIGURE 7.43 Simscape block diagram of the thermal system in Figure 7.42. 
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b. The Simscape block diagram corresponding to the physical system is shown in Figure 
7.43. Two Thermal Mass blocks are used to represent objects 1 and 2. A Conductive 
Heat Transfer block and a Convective Heat Transfer block are used to represent 
the two modes of heat transfer involved, conduction between the objects and convection 
between object 2 and the air. An Ideal Heat Flow Source block is included to repre¬ 
sent the heat flow rate input q 0 , and an Ideal Temperature Source block is used to 
represent the surrounding temperature 7 0 . 



7 o 


or- 


Add 1/Cj Integrator 

<Q 

1/2?! 

ffl- 


Add 1 l/C 2 Integrator 1 

o *—0 


FIGURE 7.44 Simulink block diagram of the thermal system in Figure 7.42. 



FIGURE 7.45 Temperature outputs 7j(t) and T 2 (t). 
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c. -4, The Simulink block diagram built based on the differential equations obtained in Part 
(a) is shown in Figure 7.44. Based on the default values used in Simscape modeling, the fol¬ 
lowing system parameters can be determined, 


C, = C 2 = me = 1 x 447 = 447 J/K, 


kA 401 x 1 x 10 -4 


M 20 x 1 x 10 -4 


Run either simulation to generate Figure 7.45, showing the resulting temperature outputs 
7j(t) and T 2 (t) of the two adjacent objects. 


PROBLEM SET 7.4 

1. Dry air at a constant temperature of 20°C passes through a valve out of a rigid cubic con¬ 
tainer of 1 m on each side (see Figure 7.46). The pressure p a at the outlet of the valve is 
constant, and it is less than p. The valve resistance is approximately linear, and R = 1000 
Pa-s/kg. Assume the process is isothermal. 

a. Develop a mathematical model of the pressure p in the container. 

b. 4V Construct a Simulink block diagram to find the output pit) of the pneumatic system if 
the pressure inside the container initially is 2 atm and the pressure at the outlet is 1 atm. 

2. Figure 7.47 shows a liquid-level system in which two tanks have hydraulic capacitances C, 
and C 2 , respectively. The volume flow rate into tank 1 is q r The liquid flows from tank 1 
to tank 2 through a valve of linear resistance R t and leaves tank 2 through a valve of linear 
resistance R 2 . The density p of the liquid is constant. 

a. Derive the differential equations in terms of the liquid heights and h 2 . Write the 
equations in second-order matrix form. 



FIGURE 7.47 Problem 2. 
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b. Assume the volume flow rate q i is the input and the liquid heights h x and h 2 are the 
outputs. Determine the state-space form of the system. 

c. 4\ Construct a Simulink block diagram to find the outputs h t (t) and h 2 (t) of the liquid- 
level system. Assume p = 1000 kg/m 3 , g = 9.81 m/s 2 , C l = 0.2 kg-m 2 /N, C 2 = 0.3 kg-m 2 /N, 
R l= R 2 = 400 N-s/(kg-m 2 ), and initial liquid heights A, (0) = 1 m and h 2 ( 0) = 0 m. The 
volume flow rate q, is a step function with a magnitude of 0 before f = 0 s and a magni¬ 
tude of 0.5 m 3 /s after t = 0 s. 

3. A chicken is taken out of the oven at a uniform temperature of 150°C and is left out in the 
open air at the room temperature of 25°C. Assume that the chicken can be approximated 
as a lumped model. The estimated parameters are mass m = 2 kg, heat transfer surface 
area A = 0.32 m 2 , specific heat capacity c = 3220 J/(kg°C), and heat transfer coefficient 
h= 15 W/(m 2 °C). 

a. Derive the differential equation relating the chicken’s temperature T(t) and the room 
temperature. 

h. 4^ Using the differential equation obtained in Part (a), construct a Simulink block 
diagram and find the temperature of the chicken. 

c. Build a Simscape model of the system and find the temperature of the chicken. 

d. Assume that the chicken can be served only if its temperature is higher than 80°C. 
Based on the simulation results obtained in Parts (b) and (c), can the chicken be left at 
the room temperature of 25°C for 1 hour? 

7.5 SUMMARY 

This chapter was devoted to the modeling of fluid and thermal systems. For each of them, we first 
introduced the concepts of capacitance and resistance. It is useful to think of fluid and thermal 
systems as electrical circuits. Together with the basic elements, the conservation of mass and the 
conservation of energy are the main laws used to develop mathematical models of fluid and thermal 
systems, respectively. 

Fluid systems can be divided into pneumatics and hydraulics. A pneumatic system is one in 
which the fluid is compressible. At low pressure and moderate or high temperature, real gases may 
be approximated as ideal gases to simplify calculations for pneumatic systems. A hydraulic system 
is one in which the fluid is incompressible. Most liquids are generally considered incompressible, 
and this approximation greatly simplifies the modeling of hydraulic systems. A general category of 
hydraulic systems is liquid-level systems. 

Fluid capacitance is the relation between the stored fluid mass and the resulting pressure caused 
by the stored mass, 



The pneumatic capacitance of a container of constant volume V is defined as 

C= v , 
nRJ 

where the value of n depends on the type of thermodynamic process. For a tank of cross-sectional 
area A with a liquid of height h, the hydraulic capacitance of the tank is defined as 


c= m. 
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When a fluid flows through a valve, a pipe, or an orifice, the fluid meets resistance and there is a 
decrease in the pressure of the fluid. The pressure difference is associated with the mass flow rate 
q m in a nonlinear relationship. Near a reference operating point, linearization can be performed to 
obtain the linearized resistance, 






To obtain a simple model of a fluid system, each mass storage element can be represented by a 
capacitance element and each valve can he represented by a resistance element. The differential 
equation of the system can he derived by applying the law of conservation of mass: 


where the mass flow rate into or out of the system can be related to the resistance at the inlet or the 
outlet of the system, respectively. The resulting mathematical model may adequately describe the 
dynamics of the real system. 

A thermal system is one that involves the transfer of heat from one object to another. For an 
object, the thermal capacitance is defined as the ratio of the change in heat flow to the change in the 
object’s temperature. 


For incompressible liquids and solids, 


C 


d Q 
dr 


c 


= mc = pVc, 


where c is the specific heat capacity. 

The thermal resistance for heat transfer is defined as the ratio of the change in temperature dif¬ 
ference to the change in heat flow rate. 


R 


dT 
df/h ' 


For simple one-dimensional conduction, Fourier’s law gives 


7j-r ; 

L 


and the thermal resistance for conduction is 



For convective heat transfer, Newton’s law of cooling gives 


q h = hAAT= hA(T s - T cnv ) 


and the thermal resistance for convection is 
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R= - 

M 

The mathematical model of a thermal system is often complicated because of the complex tem¬ 
perature distribution throughout the system. To simplify analysis, a lumped-parameter model may 
be used to approximate the gross system dynamics. The validity of this lumped-parameter assump¬ 
tion can be checked using the so-called Biot number, 

hL 


where L c is the characteristic length of the solid object, 


For a body whose Biot number is much less than one, that is, Bi < 0.1, the interior of the body 
may be assumed to have a uniform temperature. Then, the dynamic model of a heat transfer system 
can be derived using the law of conservation of energy, 


dt/_ 
df 


REVIEW PROBLEMS 

1. Dry air at a constant temperature of T passes through a valve into a rigid spherical con¬ 
tainer (see Figure 7.48). The pressure at the inlet is p r The linear resistances of the two 
valves at the inlet and the outlet are R t and R 2 , respectively. Assume that the process is 
isothermal. 

a. Develop a mathematical model of the pressure p in the container. 

b. Denote the volume flow rate at the outlet as q a . Determine the transfer function relating 
Pi and p for this pneumatic system if q B = 0. 

2. A single-tank liquid-level system is shown in Figure 7.49, in which water flows into the 
tank at a volume flow rate q { and out of the tank through two valves at points 1 and 2. 
The linear resistances of the two valves are R x and R 2 , respectively. Assuming h > h x , 
derive the differential equation relating the liquid height h and the volume flow rate 
q, at the inlet. The cross-sectional area of the tank A is constant. The density p of the 
liquid is constant. 

3. A watermelon is taken out of the refrigerator at a uniform temperature of 5°C and is 
exposed to 27°C air. Assume that the watermelon can be approximated as a sphere and 
the temperature of the watermelon is uniform. The estimated parameters are the density 



FIGURE 7.48 Problem 1. 
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p = 120 kg/m 3 , diameter D = 40 cm, specific heat capacity c = 4200 J/(kg°C), and heat 

transfer coefficient of the watermelon h = 15 W/(m 2 °C). 

a. Derive the differential equation relating the watermelon’s temperature T(t ) and the air 
temperature. 

b. Using the differential equation obtained in Part (a), construct a Simulink block 
diagram and find the temperature of the watermelon. 

c. Build a Simscape model of the system. 

d. Based on the simulation results obtained in Parts (b) and (c), how long will it take 
before the watermelon is warmed up to 20°C? 






System Response 


Derivations of the mathematical models of dynamic systems were presented in Chapters 5 through 7. 
And the different forms of system model representations were thoroughly discussed in Chapter 4. 
This chapter is mainly concerned with the transient response and frequency-response analysis of 
dynamic systems. Systematic methods to solve the state equation will also be presented. For the 
most part, linear dynamic systems are considered in this chapter. The response of nonlinear systems 
using MATLAB® and Simulink® is presented in the final section of the chapter. 

8.1 TYPES OF RESPONSE 

Consider an nth-order dynamic system governed by the differential equation 

x (n> + a, l x ( "- 1) + ■ ■ ■ + a n _ x k + a„x = fit) (8.1) 

where the coefficients a l5 a 2 ,..., a n are constants, x(t) is the dependent variable, t denotes time, and 
f(t ) is the input known as the forcing function. As seen in Chapter 2, the solution x(t), known as the 
total response, comprises the complementary (homogeneous) solution x c (t) and the particular solu¬ 
tion x p (f), that is, x(t) = xjt) + x p (t). Note that x c (t) is the solution of Equation 8.1 when/(f) = 0, and 
x p (t) depends on the nature of the forcing function/©. The complementary solution x c (f) is called 
the natural response (free response) because it represents the natural behavior of the system in the 
absence of the input. The particular solution x f (t) is known as the forced response of the system. 

8.2 TRANSIENT RESPONSE AND STEADY-STATE RESPONSE 

The total response x(t) can also be decomposed into transient response x tT (t) and steady-state response 
x ss (t), that is, x(t) = x [r (f) + x ss (t). The transient response consists of those terms in x(t) that decay to 
zero as t -*■ °°. The portion of the response x(t) that remains after the transient terms have vanished 
is called the steady-state response. 


Example 8.1: Transient and Steady-State Responses 

The mathematical model of a dynamic system is defined by 

x + 4x = 17e“* /2 , x(0) = 4, x(0) = 0 


Find the system's total response, and identify the transient and steady-state responses. 

Solution 

The complementary solution is readily found as x c (t) = c,cos2t + c 2 sin2t. The particular solution is 
found via the method of undetermined coefficients (Chapter 2) as x p (t) = 4e _(/2 . Therefore, 

x(f) = c,cos2t + c 2 sin2t + 4e _t/2 
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Initial conditions yield q = 0, c 2 = 1. The total response is then formed as 
x(t) = sin2t + 4e _t/2 

Consequently, x tr (f) = 4e _t/2 and x ss (f) = sin2t. 


8.2.1 Transient Response of First-Order Systems 

Linear, first-order dynamic systems are described by 

%x + x = f(t), T = const >0, x(0) = x 0 (8.2) 

where t is called the time constant. Note that upon division by x, Equation 8.2 agrees with the 
general form of Equation 8.1. To perform the transient-response analysis, we first take the Laplace 
transform of Equation 8.2, as 


t[sX(*)-x 0 ] + X(.s) = F(s) 


1 

TS + 1 


F(s) 


Subsequently, inverse Laplace transformation yields 

x(t) = C _1 ( ^—} x 0 + L 1 E(s)} 

Ixi + lj Its +1 J 

Noting the inverse Laplace transform in the first term is <r !/T , the total response is expressed 


x(t) = 



r 1 f(J) i 

£ _1 j 

ks+i J 


(8.3) 


The first term on the right side of Equation 8.3 represents the system response to initial condi¬ 
tion (excitation) only, and is called the zero-input response. The second term describes the response 
to the input, and is known as the zero-state response. In this section, we will study the response of 
first-order systems subjected to specific types of input such as step and ramp functions. The system’s 
free response is discussed first. 

8.2.1.1 Free Response of First-Order Systems 

Free response is defined as the response to the initial condition only, hence given by the first term 
in Equation 8.3, 


x(t) = e~ tk x 0 (8.4) 

It is readily seen that the smaller the time constant, the faster the response reaches equilibrium. 

Example 8.2: Free Response 

Suppose a first-order system is described by 


3x+2x = 0, x(0) = 
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The response x(t) is clearly a free (natural) response as there is no forcing function present. 
Rewriting the ODE as |x + x = 0, the time constant is found as x = f. With this, and noting 
x(0) = i Equation 8.4 yields 


8.2.1.2 Impulse Response of First-Order Systems 

Impulse response refers to x(t) in Equation 8.2 when/(f) = A8(f), where 8(f) is the unit-impulse and A 
is a constant magnitude (Section 2.3). Inserting F(s) = A in Equation 8.3, we find 

*(0 - F~ tH x 0 + £ _1 |—| 

Lis' + 1J 


which simplifies to 


x(t) = 


(8.5) 


Because t > 0, we have x(t) ->■ 0 as f -»■ °°. That is, the impulse response has a steady-state value of 0. 

8.2.1.3 Step Response of First-Order Systems 

Step response refers to x(t) in Equation 8.2 when/(f) = Aw(f), where u(t) is the unit-step and A is a 
constant magnitude (Section 2.3). Inserting F(s) = A/s in Equation 8.3, we find 


Using partial-fraction expansion, it can be shown that 


A( l-e~ tK ) 


Therefore, the step response is described by 

x(t) = e~‘ h x 0 + A( 1 - e~ ,h ) (8.6) 

Because t > 0, we have x(t) -> A as f <». In other words, the step response has a steady-state value 
of A. 


Example 8.3: Step Response of an RL Circuit 

Consider the RL circuit shown in Figure 8.1a, which consists of a resistance R and inductance L, 
and assume that the initial current is /(0) = /' 0 . If the applied voltage is modeled as a step function 
with magnitude V, find the zero-input, zero-state, and steady-state responses. 
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FIGURE 8.1 (a) RL circuit, and (b) response to a step input. 


Solution 

Using Kirchhoff's voltage law (KVL), the mathematical model of the circuit is obtained as 

L ^ t +Ri = v M /( 0 ) = / 0 


Division of the differential equation by R yields 


Ldi . 
Rdt + ‘ 


Comparing this equation with Equation 8.2, we find f(t) = (1//?)v a (t). But because v a (t) = Vu(t), the 
forcing function can be written as f(t) = ( V/R)u(t). Therefore, we can interpret f(t) as a step function 
with magnitude V/R. As a result, using A = V/R and x 0 = /„ in Equation 8.6, we find 

/(t)=e -/ 0 ^(1-e--) 

The first term represents the zero-input response, whereas the second term describes the zero- 
state response. It is clear that /(f) reaches a steady-state value of V/R after a sufficiently long time 
(Figure 8.1b), hence the steady-state current is / ss = V/R. 

8.2.1.3.1 The Role of Time Constant 

The role of time constant t is examined as follows. Consider the RL circuit in Example 8.3, and 
assume zero initial current, i(0) = 0. As a result, the current is given by 


i(f) = ~(1 —e : ,/T ) 

where we have replaced L/R with the generic notation t. After one time constant (t = t), the current 
is 


i(x) = — (1 ■- fT 1 ) = 0.632 - = 0.632/ ss 
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4s = V7R 


0.982i s 



0.632; ss 


0 


FIGURE 8.2 Role of time constant. 


This means 63.2% of the steady-state current is recovered after one time constant. Similarly, the 
percentage of recovery at t = 2t and t = 3t may be calculated. At t = 4t, we have 



Therefore, after four time constants, the response is within 2% of the steady-state value (see 
Figure 8.2). This essentially serves as the settling time for the step response curve. Settling time is 
one of the four transient-response specifications of second-order systems and plays a central role in 
the control of such systems (see Chapter 10). 

8.2.1.4 Ramp Response of First-Order Systems 

Ramp response refers to response x(t) in Equation 8.2 when the forcing function is /(f) = Aw r (f), 
where u r (t) is the unit-ramp and A is a constant slope (Section 2.3). Inserting F(s) = A/s 2 in Equation 
8.3, we find 



But 



Therefore, the ramp response is given by 


x(t) = e~‘ ,T x 0 + A[t - t(1 - 


(8.7) 


8.2.1.4.1 Steady-State Error 

For simplicity, assume the initial condition is zero so that Equation 8.7 reduces to 


x(f) = A[t - t(1 - e~ th )\ 
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FIGURE 8.3 Ramp response of a first-order system. 


The error between the ramp input and the ramp response is 


e(t) =At- A[t - t( 1 - e _,/T )] = At(1 - e~ ,h ) 


As t -*■ °°, this error approaches At so that the steady-state error is 


= At 


The ramp input, ramp response, and the associated steady-state error are shown in Figure 8.3. 

PROBLEM SET 8.1 

1. Consider a first-order system with time constant t and zero initial condition. Find the sys¬ 
tem’s unit-impulse response for x = j and x = plot the two curves versus 0 < t < 2 in the 
same graph, and comment. 

2. Consider a first-order system with time constant t and zero initial condition. Find the sys¬ 
tem’s unit-step response for t = y and T = §, plot the two curves versus 0 < f < 2 in the same 
graph, and comment. 

3. A thermostat, initially at ambient temperature T( 0) = T a , is placed inside a water tank whose 
temperature is fixed at T b . The thermostat temperature is the response of iT + T = T b 
where t = const depends on thermal resistance and capacitance. 

a. Find the zero-state and zero-input responses. 

b. Find the steady-state thermostat temperature. 

4. Repeat Problem 3 for the case when the temperature of the water tank increases linearly 
with time at a rate of r. 

5. A single-tank liquid-level system with inflow rate q t as its input and liquid level h as its 
output is modeled as RAh + gh = Rq t (t), h{ 0) = 0, where R,A,g = const. If the inflow rate 
is a unit-step, find the system response in terms of the physical parameters. Also find the 
steady-state response. 

6. The equation of motion of the mechanical system in Figure 8.4 is by + k(y — x) = 0, where 
x and y are the input and the output, respectively, and b,k = const. Assuming zero initial 
condition, find the response when x is a 

a. unit step 

b. unit ramp 
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FIGURE 8.4 Problem 6. 


FIGURE 8.5 Problem 7. 



9 


W) 


7. The torsional mechanical system in Figure 8.5 is modeled as JQ+BQ = T(t), where J,B = 
const, 0 is the angular displacement, and T is a constant applied torque. Rewrite the model 
as first-order in angular velocity co = 0. Assuming oo(0) = oo 0 , determine oo(f). Also identify 
the transient and steady-state responses. 

8. Find the unit-ramp response of the RL circuit in Example 8.3. 

9. A first-order dynamic system is modeled as 

•Jv + 5 v = F(f), v(0) = § 

Find the response v(t) if the input Fit) is a ramp function with a slope of |. Also find the 
steady-state response and the steady-state error. 

10. A first-order dynamic system is modeled as 

w + 3w = git), w(0) = 1 

Find wif) if the input gif) is a step function with magnitude 10. Also find w ss . How many 
time units will it take for the response curve to reach within 2% of w ss ? 

8.3 TRANSIENT RESPONSE OF SECOND-ORDER SYSTEMS 

Linear, second-order dynamic systems are mathematically modeled as 


x + 2£co n i + co Jx = fit), x(0) = x 0 , x(0) = x 0 


(8.8) 
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FIGURE 8.6 A mass-spring-damper system. 

where £ is the damping ratio and co n is the (undamped) natural frequency, in radians per second. 
Although Equation 8.8 represents the model for any second-order dynamic system, it is best under¬ 
stood when it is viewed in relation to a mechanical system. To that end, consider the mass-spring- 
damper system in Figure 8.6. 

The system’s (undamped) natural frequency is defined as 



The damping ratio is defined as the ratio of the actual damping c and the critical damping* 
c CT = 2 \[mk, that is, 


c=—= 


2 yjmk 


The system’s equation of motion is derived as (Chapter 5) 


mx+cx+kx = f(i) x + -x + -x = -f(t) 

m m m 


Noting that 



the equation of motion can be expressed in the form of Equation 8.8, with the force (1 /m)/(f) renamed 
as/(f). The transient-response analysis of second-order systems is performed as follows. Taking the 
Laplace transform of Equation 8.8, taking into account the initial conditions, we find 


[s 2 X(s) - sx o - x 0 ] + 2tfii n [sX(s) - x Q ] + <a 2 n X(s) = F(s) 


* This is defined as the value of c that satisfies c 2 - 4 mk = 0. 
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Collecting like terms and solving for X(s), yields 


s + 2C,(o n s + co 2 


1 

s 2 + 2£a> n s + co 2 


F(s) 


Finally, 


£ -iffa+2£co„) % + i 0 1 

i 1 f(4 

1 s 2 + 2 ^( 0 n s + co 2 j 

U 2 + 2^co n 5 + co 2 J 


(8.9) 


The first term on the right side represents the zero-input response, which is the response to initial 
conditions only. The second term describes the zero-state response, which is the response to the 
input only. 

8.3.1 Free Response of Second-Order Systems 

Free response is the response to initial conditions only, defined by the first term in Equation 8.9, 


x(t) = C 


\ (s +2^G} n )jc s + i 0 l 
[ .r+ 2 £c>v + cd 2 J 


( 8 . 10 ) 


This inverse Laplace transform depends on the nature of the poles (Section 2.3), that is, the roots 
of the characteristic equation 

s 2 + 2^co n s + co 2 = 0 

Solution of this equation yields the poles 

5 = -^C0 n + A /(^O) n ) 2 -t0 2 =-^co n +co n ^ 2 -l (8.11) 


The system is undamped if = 0, underdamped if 0 < £ < 1, critically damped if £, = 1, and 
overdamped if £ > 1. The free response analysis for all these damping cases is conducted as 
follows. 

Case (1) Undamped (£ = 0) 

Inserting C, = 0 in Equation 8.10, we find 


x(t) = C ' n 0 + *° 1 = * 0 cost*v+ — sinov 


(8.12) 
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Case (2) Underdamped (0 < £ < 1) 
In this case, rewrite 


f 2 + 2£oV + CD 2 = (s + £o> n ) 2 - (£cO n ) 2 + CD 2 
= (s + £co n ) 2 + co 2 (l-£ 2 ) 

= (5 + ^C0 n ) 2 + t0a 


where co d = co n ^/l-£ 2 is the (damped) natural frequency. With this, Equation 8.10 yields 


x(t) = £ 


i [(^+2Cco n )-r 0 +i 0 } _ 

1 (5 + ^to n ) 2 + co d J 


4-fe 


(8.13) 


Case (3) Critically Damped (i^ = 1) 
Using £ = 1 in Equation 8.10 leads to 


l (s + co n ) 2 J 


e [x 0 + (to„x 0 + x 0 )t] 


(8.14) 


Case (4) Overdamped (£ > 1) 

In this case, the two poles are real and distinct as in Equation 8.11. Let 
5, = -£co n + co n ^T, s 2 = -£co n - co n ^ 2 -1 


Then 


X (t) = C -' [(■ ? + 2 ^ t0 r.) JC 0 +i o| _ SjXq + Xq gSlt _ -SyXQ + Xg 

1 s 2 + 2^co n i + co 2 J s x ~ s 2 s)-s 2 


(8.15) 


Note that besides the response for the undamped case, which is oscillatory, all other responses 
stabilize at zero. The response for the underdamped case exhibits decaying oscillations. 

8.3.1.1 4 ^ Initial Response in MATLAB 

The initial command calculates the free response of a state-space model (Section 4.2) with an 
initial condition on the states: 


Jx = Ax, x(0) = x c 
[y = Cx 
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Then, initial(sys,xO) plots the response of system sys to an initial condition vector xO. 
The duration of simulation is determined automatically to adequately reflect the response transients. 


Example 8.4: Free Response 

Consider 


x + 2x + 2x = 0, x(0) = 0, 


x(0) = 1 


a. Determine x(t). 

b. 4fV Find and plot the free response in MATLAB. 


Solution 

a. Comparing with the standard form, Equation 8.8, we have 

{ ' 2 co„ = rad/s 

to 2 = 2 I 

2£co n = 2 £ = < 1 (underdamped) 

l v2 

The characteristic equation s 2 + 2s + 2 = 0 ha s roots s, 2 = -1 ± j. Because the system is 
underdamped, we also calculate co d =co n ^/l-£ 2 =1 rad/s. Using these and the given initial 
conditions in Equation 8.13, we find x(t) = e~ £ sint. 
b. ^ Choosing the state variables as x, = x and x 2 = x, the state-variable equations are 


Because we are seeking x, which happens to be the first state x„ the output equation is 
y = x, so that C = [1 0], The following script will generate the plot of x versus t. 

» A = [0 1 ; —2 -21 ; C = [1 0]; xO = [0,-1] ; 

» sys = ss (A, [] , C, [] ) ; 

>> initial(sys,xO) % Figure 8.7 

Note that t = 8 (sec) has been automatically determined by the initial command. 
As expected, the result agrees with that in Part (a). 


8.3.2 Impulse Response of Second-Order Systems 

Impulse response refers to x(t) in Equation 8.8 when the input is/(f) = A8(f), where 8(f) is the unit- 
impulse and A is a constant magnitude. Using F(s) = A in Equation 8.9, the response is 


x(t) = C 


\ (s + 2^03 n )x 0 + i 0 +Al 
l s 2 + 2C,(a n s + (i) 2 n J 


(8.16) 
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Response to initial conditions 



FIGURE 8.7 Initial response (Example 8.4). 


As in free response analysis, different damping cases are studied separately as follows. 
Case (1) Undamped (£ = 0) 


Case (2) Underdamped (0 < £ < 1) 


Case (3) Critically Damped (£ = 1) 

x(t) = e _m "'[x 0 + (o) n x 0 + i 0 + A)t] 

Case (4) Overdamped (£ > 1) 


where 


si = -£co n + co n ^ 2 -1, s 2 = -£co n -co n sji , 2 -1 


Once again, as it was the case with the free response of second-order systems, the impulse 
response for the undamped case is oscillatory. In each of the other cases, the response will stabilize 
at zero, whereas the underdamped impulse response exhibits decaying oscillations. 
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8.3.2.1 4V Impulse Response in MATLAB 

The command impulse (sys) returns the unit-impulse response of the linear, time-invariant 
(LTI) model sys created with either transfer function (TF) or state-space (ss), with the assumption 
of zero initial conditions. For multi-input models, independent impulse commands are applied to 
each input channel. The time range and number of points are chosen automatically in MATLAB. 
For nonzero initial conditions, it is best to use Equations 8.17 through 8.20. 


Example 8.5: Impulse Response 

Consider 

x + 2x + kx = 3S(t), x(0) = 0, x(0) = 0 

a. Determine the response x(t) corresponding to k = 2 and k = 3. 

b. For the two parameter values k = 2,3, find and plot the responses in the same graph 
using the impulse command. 

Solution 

a. Comparing with Equation 8.8, we have 

= 4k rad/s 

-^=<1 (underdamped, k = 2,3) 

Because the system is underdamped in both cases, we calculate co d = co n ^/l -C, 2 = 4k -1 
for each. By Equation 8.18, the two responses are then found as 



k = 2,ca d = 1 x 1 (t) = 3e“'sint 

k = 3,tn d = 42 x 2 (t)=^e'sin-s/2f 

b. 4V Because the initial conditions are zero, it is appropriate to use the impulse command. 
We will create our system using the transfer function. Because the impulse command 
returns the unit-impulse response, we must define the transfer function as 


3 

s 2 + 2s+k 


(k = 2,3) 


The following script will generate and plot the impulse responses: 

» n = 3; dl = [12 2] ; d2 = [12 3] ; 

>> sysl = tf(n,dl); sys2 = tf(n,d2); 

>> impulse(sysl,sys2)% Figure 8.8 
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Impulse response 



Time (s) 


FIGURE 8.8 Impulse responses (Example 8.5). 


The damping ratio and the value of parameter k are related v: 

ing ratio associated with k = 2 is larger than that for k = 3. The response curves in Figure 8.8 are 
in line with this assertion. 


8.3.3 Step Response of Second-Order Systems 

Step response refers to xit) in Equation 8.8 when the input is f(t) = Au(t), where u(t) is the unit-step 
and A is a constant magnitude. Using F(s) = A/s in Equation 8.9, the response is obtained as 


x(t) = C 


-t fts + 2 Cg>„)*o + i 0 | + jr -if_ A _] 

1 s 2 + 2^(a n s + or n \ U(.s- 2 + 2£ov + «>n)J 


( 8 . 21 ) 


As always, different cases of damping are considered separately as follows. 
Case (1) Undamped (t, = 0) 


x{t) = x 0 cosco J + — sinto n f -l—- (1 -cosco n f) 


Case (2) Underdamped (0 < £ < 1) 
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Case (3) Critically Damped = 1) 

x(t) = e^‘[x 0 + (co n x 0 + i 0 )r] + Ar [1 - e _0, °'(1 + co n f)] 
co„ 

Case (4) Overdamped (£ > 1) 



(8.24) 


(8.25) 


= -£co n + co nA /£ 2 -l, s 2 = -£co n -co n ^ 2 -1 

Besides the undamped case in which the response oscillates, it is readily seen that for each of the 
other cases of damping, the step response has a steady-state value of A/co 2 . 

8.3.3.1 4V Step Response in MATLAB 

The command step (sys) returns the unit-step response of the LTI model sys created with either 
transfer function (TF) or state-space (ss), with the assumption of zero initial conditions. For multi¬ 
input models, independent step commands are applied to each input channel. The time range and 
number of points are chosen automatically in MATLAB. For nonzero initial conditions, it is best to 
use Equations 8.22 through 8.25. 

Example 8.6: Step Response 

For the mechanical system in Figure 8.9, assuming zero initial displacement and velocity, 

a. Determine the system response x(f). 

b. 4^ Find and plot the response using the step command. 

Solution 

a. Using the assumed physical parameter values, the equation of motion is written as 
2x + 2x + 3x = 20u(f), x(0) = 0, x(0) = 0 



' k = 1 N/m 



f(t) = 20u(t) N 
2 kg 


FIGURE 8.9 Mechanical system (Example 8.6). 







356 


Modeling and Analysis of Dynamic Systems 


Division of the equation of motion by 2 yields x+x+yx = 10u(t). Comparing with the 
standard form of Equation 8.8, we find 


kco n =1 


C0 n 

k= 


= 4 \ rad/s 


V6 


1 (underdamped) 


This implies that the system is underdamped and cn d = co n ^/l-£ 2 rad/s. Using 
Equation 8.23, with zero initial conditions and A = 10, we find the response as (in meters) 


x(t) = ^r|i-e ;o>nt fcosco d t + , ^ 

®nL l Vi-? 2 


sinco d t = — 1-e _t/ cos^t-t- 


b. 


A 20 

Note that the steady-state value of response is = —. 

4 < Because the step command returns the unit-step response, 
function as 


: will define the transfer 


20 

2s 2 + 2s + 3 


Subsequently, the following script will generate the desired plot. 

» n = 20; d = [2 2 3]; sys = tf(n,d); 

>> step(sys) % Figure 8.10 

Note that t = 12 (sec) has been automatically determined by the step command, and 
that the step response has a steady-state value of &■, as asserted in Part (a). 


Step response 



FIGURE 8.10 Step response of the mechanical system in Example 8.6. 





System Response 


357 


Impulse response 


Step response 



Time (s) 




FIGURE 8.11 Unit-impulse and unit-step responses of second-order systems. 


Figure 8.11 presents a summary of the unit-impulse and unit-step responses of second-order 
systems subjected to zero initial conditions for all three cases of damping. Note that the oscillatory 
response curves associated with the undamped cases have been omitted. 

8.3.3.2 4V Response Analysis Using MATLAB Simulink 

We learned that the MATLAB built-in function initial returns the system response to initial 
excitations only, whereas impulse and step return responses to impulse and step functions 
with the assumption of zero initial conditions. These tasks may also be achieved by simulating the 
Simulink model of the system at hand. This approach proves particularly valuable in applications 
in which the input is not one of the aforementioned special functions, and the initial conditions are 
nonzero. These general cases can also be handled by using the built-in command lsim. 

8.3.3.2.1 The lsim Command 

The command lsim, with function call lsim(sys,u,t,xO), plots the time response of the LTI 
model sys to the arbitrary input signal described by u and t. The time vector t consists of regu¬ 
larly spaced time samples and u is a matrix with as many columns as inputs and whose fth row 
specifies the input value at time t(i). Vector xO is the initial state vector at t(l) (for state-space 
models only). It is set to zero when omitted. 

Example 8.7: Response Using MATLAB Simulink 

A dynamic system is modeled as 


x+4x + 5x = |sint, x(0) = 0, x(0) = -1 


Plot the response x(t) for 0 < t < 10 by 


a. Using the lsim command. 

b. Simulating the Simulink model. 
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Solution 

a. With state variables x, = x, x 2 = x, we first obtain the state-space model as 



Note that the output matrix is chosen as C = [1 0] because x = x, is to be plotted. The 

following script will generate the desired plot. 

>> A = [0 1; -5 -4] ; B = [0; 1/3] ; C = [1 0] ; 

>> sys = SS (A, B, C, [] ) ; xO = [0 ; -1 ] ; 

» t = 0:0.01:10; U = sin(t); 

>> lsim(sys,u,t,x0) % Figure 8.12 

The lsim command returns the input, as well as the response curve. Note that the limits 
along the vertical axis have been slightly modified for more clarity, 
b. Based on the state-space model obtained for the system at hand, the Simulink model shown 
in Figure 8.13 is built. Note that double-clicking on each integrator allows you to enter 
the initial condition for the output signal of that integrator block. Double-clicking on the 
input block allows you to select a sine wave with amplitude of 1 and frequency of 1 rad/s. 
Running the simulation and double-clicking on the scope block reveals the response plot, 
which agrees with that in Figure 8.12. For better access to the plot, simply type 

>> plot(tout,yout) 

It should be mentioned that the portion of the model that includes the gain of A and 
the two feedback loops can be replaced with the State-Space block from the Continuous 


Linear simulation results 



FIGURE 8.12 Simulation result (Example 8.7). 
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Input Gain 

sin(t) 


rTu 

[i 


IC:* 2 (0) = -1 IC:x,(0) = 0 

d— 


Summing 

junction 


< 0 *- 




*QD 

Output 


FIGURE 8.13 Simulink model of the system in Example 8.7. 


library. Double-clicking on the block allows you to define the proper matrices, as well as 
the initial conditions. 

83.3.2.2 ^ Impulse Response Using Simulink 

Even though there is no Impulse block in the Sources library of Simulink, the impulse response of 
a state-space model, subjected to zero initial conditions, may still be obtained using the Simulink 
model of the system. The model is built as follows. Drag the State-Space block from the Continuous 
library into the model. Double-clicking on this block allows you to enter the state-space matrices 
A, B, C, and D. For the initial conditions use the input matrix B. Use a Constant block (Commonly 
Used Blocks) of zero for input. Complete the model by adding the Out and Scope blocks. Running 
the simulation yields the impulse response of the system. 

Example 8.8: Impulse Response 

A system model is described by 3x + x + 2x = 8(f) subject to zero initial conditions. Plot x(t) for 
O^t^lOby 

a. Using the impulse command. 

b. By simulating a Simulink model of the system. 


Solution 

a. With state variables x, = x, x 2 = x we obtain the state-space matrices 


A = [_| A} B = [i} C = h 0], D = 0 


>> A= [0 1; -2/3 -1/3]; B = [0;l/3] ; C= [1 0] ; 

>> sys = ss (A,B, C, [] ) ; 

>> impulse(sys) % Figure 8.14 

b. The model is built as shown in Figure 8.15. As mentioned earlier, the initial conditions in the 
state-space block are specified as the input matrix B. Running the simulation yields exactly 
the response shown in Figure 8.14. 














360 


Modeling and Analysis of Dynamic Systems 


Impulse response 



FIGURE 8.14 Impulse response in Example 8.8. 


ICs are B 





FIGURE 8.15 Simulink model in Example 8.8. 


Example 8.9: Ml MO System (Step Input) 

Consider the mechanical system shown in Figure 8.16, in which all parameter values are in con¬ 
sistent physical units. Assume that the applied forces /, and f 2 are unit-step functions and that the 
system is subject to zero initial conditions. Plot two response curves for x 2 : one for the case when 
only fj is the input, and another for the case when only f 2 is the input. Find the superposition of 
the two plots to determine the total response x 2 . 


/ 


k 2 = 1 

1 

/ *1 =1 

/ 


b = 1 71 


/ A > 

/ 


U 



FIGURE 8.16 System in Example 8.9. 
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Solution 

The equations of motion are 


|x, + x 1 -(x 2 -x 1 )-(x 2 -x 1 )=/j 
|2x 2 + (x 2 “ x,)+(x 2 - x,) = f 2 


Selecting state variables x, = x„ x 2 = x 2 , x 3 = x„ x 4 = x 2 , the state equation is formed as 



The following script produces a pair of plots, one showing the contribution of f, to x 2 (labeled 
x 21 ), the other reflecting the contribution of f 2 to x 2 (labeled x 22 ). Because the inputs are step func¬ 
tions, and initial conditions are zero, we will use the step command in MATLAB. 

» A=[0 0 1 0;0 0 0 1;-2 1 -1 l;l/2 -1/2 1/2 -1/2]; 

» B= [0 0,-0 0,-1 0,-0 1/2] ; 

>> C= [0 1 0 0] ,- % x2 is to be plotted 

>> sys=ss (A, B, C, [] ) ,- % Define system 

>> [x2, t] =step (sys) ,- % Results suppressed (see Notes below!) 

>> subplot(1,2,1), plot(t,x2(:,:,1)), % Initiate Figure 8.17 

>> title( 1 Contribution of fl to x2 1 ) 

>> subplot(1,2,2), plot(t,x2(:,:,2)), 

>> title ( 1 Contribution of f 2 to x2 1 ) % Complete Figure 8.17 

>> x2=x2(:,:,1)+x2(:,:,2); % Superposition 

» plot(t,x2) % Figure 8.18 


Contribution of/; to x 2 Contribution of/ 2 to x 2 



FIGURE 8.17 Contributions of the two inputs to x 2 (Example 8.9). 
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FIGURE 8.18 Time variations of response x 2 (Example 8.9). 

Notes 

• If we are only interested in the plots in Figure 8.17, and not the returned data, we can simply 
type 

>> step(sys) 

• As always, the step command automatically determines the suitable time range. A user- 
specified time range may also be imposed. For example, to generate the plots for up to 50 
units of time, type 

>> step(sys,50) 


Example 8.10: MIMO System (General Input) 

The mechanical system in Example 8.9 is subjected to fj = 0, f 2 = e _t/2 sint and initial conditions 
x,(0) = 0, x 2 (0) = j, x,(0) = 0, x 2 (0) = -{. Plot x 2 versus 0 <: t < 20. 


Linear simulation results 



FIGURE 8.19 Response x 2 in Example 8.10. 
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Solution 


>> A= [0 0 1 0,-0 0 0 1; -2 1 -1 If 1/2 -1/2 1/2 -1/2]; 

>> B2 = [0;0;0;l/2] ; % Input fl is not contributing 

>> C= [0 1 0 0]; % x2 is to be plotted 

>> t a 1 inspace (0,20) ; xO = [0,-1/2 ; 0 ,--1/2] ; 

>> sys = ss (A,B2,C, [] ) ,- % Define system 

>> u = exp (-t/2) . *sin (t) ,- % Define input f2 

>> lsim(sys,u,t,x0) % Figure 8.19 


PROBLEM SET 8.2 

1. Show that the free response of an overdamped, second-order system stabilizes at zero after 
a sufficiently long time. 

In Problems 2 through 6, for each given system model, 

a. Identify the damping type and find the free response. 

b. 4V Find and plot the free response using the initial command. 

2. 2x + 2x + x = 0, x(0) = 0, i(0) = 1 

3. x + 3x + 9x = 0, jt(0) = l, i(0) = 0 

4. 2x + 5i + 3x = 0, jc( 0) = -§-, x(0) = l 

5. 4x + 4i + x = 0, x(0) = 1, i(0) = l 

6. 4x + 4i + 5x = 0, jc( 0) = 0, i(0) = 1 

7. Show that the impulse response of an underdamped, second-order system stabilizes at zero 
after a sufficiently long time. 

8. Show that the response of an underdamped, second-order system to an impulsive input 
8(f -a),a = const > 0, and zero initial conditions, is described by 

P- sinco d (t - a)l u{t-a) 

Lco d J 


where u(t ) is the unit-step function. Use this result to find the response x(t) of 


2x + 2x + x = 5(t- 1), x(0) = 0, x(0) = 0 


In Problems 9 and 10, assuming zero initial conditions, 

a. Find the response x(t) in closed form. 

b. 4 \ Plot the response using the impulse command. 

c. Plot the response through the simulation of the Simulink model of the system. 
9. 2x + 2x + 3x = 38(f) 

10. \x + 2k + x = 105(0 

11. ^ Consider a mass-spring-damper system as in Figure 8.6 of this section, in which 

m = 2 kg, k = 10 N/m 


Assuming zero initial conditions, plot (in a single figure) the response x to a unit-impulse 
force for two cases of c = 1 N-s/m and c = 2 N-s/m, and discuss the results. 
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FIGURE 8.20 


R 



12. The governing equation for the RLC circuit in Figure 8.20 is derived as 
L — + Ri + — \idt=vAf) 

d t C J 


where L = 4H, R = 4Q and C - |F. 

a. Write the governing equation in terms of the electric charge q, where i = q. 

b. Plot q and i versus t (same figure) when the applied voltage v a is a unit-impulse and 
initial conditions are zero. 

13. Consider the RLC circuit in Problem 12. 

a. Write the governing equation in terms of the electric charge q, where i = q. 

b. 4\ Plot q and i versus t (same figure) when the applied voltage v a is a unit-impulse 
and initial conditions are q(Q) = 0, q{ 0) = 1. Hint: Find the superposition of the data 
returned by impulse and initial commands. 

14. Consider a mass-spring-damper system as in Figure 8.6 of this section, in which 

m = 3 kg, c = 2 N-s/m, k= 10 N/m 

Plot (in a single figure) the responses x and x to a unit-impulse force and initial condi¬ 
tions x(0) = 0.3, i(0) = 0. 

In Problems 15 and 16, u(t) denotes the unit-step. Assuming zero initial conditions, 

a. Find the response x(t) in closed form. 

b. 4V Plot the response using the step command. 

15. 3x + 12i + 10x = w(f) 

16. 2x + 3x + ^x — 5u(t) 

In Problems 17 through 20, u(t ) denotes the unit-step. Given the nonzero initial conditions, 

a. Find the response x(t) in closed form. 

b. Plot the response using the step and initial commands. 

c. 4V Plot the response using lsim. 

17. x + Jc + 4x = 3u(t), x(0) = 0, i(0) = 1 

18. 9x + 6x + x = 10 u(t), x(0) = 0, i(0) = } 

19. 2x + 7x + 6x = 8u(0, x(0) = 1, i(0) = 0 
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20. A'x+\2x+\2)X - 10m(1), jc( 0) = 1, i(0) = 0 

21. Repeat Example 8.9 when x, is the output. 

22. The equations of motion of a mechanical system are given below, in which 8(1) denotes 
the unit-impulse. Assuming zero initial conditions, plot the response x x {t) by 

a. Simulating the Simulink model of the system. 

b. Using the impulse command. 


|2X| + x, + 2(x, -x 2 ) = 8(1) 
[i 2 - 2(jc t - x 2 ) + x 2 = 0 


23. In Example 8.9, plot the time variations of the response x 2 by simulating the Simulink 
model of the system, using the State-Space block. 

24. ^ In Example 8.9, suppose the initial conditions are X!(0) = 0, x 2 (0) = l, i 1 (0) = 0 = x 2 (0). 
Plot the time variations of the response x 2 by simulating the Simulink model of the system, 
using the State-Space block. 


^ In Problems 25 through 28, the governing equations and initial conditions of a dynamic 
system are provided. Plot the specified output(s) by using the lsim command. 

25. 2x + i + 3x = e“ ,/2 , x(0) = l, i(0) = 0, 0<1<10 

Output: x(l) 

26. 8x + x + 2x = 10e“ ,/4 sinl, x(0) = 0, x(0) = f, 0 < 1 < 20 

Output: x(l) 

[2x 1 + x 1 -2(x 2 -x 1 )-i(x 2 -x 1 )^e“ </3 x 1 (0) = 0, x,(0) = 0 

27. \ , 1 1 , 0<1<10 

[ x 2 + 2(x 2 - x,) + 2 (x 2 - x,) = sin(jl) * 2 (0) = 1, i 2 (0) = 0 

Outputs: x,(l), x 2 (l) 


1 3x, + 2x, -1 (x 2 — X|)— 2 - (x 2 - x x ) = sinl 
2 x 2 + 3 (x 2 - x,) + 2 (x 2 - x,) = e~ 1,B sinl 
Outputs: X|(l), x 2 (l) 


x 1 (0) = l,i 1 (0) = 0 
x 2 (0) = 1, x 2 (0) = 0’ 


0 < 1<10 


8.4 FREQUENCY RESPONSE 

When a LTI system is subjected to a sinusoidal input, characterized by its amplitude and forcing 
frequency, its response will contain two portions: one that vibrates at the natural frequency of 
the system, and another that follows the forcing frequency. In the presence of damping, the por¬ 
tion vibrating at the system’s natural frequency will eventually die out, as discussed earlier in this 
chapter. Therefore, the response at steady-state is sinusoidal and it has the same frequency as the 
input (forcing frequency). The steady-state response to a sinusoidal input is known as the frequency 
response (Figure 8.21). 


Sinusoidal input 


GW 


Output 


Transfer function 


•Transient response 


► | Steady-; 




response ~| 
Frequency response 


FIGURE 8.21 Frequency response of an LTI system. 
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8.4.1 Frequency Response of Stable, Linear Systems 

Consider a stable, linear time-invariant system described by its transfer function G(s ) as in Figure 
8.21. Let the input and the output be/(f) and x(t), respectively. Assume that the input is sinusoidal 
in the form/(f) = F 0 sincof with amplitude F 0 and forcing frequency co. The frequency response is the 
steady-state portion of the response, denoted by x ss , and is determined as follows. 

Suppose the transfer function is a ratio of two polynomials in s, that is, 


_ K ( s+ ZiX* + Zi) ■ ■ ■ (s+ z m ) 
(s + p 1 )(s + p 2 )---(s + p n ) ’ 


K = const 


(8.26) 


Note that because x ss is independent of the initial conditions, they are simply omitted. Because 
G(.sj = X(s)/F(s), we have X(s) = G(s)F(s), in which F(s) = F 0 m/(s 2 + co 2 ). If G(s) has distinct poles only, 
then partial-fraction expansion provides 


= K(s + z 1 Xs + z 2 )---(s + z m ) F 0 es 

(s + p l )(s + p 2 )---(s + p n ) s 2 + c 


s + p n S + j CO s - j CO 


where c, (* = 1, 2, ..., ri) and d are constants, and d is the complex conjugate of d. Inverse Laplace 
transformation of X(s) yields 


.x/O^qe w + c 2 e P2 ' -l-c„e Pnt + de i<s ' l + de i ' a 


Because the system is assumed stable, the poles -p u -p 2 , -p D all have negative real parts. 
Therefore, except for the last two, all terms on the right side die out at steady state. The same result 
holds for the case of one or more multiple poles. If a typical pole —p k has multiplicity q, then x(t) 
will contain terms t r e~ Pk ‘ (r = 0,1,..., q - 1) so that they too will die out at steady state. Therefore, 
regardless of the multiplicity of the poles, we have 

x ss (f) = de~ im + de j,a ‘ (8.28) 


The constants d and d are evaluated from Equation 8.27 via 

d = {s + joi)X(s) s __ = L + M)G(s) 2 f ’° 0) 2 1 =- f° G(-joi) 

L ^ +co 2 J s= _ J(0 2j 


d = (s-MX{s)\ = L - jm)G(s') 2 F °“ J - f° G(jco) 

L 5 +toJ s=7 - ro 2 ] 

These results clearly confirm that d and d are complex conjugates. The quantity G(/co) is known 
as the frequency response function (FRF) and is obtained by replacing s with y'co in G(s). Because 
G(jio) is generally complex, it can be expressed in polar form as 


G(;'co) = G(ja)e J \ 


(|> = ZG(j(o) = tan" 


jimaginary part of G(j'co)| 


real part of G(y'co) 
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where (|) is measured from the positive real axis and is considered positive in the counterclockwise 
direction. Similarly, 


G(-jw) = G(-ja')e j ♦ = G(ja)e * 

Using these in the expressions for d and d, and inserting the outcomes into Equation 8.28, we 
find 


'■ s (0 = - 2 ° G ( jco ) e 


= F 0 G(ja»- 


i + *°G(ja>ye»e i ~ 

1 -= F 0 G(yco) sin(cof + <J>) 


In summary, if the input of a stable, linear time-invariant system with transfer function G(s) is 
F 0 sincot, the system’s frequency response is 

x„(f) = F 0 G(y'co) sinfror + <» (8.29) 


where |G(yco)| and (|) denote, respectively, the magnitude and phase of the FRF G(Ja). 

8.4.1.1 Frequency Response of First-Order Systems 

Linear, first-order systems (Section 8.1) are described by 

xx + x- /(f), T = time constant > 0 

When the system is subjected to/(f) = F 0 sinoof, its frequency response is obtained as follows. The 
system’s transfer function and the ensuing FRF are found as 


G(s) = 


XS + 1 


G(j'co) = 


1 + TOO/ 


The magnitude of the FRF is 


-y/l + (TC0) 2 


To calculate the phase, however, it is advised that G(ja>) he expressed in standard rectangular 
form to determine its location in the complex plane. That is. 


G(yco) = 


1 

l + Txaj 


1 - too/' 
l + (xco) 2 


1 + (TC0)" 1 + (XC0)' 


Because xco > 0, this indicates that G(/co) is always located in the fourth quadrant. As a result, the 
calculation of phase is straightforward, and it is given by 


<]) = ZG(jc o) = tan" 


[imaginary part of G(yco)l 
[ real part of G(y'co) J 


tan 1 (-xco) = -tan ‘(xco) 


real part of G(yto) 
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Therefore, by Equation 8.29, the frequency response is found as 



sin(cot-tan 1 (too)) 


(8.30) 


Example 8.11: Frequency Response of a First-Order System 


Find the frequency response corresponding to 


x + 2x = 10sin2t 


Solution 


Rewrite in standard form as ^x + x = 5sin2t, so that x = F 0 = 5, and w = 2 rad/s. By Equation 
8.30, the frequency response is 



8.4.1.2 Frequency Response of Second-Order Systems 

Frequency-response analysis of second-order systems is best understood when applied to a single- 
degree-of-freedom mechanical system. To that end, consider the mechanical system shown in 
Figure 8.22, in which x is measured from the static equilibrium position and the applied force is 
f(t) = F 0 sincot The frequency response x ss is obtained as follows. 

Because the equation of motion is nvc + bx + kx = f(t), the system’s transfer function is 



G(y’co) = 


F(s) ms 2 + bs + k 


k - mco 2 + boaj 


Calculation of phase requires writing G(jm) in rectangular form to decide its location in the 
complex plane. That is, 


G(jco) = 


(k — m03 2 ) 2 + (bco) 2 




FIGURE 8.22 Second-order mechanical system. 
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But (k - moo 2 ) 2 + (bai) 2 > 0 and b(» > 0. Therefore, G(joS) is always below the real axis. In partic¬ 
ular, G(Jw) is in the fourth quadrant if k - moo 2 > 0, and in the third quadrant if k - moo 2 < 0. 
Therefore, it is necessary to perform this analysis for each given situation. The magnitude and phase 
of the FRF are subsequently determined as 

|GO'{b)| = , 1 , 0 = ZG(yco) = - tan -1 b( ° 

nun 2 ) 2 + (bco) 2 k-m co 

where 0 must be calculated based on the location of G(JoS). For a fourth quadrant location, the cal¬ 
culation is straightforward and is simply given by the above expression for (|). For a third quad rant 
location, the phase needs to be adjusted accordingly. From Section 8.2, we know that co n = \Jk/m and 
£ = b/2\[mk, hence 


K 

(O n 


Multiply and divide the fractions involved in G(jco) and (|), and use the above relations in the 
resulting expressions, then insert into Equation 8.29 to obtain 


J[ 1 - (co/co n ) 2 ] 2 + (2£co/co n ) 2 


2£a>/co n 


(8.31) 


where x A = F<Jk is the static deflection and the dimensionless ratio co/o) n is the normalized frequency. 
If we let X denote the amplitude of x ss in Equation 8.31, then 

x* X 1 

y][l - (C0/C0 n ) 2 ] 2 + (2£co/CO n ) 2 x st 1 - (co/co n ) 2 ] 2 + (2^co/co n ) 2 

The dimensionless ratio X/x st is called the normalized amplitude. Further details of the above 
findings, and in particular, applications in mechanical vibrations, will be presented in Section 9.2. 

Example 8.12: Frequency Response of a Second-Order System 

Find the frequency response of a mechanical system such as that in Figure 8.22 with the equation 
of motion 


x + 2x + 4x = 0.4sint 


Solution 

We first observe that F 0 = 0.4, m = 1, b = 2, k = 4, co = 1 rad/s, all in consistent physical units. Thus, 


s 2 + 2s + 4 


C(yc d)| 


T _ 3-2 j 
3 + 2 j 13 


C(s) = 
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which indicates a fourth quadrant location. We next find 

= F 0 = 0.4 
X *~ k~ 4 ' 

The phase is then calculated as 

<|> = -tan -1 = -tan -1 — r = -tan -1 f = -0.5880 rad 

1-(co/m n ) 2 1-()) 2 3 

Finally, substitution into Equation 8.31 yields the frequency response 
xjt) = 0.1109 sin(t - 0.5880) 

Note: The frequency response may be obtained directly from Equation 8.29. In our current 
example, 


C{S) = —7 C(;o))I = = 

s +2s + 4 '“- 1 3 + 2y 


3-2 j 
1^3 


(() = —tan 1 j ” f = -tan ’{yf = -0.5880 rad 


Noting that F 0 = 0.4, by Equation 8.29, we have 


xjt) = |E 0 |C(y'co)|sin(cot + (|))}^ 


sin(t - 0.5880) = 0.1109sin(t - 0.5880) 

VI3 


8.4.2 Bode Diagram 

The FRF of a dynamic system may be represented by a pair of plots, one displaying the magnitude 
versus frequency, the other the phase angle (in degrees) versus frequency. A very specific presen¬ 
tation of this pair of plots is known as a Bode diagram. For a given FRF G(Jto) with magnitude 
|G(y'co)| and phase angle c|), a Bode diagram consists of two plots: a curve of the (base 10) loga¬ 
rithm of |G(yco)| and a plot of the phase cJj, both versus logo. It is common to represent the loga¬ 
rithmic magnitude of G(jto) by 20logG(yco) using units in decibels (dB). In a Bode diagram, the 
curves are sketched on semilog paper, using a linear scale for magnitude (in decibels) and phase (in 
degrees) and a logarithmic scale for frequency (in radians per second). The logarithmic presenta¬ 
tion described here allows the low-frequency and high-frequency behavior of the transfer function 
to be shown in a single diagram. This is quite valuable because of the significance of low-frequency 
characteristics of systems in practical situations. Bode diagrams play an important role in control 
systems design, as discussed in Section 10.6. 
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8.4.2.1 Plotting Bode Diagrams in MATLAB 

The MATLAB command bode generates the Bode diagram for an LTI system. For a system sys, 
the command 

>> bode(sys) 

will plot the Bode diagram, composed of a magnitude (decibels) plot and a phase (degrees) plot. If 
the numerical values for magnitude and phase that are returned by bode are desired, we define a 
range of frequency in the form of vector w, and type 

>> [mag,phase,w] = bode(sys,w) 

This returns matrices mag and phase but not a plot. The desired plots may be generated by 
executing the following script: 

>> w=linspace (0.01,100,1000) ; % 1000 points for smoothness of curves 

>> [mag,phase,w] =bode(sys,w); 

» for i = 1:1000 , 

m(i) =mag(1,1,i); % Extract the magnitude column 

p(i) =phase(1,1,i); % Extract the phase column 

end 

>> subplot(2,1,1), semilogx(w,20*logl0(m)) % Create the magnitude (dB) plot 

>> subplot(2,1,2), semilogx(w,p) % Complete Bode diagram 


8.4.2.2 Bode Diagram of First-Order Systems 

Consider a first-order system model in its standard form, 

ix+x = f(t), x > 0 


G(;co) = 


1 


1 + xcq/' 

As shown earlier in this section, the magnitude and phase of the FRF are then 


G(yto) = , () = -tan '(xco) 

v 1 + (TC0) 2 


The Bode diagram is obtained as follows. By definition, the logarithmic magnitude is 


20log G(jm) - 20log - = — = 20log[l + (xco) 2 ] 1/2 = -101og[l + (xco) 2 ] dB 

yjl + i'ua ) 2 

The plots of this quantity and the phase 4> of the FRF versus xco (logarithmic scale) will make 
up the Bode diagram shown in Figure 8.23. Because x, the time constant, is in seconds and co is in 
radians per second, xco is dimensionless and is treated as a normalized frequency. The asymptotic 
approximations of magnitude (in decibels) and phase for low-frequency and high-frequency ranges 
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Low-frequency asymptote 



Corner frequency 




10 1 10° 10 1 High-frequency 10 2 

asymptote 



FIGURE 8.23 Bode diagram for G(jri) = 1/(1 + to y). 


are determined as follows. In a low-frequency range, we have too 1 so that (too) 2 <K 1 and the loga¬ 
rithmic magnitude is approximated by -lOlogl dB, or 0 dB. The phase is approximated by -tan“'(0), 
or 0 degrees. In a high-frequency range, we have too » 1 so that (too) 2 » 1 and the logarithmic 
magnitude is approximated by -101og(Too) 2 dB, or -201ogTco dB. This represents a straight line with 
a slope of -20 dB/decade. The phase will approach -tan _1 (°°), or -90°. The low-frequency and high- 
frequency asymptotes intersect when too = 1, so that co = 1/x is the corner frequency. The phase at 
this frequency is c)> = -tan _1 l = -45°. 

Example 8.13: First-Order System Bode Diagram 

Draw the Bode diagram for 


C(s) = 


10 

25+3 


Solution 

We first rewrite G(s) as 


as) -i'L" 


10 1 
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Bode diagram 



FIGURE 8.24 Bode diagram (Example 8.13). 


This agrees with the standard form --with x = f, except for the constant multiple of 1 

The magnitude is +TC0 - / 


3 + 


20log J ^ + 20log-^ 


The second term is the standard magnitude (in decibels) for first-order systems discussed previ¬ 
ously. Because the first term is 20log™ =10.4576 , the complete magnitude (in decibels) for the 
problem at hand is obtained by raising the standard magnitude curve by 10.4576 dB. The constant 
™ does not affect the phase angle because its phase is zero. The following script generates the 
desired Bode diagram: 


» n= 10; d= [2 3]; sys = tf(n,d); 

>> bode(sys) % Figure 8.24 

As mentioned earlier in this section, the same pair of plots can also be generated by retaining the 
numerical values of magnitude and phase using the function call [mag,phase, w] = bode (sys, w) 
and then plotting them versus frequency. In the low-frequency range, the magnitude for the stan¬ 
dard case is 0 dB as in Figure 8.23. Raising that by 20log^ = 10.4576 dB yields the result depicted 
in Figure 8.24. The corner frequency is oo = 1/x = 1.5 rad/s. As expected, the phase plot is clearly 
unchanged compared with the standard case in Figure 8.23. 

8.4.2.3 Bode Diagram of Second-Order Systems 

Consider a second-order system in the standard (normalized) form* 

x + 2£co n i + co lx = m 2 J(t) (8.32) 


* This differs slightly from the form given in Section 8.3. In the current form, the forcing term 


i is normalized. 















Phase (deg) Magnit 
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so that the standard, second-order transfer function is obtained as 
G(s) = 

and the FRF is subsequently formed as 

GO' <») = 


i' 2 + 2^co„.y + co 2 


1 


CO 2 - CO 2 + 2^to n tq/ 1 - (co /co n ) 2 + 2 £(cd /co n )j 

As a result, the magnitude and phase of the FRF are calculated as 

. ,| 1 , -i 2Cco/co n 

GQco) -■ ,— <|> = -tan —--5-— 

J[l - (co/co n ) 2 ] 2 + (2^co/co n ) 2 l-(oo/co n ) 


The logarithmic magnitude is 


20 log I CKjm = 20 log . dB 

^/[l - (co/co n ) 2 ] 2 + (2£co/co n ) 2 


For a fixed damping ratio both the magnitude (in decibels) and phase angle (|> are functions 
of the normalized frequency co/o) n and thus may be plotted versus co/co n . Figure 8.25 shows several 




FIGURE 8.25 Bode diagram for G(Ja ) = 1/[1 - (mAo„) 2 + 2C(a)/o) n )y ]. 
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pairs of curves, each pair corresponding to a fixed It turns out that some magnitude curves attain 
a maximum peak, whereas others do not. To find the frequency at which a maximum peak occurs, 
we proceed as follows. Maximizing the logarithmic magnitude is equivalent to maximizing G(j'co), 
which is equivalent to minimizing the denominator of G(jco), that is, 

>/(! ~r 2 ) 2 + m 2 , r = ^ 

It can be easily shown that minimization of this quantity with respect to r leads to the critical 
value 




With this result, we define the resonant frequency co r as 

co r =co n> /l-2t; 2 (8.34) 

Based on this, the magnitude curves that attain a maximum peak correspond to 0 < £ < 0.7071, where 
0.7071 is an approximate value for V2/2. The maximum peak of the magnitude itself is then found as 

\° m L = l G( H ro/mn= ^ = (8.35) 

For example, the maximum peak for the case of £ = 0.1 occurs at co/co n = \J] — 2(0.1 ) 2 = 0.9899 
and 

-I I Logarithmic magnitude 

|G(kd)| =-,- =5.0252 20 log(5.0252) = 14.0231 dB 


All these are readily verified via Figure 8.25. 

Example 8.14: Second-Order System Bode Diagram 

Draw the Bode diagram for 


C(s) = 


3 

s 2 + 2s + 4 


Solution 

Rewrite C(s) to extract the standard, second-order transfer function, as 

FRF , 3 4 

C(ji ») = -•-- 2 
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The magnitude is 


A Logarithmic magnitude . 

Q/CO) =3/4- 1‘.. 20log3/4 + 20l( M;r=z- - dB 

V( 4-cb 2 ) 2 +(2co) 2 V( 4-co 2 ) 2 + (2co) 2 

The second term is the standard magnitude (in decibels) for second-order systems. Because 
the first term is 20log^ = -2.50, the complete logarithmic magnitude is obtained by lowering 
the standard magnitude curve by 2.50 dB. Once again, the constant A does not affect the phase 
angle. The following script generates the Bode diagram: 

>> n = 3; d= [1 2 4]; sys=tf(n,d); 

>> bode(sys) % Figure 8.26 

Using the standard, second-order transfer function, we find m„ = 2 rad/s and C, = 0.5. Because 
C, <, 0.7071, the corresponding magnitude (in decibels) curve will have a maximum peak, which 
occurs at the resonant frequency 




= 1.4 rad/s 


The corresponding peak value is calculated as 


|g(/®)| max 



20log(1.16) = 1.25 dB 


However, because the magnitude curve has been lowered by 2.50 dB, the maximum peak for 
the case at hand is adjusted to 1.25 -2.50 = -1.25 dB (Figure 8.26). 



to- 1 


10 1 


10 2 


10° *'1.4 
Frequency (rad/s) 


FIGURE 8.26 Bode diagram (Example 8.14). 
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PROBLEM SET 8.3 

In Problems 1 through 8, find the frequency response of the system. 

1. 3x + 4x = 12sinf 

2. 2x + ^x = 10sin2t 

3. y + 4y = 0.9sin(f/2) 

4. f y + 3y = 19.8sin(f/3) 

5. 4x + 12x + 13x = 25sin2t 

6. 2x + 5x + 8x = 10sin3/ 

7. 4x + 2x + 10x = 3.8sin(/Y2) 

8. 9x + 0.9x + 20x = 20 sin(f/3) 

9. The equation of motion for the mechanical system in Figure 8.27 is derived as 

mx + bx + 2kx = F 0 sincot 

where x is measured from the static equilibrium. Assuming m = 15 kg, b = 20 N-s/m, 
k = 200 N/m, F 0 = 50 N, and to = 6 rad/s, find the system’s frequency response. 

10. Find the frequency response of the mechanical system in Figure 8.28, assuming m = 15 kg, 
k = 50 N/m, F 0 = 100 N, and co = 2 rad/s. 

11. For the RLC circuit in Figure 8.29, show that the frequency response is described by 



FIGURE 8.27 Problem 9. 


^ f(t) = P 0 sinot 


FIGURE 8.28 Problem 10. 
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R 



FIGURE 8.29 Problem 11. 


V(1 — LCco 2 ) 2 + (RCd)Y 


-cos cot-tan 


RCt o } 
1 - LCco 2 ] 


4\ In Problems 12 through 15 draw the Bode diagram and identify the corner frequency, £ 
well as the low-frequency magnitude (in decibels). 


12. G(s) = 

13. G(s) = 

14. G(s) = 

15 - 0 ( 5 )= ”- 

95 + f 

16. Show that the magnitude |G(y'co)| = 


35 + 1 
9 

{5 + 2 

3.5 
35 + 5 


yj[l- ((0/(0 n ) 2 ] 2 + (2^C0/C0 n ) 2 


is a maximum when 


co 
cc )„ 


V 1 -^ 2 


4V In Problems 17 through 20 draw the Bode diagram, identify the resonant frequency and find 
the peak magnitude (in decibels), if applicable, and give the approximate low-frequency decibel 
value. 


17. G(5) = 


18. G(5) = 


19. G(5) = 


2 

5 2 + 25 + 9 
27.04 

5 2 + 2.65 + 6.76 
10.58 

35 2 + 11.045 + 15.87 


20. G(5) = 


7.35 

25 2 +5.65+ 24.5 
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8.5 SOLVING THE STATE EQUATION 

In Section 4.2, we learned that using the state variables, the mathematical model of a linear dynamic 
system can be expressed in the form of the state equation 


x = Ax + Bu, x(0) = x 0 


(8.36) 


where x(t) is the state vector, A is the state matrix, B is the input matrix, u(f) is the vector of the 
inputs, and x 0 is the initial state vector. In this section, we will learn how to solve the state equation 
to derive the state vector in closed form. 

8.5.1 Formal Solution of the State Equation 

The scalar counterpart of Equation 8.36 is the initial-value problem 

x{t) = ax(t) + bu(t), x(0) = x 0 

whose solution is obtained as 



Inspired by this, the formal solution of the state equation x = Ax + Bu is expressed 



(8.37) 


where x 0 is the initial state vector. The quantity e At is called the matrix exponential of A. Note 
that, technically, e x is the matrix exponential but e Xl is what is often involved in dynamic systems 
analysis. 

8.5.1.1 Matrix Exponential 

When a is scalar, e a ‘ is defined as 



This idea can be extended to the case involving a square matrix A nxn , as 


e a ' = Y — (tA) k = I + tA + — t 2 A 2 + --- 

L-i ftp ' 2! 


(8.38) 


where I is the nxn identity matrix and A k = AA ... A. Note that e A: is an nxn matrix. 
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Properties of the Matrix Exponential 

1. Given A nxn and scalars t and t 


e A 'e Ax 


which can be verified as follows: 


»=yis' ( ,«)'-yi. A *y W*-=y w y t! f 

-gHEH-" 


, ^ W (W k \ 

Here, (t + ir = > t"'x k m is the binomial series and =- is the 

t?LJ UJ m \k-m)\ 

binomial coefficient. 

2. Because the series in Equation 8.38 is absolutely convergent for finite values of t, term-by- 
term differentiation of the series yields 

— e A ‘ = Ae 4 ' = e A, A 
dt 

3. If A nxn and R nxn are similar matrices such that S _I AS = B, then At = S[Bt]S _l and 

e A( = Se B, S _1 


4. If matrix D = [d i{ ] J=lj 2 „ is diagonal, then 

e D, = [« 4, Ww 

We now present a systematic procedure to find e A ' where A nxn has eigenvalues X h 
X 2 ,..., K n and linearly independent eigenvectors v,, v 2 ,..., v„. In Section 3.3, it was shown 
that the modal matrix V = [vj v 2 ... vj diagonalizes A via 

WAV = D = [X,J M 2 „ => A = VDV -1 => At = V[Dr]W 


Then, by property 3 above, we find 


e A ‘ = Ve D W (8.39) 

Noting that the modal matrix V is known and e Df is easy to calculate (property 4), e At 
will be readily available. 
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8.5.1.2 4V Formal Solution in MATLAB 

The command expm calculates the matrix exponential. The integration portion of the formal solu¬ 
tion, Equation 8.37, is handled by the int command. 

Example 8.15: Matrix Exponential 4V 

Given A = ^ , find e At using 

a. The expm command 

b. Equation 8.39 

Solution 


» A= [1 0 ; -1 -2] ; 
>> expm(A*t) 


[ exp(t), 0] 

[l/3*exp(—2*t)-l/3*exp(t), exp(-2*t)] 


b. 

% Find the modal matrix V and the diagonal matrix of the eigenvalues of A 

» [V, D] = eig (A) 

V = 

0 0.9487 

1.0000 -0.3162 

-2 0 

0 1 

>> V*expm(D*t)*inv(V) % Apply Eq. (8.39) 


[ exp(t), 0] 

[1/3*exp(-2*t)-l/3*exp(t), exp(-2*t)] 

The result agrees with that in Part (a). 

Example 8.16: Formal Solution 4V 

Find the formal solution of 



Solution 

» A= Ll 0 ; -1 -2]; B=[l;3]; X0 = [1;0] ? 

>> syms t tau 

>> x = simple(expm(A*t)*x0+int(expm(A*(t-tau))*B*exp(-tau),tau,0,t)) 
exp(t) + sinh(t) 

7/(2*exp(t)) - 3/exp(2*t) - exp(t)/2 


The simple command is employed to ensure that the returned result is in simplified form. 
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8.5.2 Solution of the State Equation via Laplace Transformation 

We now solve the state equation using Laplace transformation, noting that 



k' 



x = i 

[x’ 

£{x} = X(s) = 

[C{x n }\ 


Using the Laplace transform of Equation 8.36, and taking into account the initial state vector Xq, 
yields 


sX(s) — x 0 = AX(s) + BU(.y) (si - A)X(s) = x 0 + BU(s) 


Premultiply by (si - A) -1 to obtain 

X(s) = (si - A)-'x 0 + (si - A)- 1 BU(s) 


so that 


x(t) = C~\ (si - A)" 1 }x 0 + C~ l { (si - Ay' BU(s)} 


We will next manipulate the two terms in Equation 8.40. First note that 

(sI-A) -1 = -I+4a+^-A 2 + --- 
s s s 


(8.40) 


Therefore, 

, , , fl 1 1 , 1 loo By Equation 8.38 

£ _1 {(jI-A)" 1 } = £- 1 -I + — A + ~A 2 + --- = I + fA + — f 2 A 2 + --- = e* 

[s s s J 2! 

This implies that the first term in Equation 8.40 is simply e A, x 0 . The second term may be worked 
out using the convolution integral (Section 2.3) as 


£ _1 {(si - A) -1 BU(s)} = e A<t “ x) Bu(T) dx 


Combining the two terms yields 

x(t) = e A, x 0 + J e A( '“ x) Bu(T) dx 


which exactly agrees with the formal solution derived earlier. 
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Example 8.17: Laplace-Transform Approach 

Solve the state equation in Example 8.16 using the Laplace transform approach. 


Solution 

>> A= [1 0 ; —1 -21; B = [ 1; 3 ] ; x0=[l;0]; 

>> syms s t 

>> U = laplace(exp(-t)); 

>> x = simple(ilaplace(inv(s*eye(2)-A))*x0 + ilaplace(inv(s*eye(2)-A)*B*U)) 


(3*exp(t))/2 - 1/(2*exp (t)) 

7/(2 * exp(t)) - 3/exp(2*t) - exp(t)/2 

Noting sinht = i(e t -e“ t ), the above result matches that in Example 8.16. 


8.5.3 Solution of the State Equation via State-Transition Matrix 

The solution of the homogeneous state equation 

x = Ax, x(0) = x 0 


can be expressed as 

x(f) = O(t)x 0 (8.41) 

so that x(f) is obtained by a transformation of the initial state vector x 0 . For this reason, Oft) is 
known as the state-transition matrix. We claim that O(t) is the unique solution of 

0 = AO, 0(0) = I 

and prove it as follows. First, using Equation 8.41, we have 

x(0) = O(0)x 0 => 0(0) = I 

Next, differentiation of Equation 8.41 with respect to t, and further manipulation, yields 
<j>=A<l> <S(I)xo=* 

x(f) = O(t)x 0 = AO(t)x 0 = Ax 

which completes the proof of the claim. Comparing Equation 8.41 with the homogeneous portions 
of Equations 8.40 and 8.37 reveals that 

0(f) = jCT 1 {(si - A) -1 } = e^ 

Based on this finding, the solution of the nonhomogeneous state equation 


x = Ax + Bu, x(0) = x 0 
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is expressed as 





(8.42) 


PROBLEM SET 8.4 

In Problems 1 through 4, find e Al , where A is the matrix provided and t is scalar, using 

a. The expm command. 

b. The inverse Laplace-transform approach. 



-1 1 2 

3. A= 0-13 

.0 0 2 . 

"l -6 10" 

4. A= 2 -7 10 

.1 -6 10 . 


^k In Problems 5 through 10, determine the state vector via the formal-solution approach. 

5. x^ 4 ;']x + ^ u, u = unit-step function, x(0) = jjj 

6. x = T 2 -^lx + r^lw, u = sinf, x(0) = W 





1 o o’ 


oo’ 

f 11 

[°1 

8. x = 

0-10 
.2 3 2. 

x + 

1 0 
o 1. 

u, u = | 1, x(0) = < 

li 


1 0 0 
0 1 0 
-2 4-1 

{o-J 


u, u — unit-step function, x(0) = 


x + m, u = unit-ramp function, x(0) = < 


4\ In Problems 11 and 12, the state-space representation of a system model is provided. Using 
the formal-solution approach, find the response y(t). 
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11 . 


12. 


jx = Ax+Bw 
= Cx 

jx = Ax+Bu 
|y = Cx 


i ° 2 i r°°i ft] m 

A= o_ii, B= io , C= [101], u= [}, x 0 = o 

0 0 3J [0 lj e [1] 


8.6 RESPONSE OF NONLINEAR SYSTEMS 4V 

Up to this point, we have been mainly concerned with the response analysis of linear systems. 
In Section 4.6 we learned how to derive a linearized model of a nonlinear system, and that such 
approximation is reasonably accurate only in a small neighborhood of an operating (equilibrium) 
point. To avoid the obvious limitations that go along with this approach, we may tackle the nonlin¬ 
ear model directly, either numerically or via the simulation of the Simulink model of the system. 

8.6.1 Numerical Solution of the State-Variable Equations 

The mathematical models of dynamic systems of any order can be expressed in terms of state-variable 
equations, which may generally be nonlinear (see Section 4.2). If a dynamic system has n state vari¬ 
ables x u x 2 ,..., x n and m inputs u u u 2 ,..., u m , the state-variable equations take the general form 



; U m ,t) 

\x 2 = f 2 (x 1 ,..., x n -u u . 

u m -i) 

[x n =f n (x 1 ,...,x n -,u 1 ,. 

u m -t) 


where/i,/ 2 ,...,/„ are algebraic functions of the state variables and inputs, and are generally non¬ 
linear. These equations may be conveniently expressed in vector form, as 


x = f(x,u,t) 


where 



(8.43) 


If the system is linear, then Equation 8.43 simplifies to the familiar state equation. 

8.6.1.1 Fourth-Order Runge-Kutta Method 

Among several methods designed for the numerical solution of Equation 8.43, the most commonly 
used is the very efficient and robust fourth-order Runge-Kutta (RK4) method. To introduce this 
method, we reformulate the problem as 


x = f(t,x), x(a)=x 0 , a<t<b 


(8.44) 
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with all variables as defined previously. Define an integer N > 0 and let h = (b- a)/N denote the step 
size. The mesh points t t = a + ih (i = 0,1, 2, ..., N— 1) partition the interval [a,b\ into N subintervals. 
Knowing the initial state vector x 0 , the solution vector x ; at each of the subsequent mesh points f, is 
obtained via 


Hl = x ! . + -/z(k 1 + 2k 2 + 2k 3 + k 4 ), i= 0, 1, 2 


where 


k, =f(t,,x,) 

k, = f\t i + -h,x i + -hk) 

2 2 ' 2 V 

k 3 = f^+^M,+|*k 2 ] 

k 4 = f(t ; + h,Xi + hk 3 ) 


The following user-defined function numerically solves a system of state-variable equations 
subjected to a prescribed initial state over a specified time interval. Note that the function is also 
capable of handling a scalar initial-value problem. 

function x = RK4System(f,t,x0) 

% 

% RK4System uses the RK4 method to solve a system of first-order ODEs 
% given in the form x 1 = f(t,x) subject to initial condition vector xO. 

% 

% x = RK4System(f,t,x0) where 

% 

% f is an inline (m-dim. vector) function representing f(t,x), 

% t is an (n+1)-dim. vector representing the mesh points, 

% xO is an m-dim. vector representing the initial condition of x, 

% 

% x is an m-by-(n+1) matrix, each column being the vector of 

% solution estimates at a mesh point. 

x(:,l) = xO; % The first column is set to be the initial vector xO 

h = t(2) - t(l) ; 

for i = 1:length(t)-1, 

kl = f (t(i) , x (: , i) ) ; 

k2 = f (t(i)+h/2,x(:,i)+h*kl/2) ; 

k3 = f(t(i)+h/2,x(:,i)+h*k2/2); 

k4 = f(t(i)+h,x(:,i)+h*k3); 

x (:,1+1) = x(:,i)+h*(kl+2*k2+2*k3+k4)/6; 

end 


Example 8.18: Nonlinear System Response via RK4 

The mechanical system shown in Figure 8.30 contains a nonlinear spring identified by the spring 
force f spr = x|x| and is subjected to a unit-step externally applied force u(t) and initial conditions 
x(0) = 0, x(0) = 1. 
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\ *-W 




\ c = 1 N-s/m 



FIGURE 8.30 A nonlinear mechanical system (Example 8.18). 

a. Derive the state-variable equations. 

b. Using RK4, find and plot the displacement x(t) versus 0 < t < 10 s. 

Solution 

a. The system's motion is described by 

x + x + *i(x| = u(t), x(0) = 0, x(0) = 1 

With state variables x, = x and x 2 = x, the nonlinear state-variable equations are obtained 
as 


Jx, = x 2 x,(0) = 0 

|x 2 = —x 2 - x lW + u(t) ' x 2 (0) = 1 


b. -^The problem is formulated as 


x = f(t,x), 



FIGURE 8.31 Nonlinear system response (Example 8.18). 






388 


Modeling and Analysis of Dynamic Systems 


>> t =linspace (0,10) ; xO = [0,-1]; 

» f=inline('[x (2,1) ;-x (2,1) -x (1,1)*abs(x(l,l)) +1J 1 ,' t 1 ,'x'); 

>> x=RK4System(f, t, xO) ,- 

>> xl = x(1,:); % Extract xl from the state vector 

>> plot(t,xl) % Figure 8.31 

8.6.2 Response via MATLAB Simulink 

In Chapter 4, we learned how to methodically construct a block diagram directly from the system 
model and subsequently build the corresponding Simulink model. Running the simulation of this 
model will generate the system response to a specified forcing function, as well as prescribed initial 
conditions. 


Example 8.19: Nonlinear System Response in Simulink 

Find the response of the nonlinear system in Example 8.18 in Simulink. 


Solution 

The Simulink model shown in Figure 8.32 is built based on the state-variable equations derived in 
Example 8.18. Running the simulation and double-clicking on the Scope block reveals the exact 
same response curve as in Figure 8.31. As always, for direct access to the returned data, simply 
type 

>> plot(tout,yout) 

8.6.3 Response of the Linearized Model 

In Chapter 4, we learned how to derive the linearized model of a nonlinear system in the close 
vicinity of an operating point analytically or in Simulink. Either approach yields the state-space 
matrices that describe the linear model. Once these matrices are available, the Simulink model of 
the linearized model may be simulated to find its response. Also, as mentioned above, the response 
of the original nonlinear model is obtained directly via Simulink. As one would expect, these two 
response curves tend to agree near the operating point. 


Example 8.20: Linearized Model 

Consider the nonlinear mechanical system in Examples 8.18 and 8.19. Find the linear model ana¬ 
lytically, plot its response, and compare with the response of the original nonlinear system. 



Nonlinear spring force Scope 


FIGURE 8.32 Simulink model (Example 8.19). 
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Solution 

Based on the developments in Section 4.6, the operating point is characterized by x =1 and the 
linearized model is derived as 


x + x + 2 x = 0, x(0) = —1, x(0) = 1 

The relation between Ax and x (in the nonlinear system) is x = x-x = x-1. Therefore, we 
need to first plot Ax(t) and then raise the curve by 1 unit to obtain a variable compatible with x. 
The linearized model is described by its state-space matrices and initial state, as 

’■={•}■ 4 =[° 2 ’,]' b =[ 13' c=i,o, ' d=o ' xi H'} 

We will use these in the State-Space block of the Simulink model (Figure 8.33), and run the 
simulation. Double-clicking on the Scope block reveals the response Ax versus t. This curve must 
then be raised by 1 unit to generate the time variations compatible with x in the original model. 

>> plot(tout,yout+l) % Figure 8.34 

Finally, embedding the nonlinear system response (Figure 8.31) obtained in Example 8.18 com¬ 
pletes Figure 8.34. It is immediately observed that the nonlinear and linear response curves tend 
to agree only in a small neighborhood of x = 1, the operating point. 





FIGURE 8.33 The linearized model (Example 8.20). 



FIGURE 8.34 Nonlinear and linear responses (Example 8.20). 
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PROBLEM SET 8.5 

^ In Problems 1 through 6, find and plot the specified output using the RK4 method. 


1. x + x + 2x 3 =1, x(0) = 0.5, x( 0) = 0, 0<f<10 

Output: x(t) 

2. x + 6x + lli + 5x 3 —\e~\ x(0) = 0, i(()) = -l, x(0) = 0, 0<f<10 

Output: x(t) 

3. 35c + 2.v + jc jjc = I + sin(//2), x(0) = l, i(0)= I, 0<f<15 

Output: x(t) 

4. x + 2i + xjx| = l + sinf, x(0) = l, i(0) = 0, 0<f<10 

Output: x{t) 


5. 


6. 


\x x =x 2 x t (0) = 0 

[x 2 = -x x - x x |*j] - x\ -1 + 0.2 sinf x 2 (0) = 1 
Output: x 2 (t) 


|i 2 = x x + 8 + sinf 
Output: x 2 (t) 


x 1 (0) = 0 

x 2 (0) = -l ’ 


0 < f < 5 


0<f<10 


7. ^ A nonlinear dynamic system is modeled 


j*! foJ-3 


x x (0) = -l 
x 2 (0) = l 


0<f<10 


a. Build the Simulink model and use it to generate the plot of x 2 (t). 

b. Derive the linearized model analytically. Build a Simulink model and use it to plot 
the time variations of the variable in the linear model that is compatible with x 2 (t). 
Compare the plots generated in Parts (a) and (b) and comment. 

8. 4\ Repeat Problem 7 for 


jx 1 = x 2 -x 1 x x (0) = 0 

\x 2 = 2x 2 l + l’ x 2 (0) = -I 


0<f<10 


9. A nonlinear system model is derived as 
lx x = x 2 

[i 2 =-x x -x x (xjI -x\ -2+sinf 
Plot x 2 (t) using 

a. The Simulink model of the system. 

b. The RK4 method. 

10. Consider the nonlinear model 

x + 2axx\ = e ,/3 sinf. x(0) = 0, 0<f<10 


*i(0) = -l 

x 2 ($y)— i ’ 
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Friction force 


: the pivot 


FIGURE 8.35 Problem 11. 


where a is a parameter. Use the RK4 method to plot x(t) for a = 0.1, 0.5,1 versus 0 < t < 10 
in the same graph. 

11. The pendulum system in Figure 8.35 consists of a uniform thin rod of length l and a 
concentrated mass m at its tip. The friction at the pivot causes the system to be damped. 
When the angular displacement 0 is not very small, the system is described by the nonlin¬ 
ear model 


§ mi 2 e + 0.090 +1 mgtsinG = 0 



tions are to be considered: (1) 0(0) = 15°, 0(0) = 0, and (2) 0(0) = 30°, 0(0) = 0. Using the 
RK4 method, plot the two angular displacements 0, and 0 2 corresponding to the two sets 
of initial conditions versus 0 < t < 5 in the same graph. Angle measures must be converted 
to radians. Use at least 100 points for plotting. 

12. <40^ A nonlinear dynamic system model is derived as 


x + 2x i = u{t), x(0) = 0, 0 < f < 3 


where u(t) is the unit-step function. 

a. Build the Simulink model and use it to generate the plot of x(t). 

b. Derive the linearized model analytically. Build a Simulink model and use it to plot the 
time variations of the variable in the linear model that is compatible with x(t). Compare 
the plots generated in Parts (a) and (b) and comment. 

8.7 SUMMARY 

The total response of a dynamic system can be decomposed into transient response and steady-state 
response. The transient response consists of those terms in the total response that decay to zero 
eventually. The portion of the total response that remains after the transient terms have vanished is 
the steady-state response. Linear, first-order systems are modeled as 


tx + x = /(f), x = const > 0, x(0) = x 0 
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where x = time constant provides a measure of how quickly the system reaches steady state. Linear, 
second-order systems are modeled as 


X + 2£co n x + co 2 n x = f(t), x(0) = x 0 , i(0) = x 0 


where £, and co n are the damping ratio and (undamped) natural frequency, respectively. 

TheMATLAB function initial finds system response to initial conditions, whereas impulse 
and step find the response to impulse and step inputs assuming zero initial conditions. For more 
general cases, the lsim command is used. Response analysis may also be performed through simu¬ 
lation of the Simulink model of the system at hand. 

The steady-state response to a sinusoidal input is called the frequency response. The frequency 
response of a system with transfer function G(s ) to input F 0 sinmf is 


F 0 G(joi) sin(co?+<)>), <() = ZG(j(ii) 


where G(ja>) is the FRF. 

A Bode diagram consists of two curves versus frequency: 201og Gi joi) with unit in decibels, and 
the phase (|) in degrees. The curves are sketched on semilog paper, using a linear scale for magnitude 
(in decibels) and phase (in degrees) and a logarithmic scale for frequency (in radians per second). 
The formal solution of the state equation 


x = Ax + Bu, x(0) = x 0 


is expressed 


x(t) = e A, x 0 + Je A(t T) Bu(x)dx 


where e At is the matrix exponential of A. 

The RK4 method is designed to numerically solve any set of (linear or nonlinear) state-variable 
equations 


x=f(f,x), x(a) = x 0 , a<t<b 


where x 0 is the initial state vector and [a,b] is the interval in which the system is solved. For an 
integer N > 0 and step size h = (b - a)/N, the mesh points f, = a + ih, i = 0, 1, 2,..., N - 1, partition 
[a,b\ into N subintervals. Knowing x 0 , the solution vector x, at each of the subsequent mesh points 
tj is obtained via 


x M = x, + - A(kj + 2k 2 + 2k 3 + k 4 ), i = 0,1,2,..., N -1 


where 


k, =f(f,,x,) 



k 4 =f(f,. + /i,x j +Ak 3 ) 
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REVIEW PROBLEMS 

1. A system is modeled as 

y + ±y=u(t) + 2u r (t), y(0) = 0 

where u(t) and u r (t) denote the unit-step and unit-ramp functions, respectively. 

a. Find the response y(f) in closed form. 

b. 4^ Find and plot y(t), 0 < t < 10, using the lsim command. 

2. A first-order system is modeled as 

\y+?>y = 2u(t), y(0) = 0 

where u(t) is the unit-step function. 

a. Determine the response y(t) in closed form and find y ss . 

h. 4V Find and plot y(t) using the step command. 

3. The model of a second-order system is given as 

4x + 4x + 17x = 0, x(0) = 0, x(0) = 1 

a. Identify the damping type and find the response in closed form. 

b. 4V Find and plot the response using the initial command. 

4. A second-order dynamic system is modeled as 

9x + 12x + 5x = 108(0, x(0) = 0, x(0) = ^ 

a. Find the response x(t ) in closed form. 

b. 4\ Find and plot the response using the impulse and initial commands. 

5. The mathematical model of a dynamic system is described by 

x + fx + x = ju(t), x(0) = 1, x(0) = 0 


where u(t) is the unit-step. Plot the response x(t) by 
a. Using the initial and step commands, 
h. Simulating the Simulink model of the system. 

6. 4V The mathematical model of a dynamic system is described by 


4x + 4x + 5x = x(0) = 0, x(0) = j 


where u r (t) is the unit-ramp. Find and plot the response x(t) by 
a. Using the lsim command over 0 < t < 5. 
h. Simulating the Simulink model of the system. 
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7. 4\ A dynamic system model is given 


jxj + -1 (x 2 - jq) = 2u(t) 

[x 2 + x 2 + j(x 2 -x 1 ) = 5w(f) ’ 


x, (0) = 0 


where uit) is the unit-step. Find and plot x u 0 <t< 10, by 

a. Using the lsim command. 

b. Simulating the Simulink model of the system. 

8. The governing equations for a system are derived as 


\x l +x l + 3xj - 2x 2 = 8(f) 
[i 2 - 3x l +3 x 2 = 0 


;q(0) = 0, x 2 (0) = 1, ij(0) = 0 


where 8(f) is the unit-impulse. Find and plot x 2 , 0 < t < 10, by using the impulse and 
initial commands. 

9. Find the frequency response of a system whose model is 
36x + 24i + 5* = 10sin(f/2) 

10. Determine the damping ratio associated with a second-order system in the standard form 
of Equation 8.32, which corresponds to a maximum logarithmic magnitude of 12.25 dB. 

11. Decide whether the magnitude plot (in decibels) for the following transfer function attains 
a maximum peak. If so, calculate the maximum value and the corresponding frequency: 


As 2 + 4i + 3 

12. The state-space form of a system model is given 

Jx = Ax + Bu 
[y = Cx 


where 


1 0 1 
0 -2 1 
0 0 2 


100 
Lo o iJ 


Hi 


Find the output vector y using the formal solution of the state vector. 

13. Consider 


jij = -2x, (sj + ax 2 -1 + j cosf 


*i(0) = l 
jc 2 (0) = 1 
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where a is a parameter. Using RK4, solve the system for a = 1, a = 2, and plot the two 
resulting xfi), 0 < t < 10, in the same graph. 

14. The nonlinear state-variable equations for a dynamic system are derived as 

U = - 2 x 2 + 0.7sim x,(0) = 1 
[i 2 = jcf - 3 x 2 + 8 ’ x 2 (0) = 0 


Plot x 2 (t), 0 < t < 10, by 

a. Using the RK4 method. 

b. Simulating the Simulink model of the system. 




Introduction to Vibrations 


Vibration can be regarded as a subset of dynamics, in which a system subjected to restoring forces 
oscillates about an equilibrium position. The restoring forces are due to elasticity or gravity. Two 
different types of excitations cause a system to vibrate: initial excitation and external excitation. 
The vibration of a system caused by nonzero initial excitations, including initial displacements or 
initial velocities (or both), is known as free vibration. The vibration of a system caused by externally 
applied forces is known as forced vibration. 

In this chapter, we first extend the knowledge learned in Chapters 5 and 8 to the analysis of free 
vibration and forced vibration of single-degree-of-freedom or two-degree-of-freedom systems. 
Section 9.1 introduces the free vibration of Coulomb damped systems, in which energy is dissi¬ 
pated via dry friction. Section 9.2 considers the forced vibration of systems with rotating eccentric 
masses and systems with harmonically moving supports. Sections 9.1 and 9.2 also cover topics 
such as logarithmic decrement and bandwidth, both of which can be used to estimate the widely 
used viscous damping model. To reduce the effects of undesired vibration, Section 9.3 discusses 
the design of vibration suppression systems, including vibration isolators and vibration absorbers. 
For multi-degree-of-freedom systems, it is convenient to use the matrix-based method to perform 
vibration analyses. In Section 9.4, the concepts of the eigenvalue problem, natural modes, and 
orthogonality of modes are presented using matrix algebra. The modal analysis method is devel¬ 
oped and used to obtain the response to initial or harmonic excitations. The chapter concludes with 
coverage of vibration measurement technology. Section 9.5 introduces the hardware available for 
vibration testing and the methods used to identify system parameters, such as natural frequencies 
and damping ratios. 

9.1 FREE VIBRATION 

Consider a single-degree-of-freedom, viscously damped system subjected to nonzero initial excita¬ 
tions. Its governing differential equation is given by 


nd{t) + bx(t) + kx(t) = 0 


(9.1) 


or 


x(t) + 2^co n x(f) + co lx(t) = 0: 


(9.2) 


with x(0) = x 0 and x(0) = v 0 . As indicated in Section 8.2, the nature of the system response to ini¬ 
tial excitations depends on the value of the damping ratio 'Q. For an overdamped system, £ > 1, the 
response represents aperiodic decay, which is also true for a critically damped system, C, = 1. For an 
underdamped system, 0 < < 1, the response represents oscillatory decay. For an undamped system, 
£ = 0, the response represents harmonic oscillation with natural frequency co n . 

Viscous damping is a widely used damping model, but not the only one. Damping is a very com¬ 
plex phenomenon and a wide range of damping models can be found in the literature. In this section, 
we first discuss the measurement of the viscous damping ratio (, based on transient time response 
plots and then introduce another damping model, known as Coulomb damping. 
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9.1.1 Logarithmic Decrement 

Unlike mass m and spring stiffness k, which could both be easily measured with static tests, the 
viscous damping coefficient b has to be measured with a dynamic test. A common way is to use the 
free response of the whole system to measure the damping ratio £ and then determine the damping 
coefficient b by using b = ink. 

As discussed in Section 8.2, the free response of an underdamped single-degree-of-freedom 
system is 


xa) = e- Cra “'| 


(9.3) 


where the damped natural frequency is co d = co n -y/l-£ 2 . Equation 9.3 can also be written a: 


x(t) = Ae cos(co d f - <», 


where the amplitude A and the phase 4> are given by 



and 


()) = tan' 


£tD n X 0 + V 0 
CO d X 0 


(9.4) 


(9.5) 


(9.6) 


Figure 9.1 shows the system response to initial excitations, where T = 2jt/oo d is the period of 
damped oscillation. 



FIGURE 9.1 Free response of an underdamped single-degree-of-freedom system to initial excitations. 
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Note that the peak drops after one cycle of vibration, and the ratio between the first and the 
second peaks is 


x, _ x(t,) _ Ae i ’° Vl cosCWafi -<|>) _ e ?<0nfl cos(co d f| - <]>) 
x 2 x(t 2 ) Ae _?a>n ' 2 cos(tu d f 2 - (|>) e -?“n<'i+ 7 ’) cos [co d (t 1 + T) - <|>] 


Because m d T = 2%, we have £,Q> n T = Cro n (2jt/co d ) = 2nC,/ and cos[ro d (t 1 + T ) —c(>] = cos^^ 
+ 2jt - (|i) = cos(oo d t] - (|)). Thus, Equation 9.7 reduces to 


J*L _ e 2 

Taking the natural logarithm of both sides of Equation 9.8 yields 



(9.8) 


(9.9) 


where 8 is called the logarithmic decrement. It turns out that the ratio of any two consecutive dis¬ 
placement peaks gives the same result as Equation 9.8, 


i = *2. = ... = _A_ = e 2 *CA/K\ 

*2 *3 X n+1 


(9.10) 


Thus, the logarithmic decrement 8 can be determined by measuring any two consecutive displace¬ 
ment peaks. The damping ratio £ can then be found from Equation 9.9 as 


c= 


8 

V(27i) 2 + 5 2 


(9.11) 


For a more accurate estimation, the damping ratio C, can be determined by measuring the dis¬ 
placements of two peaks separated by a number of periods instead of two consecutive peaks. If we 
denote the peak displacements at time t, and t n+1 as x x and x n+l , respectively, where t n+l = t x + nT, then 
the ratio between the two peak displacements can be written as 


Taking the natural logarithm of both sides of Equation 9.12, we have 

In—k- = laf— — —= In —+ ln —H-1- In = nS, 

x n+ i \x 2 x 3 x n+ J x 2 x 3 x n+l 


(9.12) 


(9.13) 


which yields the logarithmic decrement as 


5 = 1 In • 


(9.14) 
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Substituting Equation 9.14 into Equation 9.11 gives the damping ratio. If the damping is very small, 
that is, £ « 1 and yj]-"Q ~ 1, then Equation 9.9 gives 


c» 


5 

2ti ' 


(9.15) 


Example 9.1: Logarithmic Decrement 

A vibrating system consisting of a mass of 4.5 kg and a spring of stiffness 5250 N/m is viscously 
damped. The ratio of any two consecutive amplitudes is 4/3. 

a. Determine the logarithmic decrement 8. 

b. Determine the exact value of the damping ratio £. 

c. Determine the damping coefficient b. 

d. Assuming small damping, recalculate the damping ratio £ and determine the percentage of 


Solution 

a. The logarithmic decrement can be determined by measuring the displacements of any two 
consecutive peaks, as 


8 = In—— = In— = 0.2877. 


b. The exact value of the damping ratio is 


V(2tc) 2 +8 2 V(2rc) 2 + (0.28 77f 


c. The viscous damping coefficient is 

b = 2C,y[mk = 2(0.0457)^/4.5(5250) = 14.0512N-s/m. 


d. For small damping, 


C‘ 


_ 8 _ 

271 


0.2877 

2k 


= 0.0458 


and the percentage of error is 0.22%. Note that the error is close to zero and thus the 
assumption of small damping is valid. 


9.1.2 Coulomb Damping 

The linear viscous damping model was adopted in the previous chapters. The viscous damping 
force is linearly dependent on velocity, simplifying the analysis. Although this is widely used in 
vibration, it is not the only damping model. Coulomb damping is another type of damping in which 
energy is dissipated via dry friction. 

Figure 9.2 shows a mass-spring system subject to Coulomb damping, in which N is the normal 
force and F f is the dry friction force. Denote the kinetic friction coefficient as p k . Note that the 
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FIGURE 9.2 A mass-spring system subject to Coulomb damping. 

friction force remains constant in magnitude, which is p k mg, and the force is opposite in direction 
to the motion or the velocity x. Introducing the sign function sgn (•), 

fl, x > 0, 

sgn(x)= _j ^ (9.16) 

the friction force can be expressed as 

I '-F { , x > 0, 

F f = -F f sgn(x) =i , <o ( 9 . 17 ) 

where F f = p k mg. Equation 9.17 implies that the friction force points to the left if the mass moves to 
the right and points to the right if the mass moves to the left. 

Using Equation 9.17, we can write the dynamics equation of motion as 


mx + F f sgn(x) + kx = 0, (9.18) 

which is a nonlinear equation that can be separated into two linear equations, 

mx + F f + kx = 0, x> 0, (9.19) 

mx — F f + kx = Q, x < 0. (9.20) 

Without loss of generality, let us assume the initial conditions to be x(0) = x 0 > 0 and x(0) = v 0 = 0. 
Due to the restoring spring force, the mass first moves from right to left as shown in Figure 9.3a. 
The velocity is negative and the dynamics of the system is expressed by Equation 9.20, which can 
be rewritten as 


nix + k(x - A) = 0, (9.21) 

where A = F { lk. For a given system, the mass m, spring stiffness k, and kinetic friction coefficient p k 
are all constants. Thus, A is a constant and A = 0. Equation 9.21 can then be rewritten 

m(x - A) + k(x - A) = 0. 


(9.22) 
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(a) 




FIGURE 9.3 Motion of the mass with (a) negative velocity and (b) positive velocity. 

Note that Equation 9.22 has the same format as nix + kx = 0 if we replace x - A with x. Therefore, 
the free response of the system can be determined by using Equations 9.4 through 9.6, and neglect¬ 
ing damping. If we let x' = x - A, the initial conditions can be expressed as x'(Q) = x(0) - A = x 0 - A 
and x'(0) = x(0) - A = 0. Substituting the initial conditions into Equations 9.4 through 9.6 yields 

x(t) - A = (x 0 - A) cos(oo n 0 (9.23) 


or 


x(t) = (x 0 - A) cos(cv) + A. (9.24) 

When the spring reaches maximum compression as shown in Figure 9.3b, the velocity of the 
mass reduces to zero, that is, x(t) = —(x 0 - A)co n sin(co n t) = 0, which yields t = jt/co n = 772. The corre¬ 
sponding displacement is - ( x 0 - 2A). The mass then starts to move from left to right and the veloc¬ 
ity becomes positive. Thus, Equation 9.24 is only valid for 0 < t < 772. 

For t > 772, the dynamics of the system is expressed by Equation 9.19, which can be rewritten as 

nix + k{x + A) = 0 (9.25) 


or 


m(x + A) + k{x + A) = 0. (9.26) 

The response of the system can also be determined by using Equations 9.4 through 9.6 and 
neglecting damping. Let x' = x + A. Note that the initial values of x and x in Equation 9.26 are the 
displacement and the velocity at time 772, respectively, that is, x(772) = -(x 0 - 2A) and x(T 12) = 0. 
As a result, x'(0) = -(x 0 - 3A) and x'(0) = 0. The solution of Equation 9.26 is 

x(t) + A = (x 0 - 3A) cos(co n f) (9.27) 


or 


x(f) = (x 0 - 3A) cos(G) n r) - A. (9.28) 

When the spring reaches maximum elongation, the velocity of the mass reduces to zero once 
again. By differentiating Equation 9.28 and equating it to zero, we obtain the time corresponding 
to the maximum elongation, that is, T. The displacement at t = T is x 0 - 4A. After this point, the 
motion reverses in direction and the mass moves from right to left. Thus, Equation 9.28 is only valid 
for 772 <t< T. 
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FIGURE 9.4 Free response of a mass-spring system subject to Coulomb damping. 

The above discussion gives the displacement magnitudes at t = 0, 772, and T, which are x 0 , x 0 - 2A, 
and x 0 - 4A, respectively. It can be concluded that the displacement magnitude is reduced by 2A 
after every half-cycle. This process is repeated as the mass oscillates hack and forth about its equi¬ 
librium position. The motion stops when the displacement is not large enough for the restoring 
spring force to overcome the static friction force. The free response of the mass-spring system with 
Coulomb damping is shown in Figure 9.4. Different from viscously damped systems, the envelope 
of the response for a vibrating system with Coulomb damping is a straight line instead of an expo¬ 
nential decay curve, as shown in Figure 9.1. 

Example 9.2: Coulomb Damping 

For a Coulomb damped system, it is observed that the first three consecutive maximum displace¬ 
ment amplitudes x 0 , x v and x 2 for a free vibration are 15, 12.55, and 10.10 cm, respectively. The 
time duration between any two of these amplitudes is 0.7 s. 

a. Determine the value of the kinetic friction coefficient p k . 

b. Determine the position when the oscillation stops. 


Solution 


a. The decay per cycle is 


4A = 15 - 12.55 = 12.55 - 10.10 = 2.45 cm, 


which gives A = 6.125 x 10 -3 m. The time duration between any two of these amplitudes is 
0.7 s. This implies the period of vibration is T = 0.7 s and 
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Thus, the kinetic friction coefficient is 


F, kA 
mg mg 


8.98 2 (6.125x10~ 3 ) _ 


b. Note that the displacement magnitude is reduced by 2A after every half-cycle. The motion 
stops at the end of the half-cycle for which the displacement magnitude is smaller than 2A. 
This can be expressed mathematically as 


Xq - n(2A)< 2A, 

where n denotes the number of half-cycles before stopping. Solving for n and substituting 
the appropriate values, we find 


n> X ° -Ji=-—-r—1 = 11.24. 

2 2(6.125x1 (T 3 ) 

The smallest integer satisfying the inequality is n = 12. Thus, the oscillation stops after 12 
half-cycles, or 6 cycles, with 

x(t = 12772) = x 0 - 12(2A) = 0.15 - 12(2 x 6.125 x IQ- 3 ) = 3 x 10~ 3 m. 


PROBLEM SET 9.1 

1. A lightly damped single-degree-of-freedom system is subjected to free vibration. The 
response of the system is shown in Figure 9.5. Estimate the value of the viscous damping 
ratio 'Q. 

2. An underdamped single-degree-of-freedom vibrating system is viscously damped. It is 
observed that the maximum displacement amplitude during the third cycle is 60% of the 
first. Calculate the damping ratio 'Q and determine the maximum displacement amplitude 
during the fifth cycle as a fraction of the first. 



FIGURE 9.5 Problem 1. 
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Time (s) 


FIGURE 9.6 Problem 3. 


3. Figure 9.6 shows the free response of a single-degree-of-freedom system subjected to 
Coulomb damping. The parameters of the system include the mass (m = 40 kg) and the 
spring stiffness (k = 2000 N/m). Estimate the value of the kinetic friction coefficient p k . 

4. A Coulomb damped vibrating system consists of a mass of 8 kg and a spring of stiffness 
6000 N/m. The kinetic friction coefficient p k is 0.15. The initial conditions are x 0 = 0.025 m 
and v 0 = 0 m/s. 

a. Determine the decay per cycle. 

h. Determine the position when the oscillation stops. 

9.2 FORCED VIBRATION 

The vibration of a system caused by externally applied forces is known as forced vibration. A very 
important class of external excitations involves harmonic forces. Consider a single-degree-of-freedom, 
viscously damped system subjected to a harmonic excitation, fit) = F 0 sin(o)f). Its governing differ¬ 
ential equation is given by 


rwc(t) + bx(t) + kx{t) = F 0 sin(cof) 


(9.29) 


or 


p 

x(t) + 2^co n i(f) + o/xff) = co„ ° sin(cof). (9.30) 

k 

As discussed in Section 8.3, the steady-state response of a system subjected to a harmonic excita¬ 
tion/© may be obtained using the frequency response, which is a very important concept in vibra¬ 
tion. The steady-state response of the system described by Equation 9.29 or 9.30 is 


x(t) = Xsin(oo/ + 4>), 


(9.31) 
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where the amplitude and the phase angle are given by 


X = 


F 0 /k 


(9.32) 


V[ 1 - (co/co n ) 2 ] 2 + [2^(to/co n )] 2 


and 



(9.33) 


Note that the value of X depends on the driving frequency co, and X is called the dynamic ampli¬ 
tude. The term FJk in Equation 9.32 has units of displacement and is known as the static deflection. 
If we use x st to denote the static deflection, we can obtain the dimensionless ratio 


X _ 1 


(9.34) 


x st V[ 1 - (co/coj 2 ] 2 + [2^(co/co n )] 2 


When compared with other excitations, more information on the steady-state response to har¬ 
monic excitations can be extracted using the frequency domain technique rather than the time 
domain technique. In this section, we first discuss how to measure the viscous damping coefficient £ 
based on frequency response plots. Systems subjected to two types of harmonic excitations, includ¬ 
ing rotating unbalance and base excitation, are then introduced and their responses are determined 
using the frequency response method. 

9.2.1 Half-Power Bandwidth 

Figure 9.7 shows the frequency response of the dimensionless ratio X/x sl near the natural fre¬ 
quency for a viscously damped system. As proven in Section 8.3, the maximum peak occurs at 
C0/C0n If the system is lightly damped, the peak occurs in the immediate neighborhood 


6 


Q 



o 


0 


Q - 0)j/0) n 1 (02 /O n | — 


2 




FIGURE 9.7 Magnitude of the frequency response for a viscously damped system. 
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of co/co n = 1, as shown in Figure 9.7. From Equation 9.34, the corresponding value of the peak ampli¬ 
tude can be approximated as 


Q = 


2£ 


(9.35) 


for small damping. The symbol Q introduced in Equation 9.35 is known as the quality factor or Q 
factor, which is usually used in electrical engineering applications and is related to the amplitude at 
resonance. Thus, the damping ratio C, can be obtained from Equation 9.35 as 


c- 


2 Q’ 


(9.36) 


which can be used as a quick way of estimating the viscous damping ratio by measuring the peak 
amplitude Q. 

For a more accurate estimation, the damping ratio £ can be determined by measuring the fre¬ 
quencies at two half-power points instead of the peak amplitude. Note that for a viscously damped 
system subjected to a harmonic force, the velocity response is 

x(t) = (i)X cos(cot + tj>), (9.37) 


which is obtained from Equation 9.31 by taking the time derivative. The maximum kinetic energy is 

\ marXL = | (9.38) 

which is proportional to the square of Q. Half-power points occur at frequencies in which the power 
drops to half its maximum level. As shown in Figure 9.7, points 1 and 2, at which the amplitude 
decreases to g/V2 « 0.707g , or drops by 3 dB down from the peak, are half-power points. 

Let v = co/co n . At the half-power points, combining Equations 9.34 and 9.35 gives 

_1__ J I 

>/( 1-v 2 ) 2 + (2£v) 2 V2 2£ 

or 

v 4 - 2(1 - 20v 2 + (1 - 80 = 0, 

which has the solutions 

v 2 = ( 1 - 20 + 2^^100 

If the system is lightly damped, 'Q 2 can be ignored and Equation 9.41 can be approximated as 


(9.39) 


(9.40) 


(9.41) 


' 2 = 1 ± 2 £ 


( 9 . 42 ) 
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or 



1-2 C, 


(9.43) 



= 1 + 2C- 


(9.44) 


Subtracting Equation 9.43 from 9.44 gives 



= 4C 


(9.45) 


In general, the natural frequency co n is between the half-power points and co n = (co, + 0) 2 ) for 
light damping. Thus, we have 



(9.46) 


or 


Aco 


(9.47) 


2co n ’ 


where Aco = co 2 - coj is referred to as the bandwidth of the system. 

Example 9.3: Half-Power Bandwidth 

A viscously damped system consisting of a mass of 5 kg and a spring of stiffness 12,500 N/m is 
subjected to a harmonic force excitation. The frequency ratios co/go,, and a> 2 /o> n at half-power points 
are observed to be 0.9093 and 1.0713, respectively. Assume that the system is lightly damped. 

a. Determine the bandwidth of the system. 

b. Determine the damping ratio £. 

Solution 

a. Noting the undamped natural frequency is co n =^jk!m = yj\ 2,500/5 = 50 rad/s, the band¬ 
width of the system is calculated as 


Aco = co 2 — co, = co n 


co, 


| = 50(1.0713—0.9093) = 8.1 rad/s, 


,co n 


C0 n 


b. For small damping, the damping ratio is 
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9.2.2 Rotating Unbalance 

Unbalance in rotating machines is a common source of harmonic excitation. The unbalance is caused 
by the rotating part, for which the mass center does not coincide with the center of rotation. Figure 9.8 
shows a system with an unbalanced mass m rotating at a constant angular velocity of co. The distance 
between the unbalanced mass and the center of rotation is e, which represents the eccentricity. The mass 
of the entire system is M and its motion is assumed to be constrained along the vertical direction only. 
The entire system can therefore be considered as a single-degree-of-freedom system. 

Choose the static equilibrium position of the entire system as the coordinate origin. Denote the 
mass of the nonrotating part as M-m and the corresponding vertical displacement as the general¬ 
ized coordinate x. Thus, the vertical displacement of the rotating unbalanced mass is x + esin(cot)- 
The free-body diagrams of M-m and m are shown in Figure 9.9. 

Applying Newton’s second law to M-m and m along the vertical direction yields 


(M - m)x = -F v -kx-bx. 


(9.48) 



(9.49) 


where F w is the vertical component of the internal force between the rotating and the nonrotating 
parts. Combining Equations 9.48 and 9.49, and eliminating F Y , gives the differential equation of the 
system with rotating unbalance. 



(9.50) 



M 



FIGURE 9.8 A system with rotating unbalance. 


(a) 


(b) 



M-m 




kx 


bx 


FIGURE 9.9 Free-body diagram of the system shown in Figure 9.8: (a) nonrotating part M-m and (b) rotat¬ 
ing unbalance m. 
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Differentiating x + esinfoof) with respect to time twice, we have 

Mx + bx + kx = meC0 2 sin(0)t), (9.51) 

which implies that the effect of a rotating unbalance mass is to exert a harmonic force meco 2 sin(atf) 
on the system. 

Note that Equation 9.51 is similar to Equation 9.29, except that the magnitude of the harmonic 
force is mem 2 instead of F 0 . Thus, with this modification, we can obtain the steady-state solution of 
the system using Equations 9.31 through 9.33. The dynamic amplitude is given by 

mem 2 Ik , (9.52) 

V[l- (®/CD n ) 2 ] 2 + [2^(G)/C0J] 2 

where co n = y/k/M . Replacing k in Equation 9.52 with Moy n yields 

= me(C0/C0 n ) 2 /M (9.53) 

V[ 1 - (co/o) n ) 2 ] 2 + [2^(to/co n )] 2 

For a system with rotating unbalance, the dimensionless ratio 

MX _ (®/to n ) 2 (9.54) 

me V[ 1 - (co/co n ) 2 ] 2 + [2^(co/o) n )] 2 

is usually plotted versus the dimensionless ratio co/co n , known as normalized frequency or frequency 
ratio. Figure 9.10 shows the magnitude of the frequency response for a system with rotating unbal¬ 
ance, where the vertical axis is MXKme). For low-speed rotations, that is, oo/oo n <3C 1, the magnitude 





FIGURE 9.10 Magnitude of the frequency response for a system with rotating unbalance. 
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of the response MXKjne) is very small and thus the vibration amplitude X is close to zero. Resonance 
peaks occur in the neighborhood of co/co n = 1. For high-speed rotations, that is, co/o) n » 1, the magni¬ 
tude of the response MX/(me ) tends to 1. This implies that the dynamic amplitude X is me/M, which 
is constant regardless of the driving frequency and the amount of damping. 


Example 9.4: Rotating Unbalance 

An electric motor of mass M = 500 kg is mounted on a simply supported beam with negligible 
mass. Assume that the supporting beam is equivalent to a spring of stiffness k = 4500 kN/m and 
the damping ratio of the system is 0.1. The unbalance in the rotor of the motor is me = 0.5 kg-m. 
Determine the dynamic amplitude X of the motor when it runs at a speed of 950 rpm. 


Solution 

The natural frequency of the system is 


®n 


JT = 1 4500 xIO 3 
V M V 500 


= 94.87 rad/s. 


When the motor runs at a speed of 950 rpm, the frequency ratio is 


Thus, 


'to n ) 2 


me ^-(co/oojf + Kfco/caJ] 2 V(1 -1.05 2 ) 2 + [2(0.1)(1.05)] 2 

which gives the dynamic amplitude as 


9.2.3 Harmonic Base Excitation 

Many applications in vibration involve systems with displacement as the input. Examples include 
a machine placed on a foundation undergoing vibration and a vehicle traveling on a wavy road. 
Assume that each of the two systems mentioned can be modeled as a single-degree-of-freedom 
system as shown in Figure 9.11, where x and y are the displacements of the mass and the base, 
respectively. 

Applying Newton’s second law gives the differential equation of motion as 

mx(t) + bx{t) + kxit) = bz{t) + kz(t) (9.55) 


or 


x(t) + 2£co a x(t) + co 2 x(r) = 2£co n z(0 + 


(9.56) 
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FIGURE9.11 A single-degree-of-freedom system undergoing base excitation. 

As discussed in Section 8.3, the system’s frequency response function is 


G(jco) 


X( jco) _ j2£© tt co + to 2 


1 + j2£co/co n 


Z(jco) -co +j2£co n co + co 2 l-(co/co n )' +j2£co/co n ’ 

where the magnitude and phase of the frequency response function are 


|G(j©)| = 


Vl + (2^co/oo n ) 2 
V|l-(©/© n ) 2 ] 2 + (2^co/co„) 2 


and 


c|) = ZG( jco) = -tan" 


2 C (©/© n ) 3 

1 - (©/© n ) 2 + (2£co/co n ) 2 


(9.59) 


Assume that the motion of the base is harmonic, for example, z(t) = Z 0 sin(an). Then, the steady- 
state response of the system is also harmonic, x(f) = Xsin(cof + (|)), where the dynamic amplitude X 
is given by 


X~Z 0 \ G(jco) | = Z 0 . V 1 + ( 2 C©/©n) 2 (9.60) 

V[l —(©/© n ) 2 ] 2 +( 2^©/© n ) 2 


Thus, the dimensionless ratio between the dynamic amplitude X and the amplitude of the base 
displacement is 


X _ Vl + (2C©/© n ) 2 

Z o V[1 - (©/© n ) 2 ] 2 + (2^©/©n) 2 


(9.61) 


which is known as the transmissibility. Figure 9.12 shows the magnitude of the frequency response 
for a system with harmonic excitation, where the vertical axis is X/Z 0 . Note that X/Z 0 = 1 for all 
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FIGURE 9.12 Magnitude of the frequency response for a system with harmonic base excitation. 


curves when the frequency ratio is co/co n = \[2. This implies that the response has the same magni¬ 
tude as the excitation. The response is amplified when co/co n < xfl and is reduced when co/co n > V 2 . 


Example 9.5: Harmonic Base Excitation 

The mass-spring-damper system in Example 5.18 represents a vehicle traveling on a rough road. 
Assume that the surface of the road can be approximated as a sine wave z = Z 0 sin(o>t), where 
Z 0 = 0.01 m and co = 3.5 rad/s. The mathematical model of the system is given by an ordinary dif¬ 
ferential equation mx+bx+kx = bz + kz, where m = 3000 kg, b = 2000 N-s/m, and k = 50 kN/m. 
Determine the dynamic amplitude of the vehicle. 


Solution 

The natural frequency and the damping ratio of the vehicle are 


C ° n = jm = j 


C - f = 2000 = Q Q8 

2y[mk 2^(3000X50 x10 :i ) 


— = — : — = 0.86, 


The frequency ratio is 
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and the transmissibility can be calculated via Equation 9.61, as 

X _ X Vl + [2(0.08)(0.86)] 2 

z o °- 01 VO “ 0.86 2 ) 2 + [2(0.08)(0.86)] 2 


Thus, the dynamic amplitude of the system is X = 3.43 x 10 -2 m. 

PROBLEM SET 9.2 

1. Figure 9.13 shows the experimental data for the frequency response of a single-degree-of- 
freedom system. Use the half-power bandwidth method to estimate the damping ratio C, of 
the system. 

2. A viscously damped single-degree-of-freedom system is subjected to a harmonic force 
excitation. It is observed that the amplitude of the frequency response X/x st reaches its 
maximum when the driving frequency is 120 rpm. The peak value is 50. Assume the sys¬ 
tem to be lightly damped. 

a. Determine the damping ratio C,. 
h. Determine the bandwidth of the system. 

3. An industrial machine of mass M = 450 kg is supported by a spring with a static deflec¬ 
tion x st = 0.5 cm. If the machine has a rotating unbalance me = 0.25 kg-m, determine the 
dynamic amplitude X at 1200 rpm. Assume damping to be negligible. 

4. Tires must be balanced so that no periodic forces develop during operation. Figure 9.14 
shows a tire with an eccentric mass because of uneven wear. The parameters are given 
as follows: the mass of the tire is M = 11.75 kg, the unbalanced mass is m = 0.1 kg, the 
radius of the tire is r = 22.5 cm, and the eccentric distance is e = 15 cm. Assume that 
the stiffness of the tire is 120 kN/m. Neglect the damping of the system. Determine the 



FIGURE 9.13 Problem 1. 
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FIGURE 9.14 Problem 4. 


amplitude of the steady-state response of the tire caused by mass unbalance when the 
car moves at 100 km/h. 

5. Reconsider Example 9.5, in which the mathematical model of a vehicle is given by an 
ordinary differential equation mx + bx + kx = bz + kz with m = 3000 kg, b = 2000 N-s/m, 
and k = 50 kN/m. It is observed that the base excitation due to the roughness of the road 
surface is also related to the speed of the vehicle, that is, z = 0.01sin(0.2ttvf). Determine the 
transmissibility and the dynamic amplitude X of the vehicle when it moves at a speed of (a) 

25 km/h and (b) 105 km / h. 

6. Precision instruments must be placed on rubber mounts, which act as springs and damp¬ 
ers, to reduce the effects of base vibration. Consider a precision instrument of mass 110 kg 
mounted on a rubber block. For the entire assembly, the spring stiffness is 280 kN/m and 
the damping ratio is 0.10. Assume that the base undergoes vibration, and the displacement 
of the base is expressed as y(t) = Kgsin/cof). Determine the dynamic amplitude of the system 
if the acceleration amplitude of the base excitation is 0.15 m/s 2 and the excitation frequency 
is 20 Hz. 

9.3 VIBRATION SUPPRESSIONS 

Vibrations are undesirable in most cases, particularly in cars, machining tools, precision instru¬ 
ments, buildings in an active seismic zone, and so on. To protect these systems and enhance their 
life, it is necessary to reduce vibration. This can be achieved with vibration isolators or vibration 
absorbers. 

9.3.1 Vibration Isolators 

To isolate an object from the source of vibrations, two types of vibration isolation systems are used: 
passive and active. Passive vibration isolation systems consist of springs and dampers. Active vibra¬ 
tion isolation systems contain (along with the springs) piezoelectric accelerometers, electromagnetic 
actuators, and control circuits. The topic of active vibration isolation is beyond the scope of this text, 
and therefore will not be discussed. 

A vibration isolation system attempts either to protect delicate equipment from vibration trans¬ 
mitted to it from its support system or to prevent transmission of the vibratory force generated by 
a machine to its surroundings. The essence of these two objectives is the same. The concept of 
transmissibility introduced in Section 9.2 can be used for either displacement isolation design or 
force isolation design. 

As shown in Equation 9.61, for a system placed on a support undergoing harmonic vibration, the 
dynamic response depends on the natural frequency co n and the damping ratio This fact is also 
shown in Figure 9.12. When the natural frequency co n is much less than the excitation frequency co, 



416 


Modeling and Analysis of Dynamic Systems 


more specifically, co/co n > %/2, the displacement transmissibility X/Z 0 is less than 1. This implies 
that the magnitude of the system response is reduced. Thus, it is desirable to design a vibration 
isolator such that the natural frequency of the entire assembly is within the region of co/co n > \[2. This 
can be achieved by placing the system on a spring-damper system. Note that the value of damping 
should not be too large because the displacement transmissibility increases when the damping ratio 
increases for co/co n > \[2. 

Example 9.6: Displacement Isolation 

A machine of mass 50 kg is mounted on a rubber isolator to protect it from the ground's vibration 
caused by the operation of other machines nearby. Assume that the ground vibrates at 10 Hz. 
Determine the stiffness of the rubber isolation spring if only 10% of the ground's motion is trans¬ 
mitted to the machine. 

a. Neglect damping. 

b. Assume that the damping coefficient of the rubber isolator is 0.1. 


Solution 

a. If only 10% of the ground's motion is transmitted to the machine, then the transmissibility 
given by Equation 9.61, with damping neglected, is 

X = 1 

Z 0 |l-(co/co n ) 2 

from which the frequency ratio g)/g>„ is solved to be -s/TT. For the excitation frequency go = 
10 Hz, the natural frequency is 


= 0 . 10 , 




Thus, the stiffness of the rubber isolation spring is 

k = co> = 18.94 2 (50) = 17.94 kN/m. 


b. If the damping coefficient of the rubber isolator is 0.1, then the transmissibility is 


X _ Vl + [2(0.1)co/ca n ] 2 " 

z o V[1-(ra/co n ) 2 ] 2 +[2(0.1)co/(o n ] 2 


which can be rewritten as 


(Go/Go n ) 4 - 5.96(G0/G0 n ) 2 - 99 = 0. 


Solving for (co/co n ) 2 , we find 


(co/co n ) 2 = 13.37 or (co/co n ) 2 = -7.41. 
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The negative value is not valid. Thus, the frequency ratio is a>/a> n is Vi 3.37. Repeating the calcula¬ 
tion in Part (a) gives k ~ 14.76 kN/m. 

For a machine placed on a rigid base, the machine itself is a vibration source. The vibratory force 
generated by the machine will be transmitted to the base and then affect the surrounding equipment. 
To reduce the damaging effect of the vibratory machine on its surroundings, it is necessary to isolate 
it from the base. 

Figure 9.15a shows a machine placed on a rigid foundation through a spring and damper system. 
The machine is subjected to a harmonic excitation force/(f). Recall that the displacement response 
x(i) to harmonic excitation is given by Equations 9.31 through 9.33. Differentiating Equation 9.31 
with respect to time yields the velocity response as given in Equation 9.37, in which X is the ampli¬ 
tude of the displacement, and the amplitude of the velocity is (oX. Moreover, the velocity leads the 
displacement by the phase angle jt/2 because cos(oot + (Jt) in Equation 9.37 can be expressed as sin(cof 
+ (1) + ji/2). 

From the free-body diagram in Figure 9.15b, it is clear that the force transmitted to the base 
includes two parts: the spring force kx and the damping force bx. The amplitudes of the spring force 
and the damping force are kX and ba>X, respectively. The force vectors are shown in Figure 9.15c. 
The angle between the two force vectors is ji/2. Thus, the amplitude of the force transmitted to the 
base is 


F t = yj(kX) 2 + (baX) 2 . (9.62) 

Note that blk = ( b/m)(mlk ) = 2^co n /a> 2 = 2^/ot„. Then, Equation 9.62 can be rewritten as 

F t = kX yj\ + (2^(£>/(£> n ) 2 . (9.63) 

Substituting Equation 9.32 into Equation 9.63 yields 

Fi - Fu Vl + (2fo/co n ) 2 (9 . 64 ) 

V[l - (co/co n ) 2 f + [2^(co/co n )f 


The dimensionless ratio F T /F 0 is the transmissibility given by Equation 9.61, and is a measure 
of the force transmitted to the base. Thus, the plot of F v /F n versus co/o) n is the same as the plot of XIZ 0 
versus co/o) n , as shown in Figure 9.12. When the frequency ratio is co/co„ = a/ 2 , we have F T /F 0 = 1 and 
the excitation force is fully transmitted to the base. For co/co n > V2, the force transmissibility F T /F Q 
is less than 1 and the force transmitted reduces with increasing excitation frequency co. 


(a) / (b) (c) 



FIGURE 9.15 Force isolation: (a) physical system, (b) free-body diagram, and (c) force vector diagram. 
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Example 9.7: Force Isolation 

A rotating machine of mass 2000 kg is mounted on an isolator block of stiffness 500 kN/m and 
damping ratio C, = 0.1. The machine is subjected to a harmonic disturbance force, for which the 
frequency is the same as the rotational speed of the machine. Assuming that 20% of the distur¬ 
bance force is transmitted to the base, determine the rotational speed of the machine. 


Solution 

By Equation 9.64, 


F 1 = ^+[2{0A)((o/(o n )f 

F o ^/[1 - (co/to n ) 2 ] 2 +[2(0.1)(co/co n )] 2 


Solving for the frequency ratio yields G)/a> n = 2.57. The natural frequency of the system is 
ra n = ^500,000/2000 = 15.81 rad/s. Thus, the excitation frequency is 

w = 2.57(15.81) = 40.63 rad/s, 
which is also the rotational speed of the machine. 


9.3.2 Vibration Absorbers 

As discussed in Section 8.3, for a single-degree-of-freedom system subjected to harmonic excita¬ 
tion, violent vibration is induced when the excitation frequency is close to the natural frequency 
of the system. To protect the system, we can change either the mass or the spring stiffness so that 
the natural frequency is not too close to the excitation frequency. However, this may not always 
be possible. To circumvent this issue, a vibration absorber consisting of a second mass and spring 
can be added to the system to protect the original single-degree-of-freedom system from harmonic 
excitation. 

Consider the two-degree-of-freedom system shown in Figure 9.16, where m l and k t are the mass 
and the spring stiffness of the primary system, and m 2 and k 2 are the mass and the spring stiffness 
of the absorber. A harmonic force /qsinCcof) is applied to the primary system, which would undergo 
violent vibrations if the absorber is not installed. 

For the combined system, the equations of motion in matrix form are 


m l 0 UI k+Ai kljfi 


\ sin(GM). (9.65) 


* — r MW — 


FIGURE 9.16 A vibration absorber. 
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Because the system is undamped, the steady-state response to a sinusoidal input is still sinu¬ 
soidal, which has the same frequency as the excitation frequency and a zero phase angle. We can 
express the steady-state response as 


Sl-S— 

Substituting Equation 9.66 into Equation 9.65 yields 


\k x + k 2 - m x co 2 

1 

W _ M. 

[ -7, 

k 2 - m 2 co 2 J 

W loj 


Solving for X l and X 2 gives 

JXjl _ 1 |~£: 2 -m 2 a> 2 k 2 j 

jxj A(co) [ k 2 k 1 + k 2 -m l ( 0 2 \ |oj 


where 


A(co) = (k 2 - m 2 br){k ] +k 2 - mfi) 2 ) - k 2 . 


Thus, the amplitudes are 


(k 2 -m 2 (,y)h\ 

(k 2 - m 2 t o 2 )^ + k 2 - m 1 co 2 ) - k 2 ’ 


(9.66) 


(9.67) 


(9.68) 


(9.69) 


(9.70) 


X 2 = 


__ 

(k 2 - m 2 G) 2 ){k x + k 2 - m l co 2 ) - k 2 


(9.71) 


Dividing the numerators and denominators in Equations 9.70 and 9.71 by k ] k 2 , we obtain 


_[1 -im 2 lk 2 )(x) 2 WJk x ) _ 

[l-(m 2 )k^^[\ + k 2 /k x - (; m l /k 1 )a> 2 ]-(k 2 /k i y 


(9.72) 


[\-(m 2 lk 2 )ur~\[\+k 2 lk x - (k 2 /k x ) 


(9.73) 


From Equation 9.72, it is clear that the amplitude X t of the primary system reduces to zero 
when the excitation frequency co equals -J k 2 /m 2 . Correspondingly, the amplitude X 2 of the absorber 
becomes 


X 2 = — 


(9.74) 
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where the negative sign indicates that the absorber moves in the opposite direction of the force h\. 
Thus, the force exerted on the primary mass m 1 by the spring of the absorber is 


k 2 x 2 = k 2 X 2 s'm<x)t = -fqsincot. 


(9.75) 


which exactly balances the externally applied force /qsintcof). 

Let us denote the natural frequency of the original single-degree-of-freedom system alone as 
cOj = -JkJm^ and the natural frequency of the absorber alone as co 2 = yjk 2 /m 2 . To determine the 
parameters of the absorber, we introduce the following notations, x st = FJk x , p = m 2 /m 1 , and v = co 2 /cO], 
where x st is the static deflection of the original system, p is the mass ratio, and v is the natural fre¬ 
quency ratio. Then, Equations 9.72 and 9.73 can be rewritten as 

V =_ [l-(co/co 2 ) 2 ]x st _ (9, 76) 

[1 - (co/co 2 ) 2 ][1 + k 2 /k t - (co/cOi) 2 ] - (k 2 /k t y 


2 [1- (co/co 2 ) 2 ][l+ k 2 lk x - (co/coj) 2 ] ~{k 2 lk x ) 

Note that co/o) 2 = (co/oqXl/v) and k 2 lk x = (jn 2 /m x )(k 2 /m 2 )(jn l /k J ) = pv 2 . Thus, 


[v 2 -(co/cO|) 2 ]x st 

[v 2 - (oo/co 1 ) 2 ][l + pv 2 - (oo/ooj) 2 ] - pv 4 ’ 


(9.77) 


(9.78) 


Xl [v 2 - (00/00 1 ) 2 ][1 + pv 2 - (CO/COj) 2 ] - pv 4 ’ 

From Equations 9.78 and 9.79, it is clear that the values of X t and X 2 depend on the mass ratio 
p and the natural frequency ratio v. Note that the natural frequency ratio v must be very close to 1. 
Because adding the absorber aims to alleviate the vibration of the original system at resonance, that 
is, co = (o|, and the absorber can only be effective when its own natural frequency is the same as the 
excitation frequency, that is, oo 2 = co. Thus, we have co 2 = co, or v = 1. If v is very close to one, the 
motion of m, is not zero, but its amplitude is still very small. 

Figure 9.17 shows two curves, X x /x st versus co/co, (Figure 9.17a) and X 2 /x st versus to/co, (Figure 
9.17b) for p = 0.2 and v = 1. Note that the horizontal axis can be replaced by co/co 2 because v = 1 
or co 2 = coj. As observed from Figure 9.17a, when the excitation frequency co is in the immediate 
neighborhood of co 2 , the amplitude X x is very small. However, when the excitation frequency co shifts 
slightly away from co 2 , the amplitude X t increases significantly. This shows that the absorber is only 
effective when the excitation frequency co is close to co 2 . 

To design a vibration absorber, we first need to select the operation frequency co, at which the dis¬ 
placement amplitude of the primary mass will be tuned to zero. Then the relation between the mass 
and the spring stiffness of the absorber is obtained by co 2 = co 2 = k 2 /m 2 . Select appropriate values 
for m 2 and k 2 by considering restrictions on the motion of the absorber mass. Once the absorber is 
designed, the mass ratio p is checked, for which the recommended value is p < 0.25. 

It should be pointed out that one disadvantage of the vibration absorber is that two new resonant 
frequencies in the neighborhood of the excitation frequency are created as seen from Figure 9.18. 
Because the values of X x /x st and X 2 /x sl change dramatically, the vertical axis in Figure 9.18 is given 
in the decibel units, which can be used to conveniently represent very large or small numbers. The 
details on how to determine natural frequencies for multi-degree-of-freedom systems will be dis¬ 
cussed in the next section. 
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FIGURE 9.17 Frequency response curves: (a) main mass and (b) absorber mass. 



FIGURE 9.18 Frequency response curves (in dB) for the main mass and the absorber mass. 


Example 9.8: Vibration Absorber Design 

When an engine operates at a speed of 6000 rpm, vibration is induced through its pedestal mount. 
The amplitude of the excitation force is 300 N. Design a vibration absorber that will reduce the 
vibration when mounted on the pedestal. Assume that the maximum allowable displacement of 
the absorber is 2 mm. 


Solution 

The natural frequency of the absorber is required to be the same as the excitation frequency, 

6000(271) ,. 

co, = ro =-= 20071 rad/s. 

2 60 
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The maximum allowable displacement amplitude of the absorber is 2 mm. From Equation 9.74, 
considering the magnitude only, the spring stiffness of the absorber can be obtained as 


k 2 = F ' = 300 , = 150,000 N/m. 
X 2 2x10“ 3 


Thus, the mass of the absorber is 


150,000 

(200tt) 2 


= 0.38 kg. 


PROBLEM SET 9.3 

1. A 90-kg instrument is suspended from a ceiling by four springs, each of which has a stiff¬ 
ness of 4 kN/m. The ceiling vibrates with a frequency of 2 Hz and amplitude of 0.05 mm 
due to the air conditioning compressor and chiller mounted on the roof. Neglecting the 
damping, determine the maximum displacement amplitude of the instrument. 

2. Consider a 12-kg instrument placed on a floor that vibrates with a frequency of 3500 rpm 
and amplitude of 2 mm due to nearby machinery. A vibration isolator is designed to protect 
the instrument from the vibration of the floor. Assume that the damping ratio of the isolator 
is 0.05 and the maximum allowable acceleration amplitude of the instrument is 2 g. 

a. Determine the stiffness of the isolator. 

h. Determine the maximum displacement amplitude of the instrument. 

3. A 9000-kg air conditioning compressor mounted on a roof is supported by four springs. 
The static deformation of each spring is 8 cm. Assuming negligible damping, determine 
the force transmissibility when the compressor works at 60 Hz. 

4. Consider the single-degree-of-freedom system shown in Figure 9.8. The excitation force 
due to the rotating unbalance is meco 2 sin(cof). Assume that the system has the following 
parameters: m = 5 kg, M = 100 kg, e = 0.1 m,k = 5,000 N/m, and b = 200 N-s/m. 

a. Determine the force transmitted to the support when the system runs at the rotating 
speed co = 2oo n . 

b. Determine the force transmissibility. 

c. The spring is replaced to decrease the force transmissibility to 20%. Determine the 
stiffness of the new spring. 

5. A rotating machine has a mass of 6 kg and a natural frequency of 5 Hz. Due to a rotating 
unbalanced mass, the machine is subjected to a harmonic disturbance force meco 2 sin(cof). 
When the machine operates at a frequency of 3.5 Hz, the amplitude of the disturbance 
force is 40 N. 

a. Design a vibration absorber assuming that the maximum allowable displacement of the 
absorber is 5 cm. 

h. 4V Using MATLAB®, write an m-file to plot Xj/me versus co. 

6. The pendulum in Figure 9.19 is known as a tuned mass damper. It is mounted in a building, 
which is simplified as a block of mass m, supported by a spring of stiffness k. The mass 
of the pendulum is m 2 and the length Z is tunable. The tunable pendulum is used to control 
the vibration of the building under extreme wind loads. Assume that the force due to gusty 
winds can be modeled as a harmonic force Fjsin(coO, and the excitation frequency co is very 
close to the natural frequency of the building. Prove that the forced vibration of the build¬ 
ing can be eliminated when the length of the pendulum is tuned such that co = Jg/l, where 
g is the gravitational acceleration. 
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FIGURE 9.19 Problem 6. 

9.4 MODAL ANALYSIS 

The systems discussed in the previous sections are mainly single-degree-of-freedom systems, for 
which the vibration can be studied using elementary methods presented in Chapter 8. However, for a 
multi-degree-of-freedom system, more advanced mathematical tools are required to solve the equa¬ 
tions of motion due to coordinate coupling. In this section, we first introduce key concepts, such 
as the eigenvalue problem, natural modes, and orthogonality of modes. Then, we develop modal 
analysis in a rigorous manner to decouple coordinates and use it to obtain the response to initial 
excitations or external forces. All derivations in this section are presented in matrix form. 

9.4.1 Eigenvalue Problem 

Consider a three-degree-of-freedom mass-spring system as shown in Figure 9.20, in which the 
motion of the system is described by the displacement coordinates x x , x 2 , and x 3 . In the absence of 
damping and external forces, the system undergoes undamped free vibration, and the differential 
equations of motion in matrix form are 



~k 2 
k 2 + k 3 
— k 3 



(9.80) 


Note that the mass matrix is diagonal but the stiffness matrix is not. Thus, Equation 9.80 rep¬ 
resents a set of three simultaneous (or coupled) second-order differential equations. It is generally 
difficult to obtain the analytical solution of Equation 9.80 because of coordinate coupling. If we can 
find a coordinate transformation that simultaneously diagonalizes the mass and stiffness matrices, 


\ 

\ k x 


*2 


*3 


\ 

\ 




- r wa$ x - 



FIGURE 9.20 A three-degree-of-freedom 


s-spring system. 
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then the system dynamics can be decoupled into a set of three independent second-order differential 
equations, each in the form of mx + kx = 0, which can be easily solved as a single-degree-of-freedom 
system. Such coordinate transformation, which is not unique, indeed exists and may be found by 
solving the eigenvalue problem. 

The eigenvalue problem is a problem associated with free, undamped vibration, for which the set 
of differential equations in the general matrix form is given by 

Mx + Kx = 0. (9.81) 

The solution of Equation 9.81 is harmonic. Assume that the solution is in the form 

x = XeJ'"', (9.82) 

where oo is the frequency of the harmonic motion. Note that x = -co Xe J “. Thus, Equation 9.81 
becomes 


(K - co 2 M)Xei“ = 0. 


(9.83) 


Canceling the nonzero term e>“' gives 


(K - co 2 M)X = 0 


(9.84) 


or 


KX = co 2 MX. (9.85) 

Either one of Equations 9.84 or 9.85 represents the eigenvalue problem associated with matrices 
M and K. In particular, it is known as the algebraic eigenvalue problem, whose solution process is 
similar to that of the eigenvalue problem associated with a matrix A as discussed in Section 3.3. 
First, Equation 9.84 has a nontrivial solution X * 0 if and only if the coefficient matrix is singular, 

|K-(o 2 M| = 0. (9.86) 

Equation 9.86 is known as the characteristic equation or frequency equation. For an n-degree- 
of-freedom system, the determinant |k - co 2 m| is a polynomial of degree n in oo 2 . The n roots of 
Equation 9.86 are referred to as eigenvalues and denoted by tD 2 ,it>2> •■■> and to 2 . Once the eigen¬ 
values are identified, each eigenvector corresponding to each of the eigenvalues can be obtained by 
solving Equation 9.84 or 9.85. The n eigenvectors are denoted by X h X 2 , ..., and X„. 

For a vibration system, the eigenvalues and eigenvectors associated with the eigenvalue problem 
defined in Equations 9.84 or 9.85 have significant physical meanings. The square roots of the eigen¬ 
values are the system’s natural frequencies co r , where r = 1, 2, ..., n. The natural frequencies are usu¬ 
ally arranged in increasing order of magnitude, that is, co, < co 2 < ■■■ < oo„. The lowest frequency w, is 
referred to as the fundamental frequency, which is extremely important for many practical problems. 
The eigenvectors are referred to as modal vectors. Each modal vector represents physically the shape of a 
normal mode, a certain pattern of motion in which all masses move harmonically with the same natural 
frequency associated with this modal vector. The following example shows how to solve the eigenvalue 
problem and describes the physical significance of the eigenvalues and eigenvectors. 

Example 9.9: Natural Frequencies and Modal Vectors 

Consider the three-degree-of-freedom system shown in Figure 9.20. Assume that m- [ = m 2 = m 3 = m, 

k, = 3/c, k 2 = 2k, and k 3 = k. 
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a. Solve the associated eigenvalue problem by hand. 

b. Solve the associated eigenvalue problem using MATLAB. Without loss of generality, 
assume m = 1 kg and k = 1 N/m. 


Solution 

a. The differential equations for the system in Figure 9.20 are given by Equation 9.80. Thus, the 
mass and stiffness matrices are 


fro 0 0] I - 5Ar -2k ol 

M= o m 0 , K= \—2k 3k -ki 

LO 0 mj |. 0 -k kj 

Substituting M and K into the frequency equation defined by Equation 9.86, we have 

5k-arm -2k 0 

-2k 3k-wi 2 m -k =0. 

0 -k k-a 2 m 

To simplify the calculation, divide the above equation by k and let p = a> 2 m/k. Thus, the 
determinant is 


5-P -2 0 

-2 3-p -1 = (5-P)[(3-p)(1 -p)-1]-(—2)[(—2)(1 -P)] = 0, 
0 -1 i-p 


which reduces to 

P 3 - 9p 2 + 18p - 6 = 0. 

The three roots are 

P, = 0.4158, p 2 = 2.2943, p 3 = 6.2899, 
which gives the three eigenvalues 

ro? = 0.4158—, co? = 2.2943—, co 3 =6.2899—. 

m m m 

Thus, the three natural frequencies are 

co, = 0.6448^, m a = 1.514 7^, co 3 = 2.5080^. 


To determine the eigenvectors or modal vectors, we insert co,(r = 1,2,3) into Equation 
9.84. For r = 1, we have 


(K - co, 2 M)X, = 0. 
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Note that the modal vectors are 3x1 column vectors for a three-degree-of-freedom 
system. The above equation can be written as 



Again, to simplify the calculation, we use p, to replace a^m/k and write the equations 
in scalar form 


(5-P 1 )X ]1 -2X 12 = 0, 
-2X 11 +(3-P,)X 12 -X 13 = 0, 
-X 12 +(1-P 1 )X 13 =0. 


Note that combining the first and the third equations by canceling X 12 gives 


X,3 s 5-0, 

X T] “ 2- 2P, ’ 

Then, expressing X, 3 in the second equation in terms of X„ yields 

X 12 9-5p, 

X„ (2-2p 1 )(3-P 1 )' 

If we assign one element in X, an arbitrary value, the other two can be determined 
uniquely. This implies that we have three equations and two unknowns. Assuming X,, = 1 
leads to X 13 = 3.9235 and X 12 = 2.2922. Thus, the first modal vector is 


x i = 


2.2922 

L3.9235J 


Similarly, we can find the other two modal vectors as 


X 2 = 


1.3529 
L-1.0452J 


X 3 = 


-0.6450 
_ 0.1219 J 


Here, we set the magnitude of the first component in all modal vectors as 1. The modal 
vectors can also be normalized so that the largest component in magnitude is equal to 1: 

ro.2549] r 0.73921 T 1 1 

X, = 0.5842 X 2 = 1 X 3 = -0.6450- 

L 1 J L-0.7726J L 0.1219 J 

The modal vectors represent physically the shape of the natural modes as shown in 
Figure 9.21. In mode 1, all masses move in the same direction and oscillate with a frequency 
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FIGURE 9.21 Natural modes of the three-degree-of-freedom system shown in Figure 9.20. 


of to, = 0.6448%/k/m. In mode 2, all masses oscillate with a frequency of co 2 = 1.5147-v/k/m. 
Masses 1 and 2 move in the same direction, whereas mass 3 moves in the opposite direc¬ 
tion. The direction change is also implied by the one sign change in the second mode X 2 . 
In mode 3, there are two sign changes in X 3 . Masses 1 and 3 move in the same direction, 
whereas mass 2 moves in the opposite direction. All masses oscillate with a frequency of 
o, 3 = 2.5080^. 

b. Given the mass and stiffness matrices, it is easy to use MATLAB to solve the associated 
algebraic eigenvalue problem. The following is a MATLAB session: 

>> M = eye(3)§ 

» K = [5 -2 0; -2 3 -1; 0 -1 1] ; 

>> [V, D] = eig (K, M) ; 

The eig command returns two matrices named V and D, 


[b.2149 -0.5049 -0.8360l [b.4158 0 0 1 

V= 0.4927 -0.6831 0.5392 I, D= o 2.2943 0 L 

[p.8433 0.5277 -O.IOI 9 J |_ 0 0 6.2899] 


where D is a diagonal matrix containing the eigenvalues and the columns in matrix V are the 
corresponding eigenvectors. Note that the modal vectors returned by the MATLAB com¬ 
mand eig are normalized so that the magnitude of each vector is equal to 1. For example, 
the first column in matrix V is the first modal vector, and we have 


v/o.21 49 2 + 0.492 7 2 + 0.8433 2 =1. 


Comparing the eigenvectors obtained by hand and using MATLAB, we observe that the ratios 
between the elements are the same. For example, for mode 1, X„/X 13 = 0.2149/0.8433 = 0.2548 
and X 12 /X 13 = 0.4927/0.8433 = 0.5843. This implies that the shape of mode is unique but the ampli¬ 
tude is not. Due to round-off error, the ratios are slightly different from those obtained in Part (a). 
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9.4.2 Orthogonality of Modes 

The natural modes possess an important property known as orthogonality. To show this concept, let 
us consider an n-degree-of-freedom system. Following the same procedure as in Example 9.9, we can 
obtain n natural frequencies and n modal vectors by solving the eigenvalue problem. Denote any two 
solutions of the eigenvalue problem as co 2 , X r , and co 2 , X s . Both pairs should satisfy Equation 9.85, that is, 


KX r = co 2 MX r , (9.87) 

KX S = cd 2 MX s . (9.88) 

Premultiplying both sides of Equation 9.87 by X s and Equation 9.88 by X r gives 

XfKX, = co r 2 X s r MX r , (9.89) 

XfKX s = fflJX'MX, (9.90) 

Taking the transpose of Equation 9.90, we find 

Xf K r X r = co 2 X[ M r X r . (9.91) 


Recall that the mass and stiffness matrices are symmetric, M = M 7 and K = K r . Then, Equation 
9.91 reduces to 


XfKX r = co 2 XfMX r . (9.92) 

Subtracting Equation 9.92 from Equation 9.89, we have 

(to 2 -CD 2 )X s r MX r = 0. (9.93) 


For two distinct modes, the frequencies are different, co 2 ^ co 2 . Thus, Equation 9.93 is satisfied 
if and only if 


XfMX r = 0, r*s. (9.94) 

Substituting Equation 9.94 into Equation 9.89 gives 

X s r KX r = 0, r*s. (9.95) 

Equations 9.94 and 9.95 represent the orthogonality relation for two distinct modal vectors, X r 
and X s . They are orthogonal with respect to the mass matrix M as well as the stiffness matrix K. 
If r = s, then the values of XfMX r and X^KX r are nonzero, and their values depend on the method 
used to normalize the modal vectors. A convenient scheme is to normalize X r such that 


XfMX r =l. 


(9.96) 
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The modal vector X r is then called orthonormal. Premultiplying both sides of Equation 9.87 by 
X ' yields 


(9.97) 


Example 9.10: Normalization of Modal Vectors 

Consider the three-degree-of-freedom system discussed in Example 9.9. Normalize the modal 
vectors X„ X 2/ and X 3 obtained in Part (a) of Example 9.9 to a set of orthonormal modal vectors 
satisfying Equations 9.96 and 9.97. Assume m = 1 kg and k = 1 N/m. 

Solution 

Note that regardless of how the modal vectors are normalized, they result in the same mode shape 
but scaled in magnitude. So, we can write the first modal vector in the form 


where Xi is the modal vector after normalization and a is a nonzero scaling constant. Substituting 
Xi into Equation 9.96 gives 


xJmXi = (aX, ) 7 M(aX 1 ) = oc 2 X[ MX,, 


which should be equal to 1 if Xi is orthonormal. Inserting X, = {0.2549 0.5842 I} 7 and M obtained 
in Example 9.9 yields 

[0.2549] T Pi 0 0] [0.2549] 

a 2 X[MX,= a 2 0.5842 0 1 0 0.5842 = 1 -4063a 2 = 1, 

L 1 J Lo 0 ij L 1 J 

Thus, a = 0.8433 and 

[0.2150] 

Xi = rxX, = 0.4927- 
Lo.8433j 


Neglecting round-off error, note that Xi is the same as the first column in matrix V obtained 
in Example 9.9, Part (b). Following the same procedure yields the other two orthonormal modal 
vectors, X2 and X 3 , 


[0.5049] [ 0.8360] 

X 2 = 0.6831X 2 = 0.6831 [ X 3 =0.8360X 3 = -0.5392 

L-0.5278J L 0.1019 J 

which correspond to the second and third columns in matrix V with all elements multiplied by -1. 
Thus, the MATLAB command eig returns a set of orthonormal modal vectors. 
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The modal vectors are generally placed side by side to form a matrix. For example, O = [Xi • • • X„], 
which is defined as a modal matrix. If the modal vectors are orthonormal, then we have 


-_ r ~ 



Xi 


X1MX1 • 

•• Xi MX,, 

_X n _ 

M[Xi X»] = 

xImXi • 

• • x!mx„_ 


Due to the orthogonality of modal vectors^as defined in Equation 9.94, all off-diagonal entries are 
zero. Also, the modal vectors from Xi to X„ are orthonormal. Following Equation 9.96, each entry 
along the diagonal should be 1. Thus, 


Similarly, we have 



O r MO = 



X^ 


xfKXi • 

•• X^KX,, 


K[Xi ••• X„] = 



_xl_ 


xIkx, • 

•• x!kx„_ 


Following Equations 9.95 and 9.97 gives 


stf 0 0 
0 0 
0 0 col 


(9.99) 


(9.100) 


(9.101) 


Equations 9.99 and 9.101 are very useful for decoupling equations of motion and obtaining 
responses of vibration systems. 


9.4.3 Response to Initial Excitations 

Now let us consider the free, undamped vibration problem described by Equation 9.81, in which the 
initial condition vectors are x(0) and x(0). Solving the associated eigenvalue problem yields a setof 
natural frequencies, raj, co 2 , ..., and co„, and a setof orthonormal modal vectors, Xi,X2, ..., and X„. 
To decouple the equations of motion, we introduce the coordinate transformation 


x = Oq, (9.102) 

where O = [Xi X2 • • • X„] is the modal matrix and q is known as the vector of modal coordinates. 
Substituting Equation 9.102 into Equation 9.81 and premultiplying by O r on both sides gives 

OMOq + OKOq = 0. (9.103) 

Due to the orthogonality of modal vectors given by Equations 9.99 and 9.101, Equation 9.103 
reduces to 


q + Qq = 0, 


(9.104) 
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which can be written as n independent modal equations 


^ r +co^ r = 0, r=l,2,...,n. 


(9.105) 


Obviously, modal equations are analogous to differential equations of single-degree-of-freedom 
systems, for which the response was given in Section 8.2. Following the discussion in Chapter 8, the 
solutions to Equation 9.105 are 



(9.106) 


where q r ( 0) and q r (0) are the initial displacements and initial velocities of modal coordinates. Note 
that the prescribed initial conditions are associated with the physical coordinates x. To transform 
the initial conditions, we use Equation 9.102, which gives q = O'x. Because of the property of 
orthonormal modal vectors, O 'MO = I„, we have O ' = O'M. Thus, the initial modal displace¬ 
ments and velocities are 


q(0) = O'Mx(O), 


(9.107) 


q(0) = O r Mx(0). 


(9.108) 


Expanding the modal matrix yields 



(9.109) 



(9.110) 


or 


q r (0) = X^Mx(0), if-1,2 


(9.111) 


g r (0) = X^Mx(0), r = l,2,...,n. 


(9.112) 


Then, the modal responses are 


q r (t) = X^Mx(0) cos(co r f) + — X^Mx(0)sin(co r f), r = 1,2,..., n. 


(9.113) 
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Finally, applying Equation 9.102 gives the responses of n - degree-of-freedom systems to initial 
excitations 


x(f) = [Xi X„]| 


qjt)\ 


= ^X r q r (t)^q r (t)Xr. 


(9.114) 


Equation 9.114 represents the so-called expansion theorem, by which the solution x(t) can be 

regarded as a superposition of the normal modes X r (t) (r = 1, 2. n). The modal responses q r (t) 

represent the contributions of the particular configuration X r (t) to the total solution. 

The approach using the orthogonality properties of the modal matrix to obtain a set of simulta¬ 
neous independent equations is known as modal analysis. The basic steps to obtain the solutions 
using modal analysis are summarized as follows: 

Step 1: Solve the eigenvalue problem and obtain the natural frequencies and modal vectors. 

Step 2: Normalize the modal vectors to obtain orthonormality. 

Step 3: Determine the modal responses and combine them into the response of the original 
system using the expansion theorem. 


Example 9.11: Response to Initial Excitation by Modal Analysis 

Consider the three-degree-of-freedom system discussed in Example 9.9. Assume m = 1 kg and k = 
1 N/m. Using the natural frequencies obtained in Example 9.9 and the orthonormal modal vectors 
obtained in Example 9.10, determine the response of the system subjected to initial excitations 
x(0) = [0 0 0.01] 7 and x(0) = [0 0 of. 


Solution 


In Examples 9.9 and 9.10, we obtained the three natural frequencies 


g>i = 0.6448 rad/s, co 2 = 1.5147 rad/s, 
and the three orthonormal modal vectors 

|"o.2150l _ I" 0.5049] 

Xi= 0.4927, * 2 = 0.6831 L 

L0.8433J L-0.5278J 


a>3 = 2.5080 rad/s 


T 0.83601 
X3 = -0.5392- 
L 0.1019 J 


Application of Equation 9.113 gives the modal responses as 


Pi 0 o]f 0 1 

q,(t) = [0.2150 0.4927 0.8433] 0 1 O h 0 [cos(0.6448t) = 0.0084cos(0.6448t), 

Lo 0 ij [o.oij 

[l 0 Olf 0 1 

q 2 (t) = [0.5049 0.6831 -0.5278] 0 1 0 \\ 0 kos(1.5147t) = -0.0053cos(1.5147t), 

Lo 0 ij [0.01J 
[i ° °ir 01 

q 3 (t) = [0.8360 -0.5392 0.1019] 0 1 O h 0 [cos(2.5080t) = 0.0010cos(2.5080t). 

Lo 0 ij L0.01J 
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Inserting the modal responses into Equation 9.114, we obtain the response of the system to the 
given initial excitations as follows. 


[ 0.2150] [ 0.5049 ] 

x(t) = 0.0084cos(0.6448t) 0.4927 -0.0053cos(1.5147t) 0.6831 
L 0.8433 J L -0.5278 J 

[ 0.8360 ] 

+ 0.0010cos(2.5080t) -0.5392 
L 0.1019 J 

[0.0018] [-0.00271 [ 0.0084 ] 

= 0.0041 cos(0.6448t)+ -0.0036 cos(1,5147t)+ -0.0054 cos(2.5080t). 

L 0.0071 J L 0.0028 J L 0.0010 J 


9.4.4 Response to Harmonic Excitations 

The essence of modal analysis is to determine the response of an n-degree-of-freedom system 
by decomposing it into n single-degree-of-freedom systems, determining the response of each 
single-degree-of-freedom system, and combining the individual responses to derive the response 
of the original system. The previous subsection showed how one can obtain the free response of 
an undamped system using modal analysis, which can also be used to find the response of an 
undamped system to harmonic excitations. In this case, the equations of motion in matrix form are 

Mx + Kx = f, (9.115) 


where f is an n x 1 force vector. Following the basic steps of modal analysis given in Subsection 
9.4.3, we first need to solve the eigenvalue problem (K - ra 2 M)X = 0 and obtain the solutions co^ and 
X r (r = 1, 2, ..., n). The n modal vectors are then normalized and arranged to form the n x n modal 
matrix 0= [Xi ••• X„], which satisfies the orthonormality relations ® r MO = I„ and ® r KO = Q. 
Using the expansion theorem, the solution to Equation 9.115 is a linear combination of the modal 
vectors, x = XJLi Q r (t)X r = ®q. Substituting it into Equation 9.115 and premultiplying the result by 
® r gives 


O r MOq + O r KOq = O r f. 


(9.116) 


Combining the orthonormality relations, we have 

q + Qq = N, 


(9.117) 


where N = 4> f. Note that 


x[ 

f - J 

x[f 


\ N l) 

_Xn_ 


[ xlf 


[ivj 
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where the entries X r f(r = 1,2,...,«) are the products of the 1 x n row vectors X r and the n x 1 
column vector f, resulting in scalars N r , known as modal forces. Equation 9.117 is equivalent to a set 
of n independent modal equations 


q r +a 2 r q r =N r , r = 1,2. n. (9.119) 

We consider harmonic excitations, without loss of generality, in the form 

f = f 0 sm(cof). (9.120) 

Thus, the modal forces N r can be written as X r f 0 sin(cof) (r = 1,2,..., n). The solutions to Equation 
9.119 can be obtained in a manner similar to the response of undamped single-degree-of-freedom 
systems to harmonic excitations. Applying Equations 9.31 through 9.33 with = 0, we have 


q r (t) = 


f ° sin(cof), 
co^-co 


r = 


(9.121) 


Thus, the steady-state response of the original system is 




(9.122) 


Example 9.12: Response to Harmonic Excitation by Modal Analysis 

Consider the three-degree-of-freedom system discussed in Example 9.9. Assume m = 1 kg and k = 
1 N/m. Using the natural frequencies obtained in Example 9.9 and the orthonormal modal vectors 
obtained in Example 9.10, determine the response of the system if a harmonic force F(t) = 3sin(2t) 
is applied to mass 3. 


Solution 


0 

[ 0 1 

|°1 

:= 0 r 

1 ° 

■ = \ 0 1 sin(2t). 

[Fit) J 

[3sin(2t) J 

UJ 


From Examples 9.9 and 9.10, the three natural frequencies are 


co, = 0.6448rad/s, 


a> 2 = 1.5147rad/s, 


and the three orthonormal modal vectors 


a> 3 = 2.5080rad/s 


|~0.2150l _ [" 0.50491 _ I” 0.83601 

Xi= 0.4927, X 2 = 0.6831 L X 3 = -0.5392- 

L0.8433J L-0.5278J L 0.1019 J 
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Equation 9.121 gives the modal responses as 

[0.2150 0.4927 0.8433]] 0 [ 
q,(t) " 0.6448 2 - 2 . 

[0.5049 0.6831 -0.5278]-! 0 


sin(2t) = -0.7058sin(2t), 


q 2 (t)= 


1.51 47 2 - 2 2 

fo 

[0.8360 -0.5392 0.1019] o 


sin(2t) = 0.9283sin(2t), 


q 3 W = - 


2.5080 a -2 2 


sin(2t) = 0.1335sin(2t). 


Inserting the modal responses into Equation 9.122, we obtain the response of the system to the 
given harmonic excitation. 


[0.2150] [ 0.5049 ] [ 0.8360 ] 

x(t) = -0.7058sin(2t) 0.4927 +0.9283sin(2t) 0.6831 +0.1335sin(2t) -0.5392 

Lo.8433 J L—0.5278J L 0.1019 J 

[ 0.4286 ] 

= j 0.2144 [sin(2t). 

I-1.0716 J 

PROBLEM SET 9.4 

1. Consider the two-degree-of-freedom mass-spring system shown in Figure 9.22. Assume 
that m 1 = m 2 = m, k t = k, and k 2 = 2k, where m = 5 kg and k = 2000 N/m. 

a. Derive the equations of motion and express them in matrix form, 
h. Solve the associated eigenvalue problem by hand. Plot the two modes and explain the 
nature of the mode shapes. 

c. Solve the associated eigenvalue problem using MATLAB. 

2. A three-story building can be modeled as a three-degree-of-freedom system as shown 
in Figure 9.23, in which the horizontal members are rigid and the columns are massless 
beams acting as springs. Assume that m t = 1500 kg, m 2 = 3000 kg, m 3 = 4500 kg, k ] = 400 
kN/m, k 2 = 800 kN/m, and k 3 = 1200 kN/m. 

a. Derive the differential equations for the horizontal motion of the masses. 


-*i 


ki 


*2 


- r m^~ 





FIGURE 9.22 Problem 1. 
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FIGURE 9.23 Problem 2. 

b. Solve the associated eigenvalue problem by hand. Plot the three modes and explain the 
nature of the mode shapes. 

c. Solve the associated eigenvalue problem using MATLAB. 

3. Consider the two-degree-of-freedom mass-spring system in Figure 9.22. Normalize the 
modal vectors X! and X 2 obtained in Part (b) of Problem 1 to a set of orthonormal modal 
vectors satisfying Equations 9.96 and 9.97. 

4. Consider the three-story building system in Figure 9.23. Normalize the modal vectors X h 
X 2 , and X 3 obtained in Part (b) of Problem 2 to a set of orthonormal modal vectors satisfy¬ 
ing Equations 9.96 and 9.97. 

5. Consider the two-degree-of-freedom mass-spring system in Figure 9.22. Determine the 
response of the system subjected to initial excitations x(0) = [0 0] r and x(0) = [1 0] 7 by 
modal analysis. Note that the natural frequencies were found in Problem 1 and the modal 
vectors were normalized in Problem 3. 

6 . Consider the three-story building system in Figure 9.23. Determine the response of the sys¬ 
tem subjected to initial excitations x(0) = [0.01 0 0] r and x(0) = [0 0 0] r by modal analysis. 
Note that the natural frequencies were calculated in Problem 2 and the modal vectors were 
normalized in Problem 4. 

7. Consider the two-degree-of-freedom mass-spring system in Figure 9.22. Determine the 
response of the system if a harmonic force F(f) = 2 cost is applied to mass 2. Note that the 
natural frequencies were calculated in Problem 1 and the modal vectors were normalized 
in Problem 3. 

8 . Consider the three-story building system in Figure 9.23. Determine the response of the sys¬ 
tem if a harmonic force Fit) = 0.15sin(0.15t) is applied to the top story. Note that the natural 
frequencies were found in Problem 2 and the modal vectors were normalized in Problem 4. 

9. 4 \ Solve Problem 5 using MATLAB. 

10. Solve Problem 6 using MATLAB. 

11. 4 Solve Problem 7 using MATLAB. 

12. ^ Solve Problem 8 using MATLAB. 

9.5 VIBRATION MEASUREMENT AND ANALYSIS 

Models are necessary for designing dynamic systems and understanding system dynamics. For 
many vibration systems, theoretical models are too difficult to develop. In these situations, we resort 
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to experimental models, which may be obtained using experimental modal techniques; specifically, 
the method known as frequency response function testing. There are two phases needed to obtain 
an experimental model of a vibration system. The first phase is the measurement phase, in which the 
frequency response functions of the system are measured. The second phase is the analysis phase, 
in which system parameters are estimated from the measured frequency response functions. In this 
section, we first introduce the measurement methods for acquiring frequency response data and 
then discuss the parameter estimation methods for extracting system properties. 

9.5.1 Vibration Measurement 

As presented in Section 8.3, a frequency response function is a transfer function, expressed in the 
frequency domain as opposed to the .v domain. For a vibration system, a frequency response func¬ 
tion describes the system response to an external excitation force as a function of frequency. The 
response may be displacement, velocity, or acceleration. To experimentally obtain the frequency 
response function of a vibration system, the input excitation and output response must be measured 
simultaneously. The excitation and response are both obtained in the frequency domain via fast 
Fourier transform, and the frequency response function is the ratio of the response to the excitation. 

Figure 9.24 shows a diagram of the basic components for frequency response function measure¬ 
ment. An actuator, or so-called exciter, is used to apply force to the system under test. Sensors, or 
so-called transducers, are used to measure the force and responses. A data acquisition system is used 
to acquire and process the signals from the sensors. A computer with analysis software provides 
measurement functions such as windowing, averaging, and fast Fourier transform computation. 

The first step in the measurement process involves selecting an excitation function along with an 
excitation system. The excitation function is the mathematical signal used for the input. The excita¬ 
tion system is the physical mechanism used to provide the signal. Two of the general categories of 
excitation functions are steady-state and transient. For example, a sine function is a steady-state sig¬ 
nal and an impulse function is a transient signal. Two of the most common excitation mechanisms 
are a shaker and an impact hammer. 

Figure 9.25 shows an electromagnetic shaker, which is one of the most common shakers for 
vibration testing. With the electromagnetic shaker, a force is generated by an alternating current 
that drives a magnetic coil. Such a shaker can generate a variety of time-varying forces, such as 
a sinusoidal force with constant frequency and a swept sine function with gradually increasing 
frequency but constant amplitude. The maximum frequency range and the maximum force level 
depend on the size of the shaker. Smaller shakers have a higher frequency range and a lower force 
level. When using a shaker for excitation, the shaker should be physically mounted on the system 
via a force transducer. 

An impact hammer is another common excitation mechanism, which is used to apply impulse. 
As shown in Figure 9.26, the impact hammer has a transducer at the tip for measuring the impact 
force. If the system being tested is struck by the hammer quickly, the resulting excitation force 
resembles an impulse. Because the impact hammer does not have to be attached to the system under 



FIGURE 9.24 Basic components for frequency response function measurement. 
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transducer 
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Power 

amplifier 



Shaker 


FIGURE 9.25 An electromagnetic shaker with power amplifier. 



transducer 


FIGURE 9.26 An impact hammer for vibration testing. 

test, this technique is relatively easy to implement, but it is difficult to obtain consistent results. The 
frequency content and the pulse duration depend on the material of the tip. The harder the tip, the 
shorter the pulse duration included and thus the higher the frequency content measured. 

The second step in the measurement process is to select the transducers for sensing force and 
response. The piezoelectric type is the most widely used for vibration testing. The piezoelectric 
transducer is an electromechanical sensor that generates an electrical output when subjected to 
vibration. The response measured is usually acceleration. This particular type of response trans¬ 
ducer is called an accelerometer. Sometimes, the system is too small, or the working environment 
is too hot, to attach an accelerometer to the system under consideration. In those situations, a laser 
Doppler vibrometer can be used to make noncontact vibration measurements. 

With the selected excitation mechanism and transducers, the frequency response function can 
be obtained in several different ways. For example, if a shaker is used, then harmonic excitation 
is applied to the system under test and the resulting harmonic response is measured. This type of 
test is referred to as sine wave testing. The frequency range is covered either by stepping from one 
frequency to the next or by slowly sweeping the frequency continuously. In both cases, the measure¬ 
ment time should be long enough to allow steady-state conditions to be attained. If an impact ham¬ 
mer is used, then impulsive excitation is applied to the system under test and the resulting transient 
response is measured. 

9.5.2 System Identification 

After having acquired frequency response data via vibration testing, the next major step is to iden¬ 
tify the system parameters, more specifically, modal parameters. The basic information that can 
be determined from frequency response functions includes natural frequencies, the damping ratio 
associated with each mode, and mode shapes. The discussions in this subsection are only limited to 
the identification of natural frequencies and damping ratios. 

To obtain an accurate estimation, it is important to understand the relationships between frequency 
response functions and their individual modal parameters. The basics of a single-degree-of-freedom 
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dynamic system form the basis for parameter estimation techniques. As discussed in Section 8.3, 
the frequency response function is a complex quantity, which can be presented in terms of mag¬ 
nitude and phase versus frequency. Another method of presenting the frequency response data is 
to plot the real part and the imaginary part versus frequency. Denote the Fourier transforms of 
displacement response and excitation force as A(jco) and F(jco), respectively. The expression of the 
frequency response function X(joo)/F(ja)) was given in Section 8.3. Figure 9.27 shows the frequency 
response presented in different forms, where the real and imaginary parts are 

Rc pf(jto;P | = k - mm 2 _ l-Cto/toJ 2 _ (9.123) 

kF(ja>)J \/(k-ma 2 ) 2 +(b<Q) 2 V[ 1- (to/co n ) 2 ] 2 + (2£co/co n ) 2 ’ 


*(» ]_ -feta _ -2fo)/(B n (9m) 

F (i“)J ^{h-mwi 2 ) 2 + {b<n) 2 <J[1 - (co/co n ) 2 ] 2 + (2^co/co n ) 2 ' 


Assume that the system is lightly damped. As shown in Figure 9.27, when the excitation fre¬ 
quency approaches the natural frequency, oo = co n , the system resonates, and the magnitude of the 
frequency response function reaches its maximum. This conclusion was proved in Section 8.3. 
Also, at resonance, the real part is equal to zero, and the imaginary part reaches a peak. The former 
observation can be easily proved by setting co = co n in Equation 9.123, whereas the latter will be left 
as an exercise for the reader. It was discussed earlier in Section 9.2 that the damping ratio C, can be 
estimated by the half-power bandwidth method. 

In reality, most dynamic systems cannot be simplified as ideal single-degree-of-freedom sys¬ 
tems. As presented in Section 9.4, an w-degree-of-freedom system has n modes. For systems with 
lightly damped and well-separated modes, as shown in Figure 9.28a, the natural frequencies and 
damping ratios can be estimated using the single-mode method. The basic assumption for single¬ 
mode approximation is that in the vicinity of a resonance, the response is due primarily to that 
single mode. Just like a single-degree-of-freedom system, the natural frequency associated with 




FIGURE 9.27 Frequency response of a single-degree-of-freedom system represented in terms of (a) magni¬ 
tude and phase, and (b) real and imaginary. 
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FIGURE 9.28 Frequency response of a multi-degree-of-freedom system with (a) light damping and (b) 
heavy damping. 

that single mode can be estimated from the frequency response data by observing the frequency at 
which any of the following trends occur: 

• The magnitude of the frequency response is a maximum. 

• The real part of the frequency response is zero. 

• The imaginary part of the frequency response is a maximum or minimum. 

The damping ratio associated with that single mode can be estimated using the half-power bandwidth 
method. For systems with heavily damped and closely spaced modes, as shown in Figure 9.28b, the adja¬ 
cent modes can affect each other significantly. In general, it will be necessary to implement a multiple¬ 
mode method to more accurately identify the modal parameters of these types of systems. 

PROBLEM SET 9.5 

1. For a single-degree-of-freedom system, denote the Fourier transforms of the displacement 
response and excitation force as Y(jco) and F(j<»), respectively. The expression of the imagi¬ 
nary part of the frequency response function X(j(o)/F(j(o) is given by Equation 9.124. Prove 
that the imaginary part reaches a peak at resonance. 

2. <4V Accelerations are often measured in vibration testing. For a single-degree-of-freedom sys¬ 
tem, denote the Fourier transforms of the acceleration response and excitation force as A(jco) 
and F’(jd)), respectively. The expression of the frequency response function is given by 

A(jco) _ -to 2 
F(jco) k-mco 2 + jhco 

Using MATLAB, write an m-file to plot the magnitude, phase, real part, and imaginary 
part of the frequency response versus co/o) n . Assume that m = 50 kg, b = 30 N-s/m, and 
k = 2000 N/m. 

3. Rods, beams, plates, and so on are continuous systems, which have an infinite number of 
degrees of freedom and an infinite number of modes. For simplicity, assume that a canti¬ 
lever beam is approximated as a single-degree-of-freedom mass-damper-spring system, 
for which the natural frequency is close to the first mode of the beam. The parameters of 
the cantilever beam are length L = 0.5 m, width b = 0.025 m, thickness h = 0.005 m, density 
p = 7850 kg/m 3 , and Young’s modulus E = 210 x 10 9 N/m 2 . 
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a. It is known that the equivalent mass for the beam is m eq = m/3, where m is the actual 
mass of the beam. Determine the equivalent stiffness k tq for the beam. Calculate the 
natural frequency of the equivalent single-degree-of-freedom system, 
h. Figure 9.29 is the measured frequency response of the cantilever beam for the first 
mode. Determine the natural frequency and the damping ratio based on the given 
information in the plot. 

c. Compare the frequencies obtained in Parts (a) and (b). What is the error if the canti¬ 
lever beam is approximated as a single-degree-of-freedom system? 

4. Figure 9.30 shows the magnitude of an experimentally determined frequency response. 
Estimate the number of degrees of freedom of the system and its natural frequencies. 
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FIGURE 9.29 Problem 3. 
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FIGURE 9.30 Problem 4. 
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9.6 SUMMARY 

This chapter presented an introduction to vibrations. Two types of excitations cause a system to 
vibrate: initial excitation and external excitation. The vibration of a system caused by nonzero initial 
displacements or initial velocities (or both) is known as free vibration. The vibration of a system 
caused by externally applied forces is known as forced vibration. 

The nature of system response to initial or external excitations depends on the system’s damping, 
which is a very complex phenomenon. Logarithmic decrement and half-power bandwidth are two 
commonly used methods for measuring the damping of a vibration system. These two damping iden¬ 
tification methods are only valid for the viscous damping model, which is widely used in vibration. 

In the logarithmic decrement method, the free response to initial excitations is measured. The 
damping ratio £ is estimated using the displacements of two consecutive peaks, x, and x 2 . The value 
of the damping ratio C, is given by 


6 


C' 



where 8 is called the logarithmic decrement and 8 = In^/Xj). For a more accurate estimation, the 
damping ratio £ can be determined by measuring the displacements of two peaks separated by a 
number of periods instead of two consecutive peaks. 

In the half-power bandwidth method, the frequency response of the system is measured. The 
damping ratio C, is estimated using a peak in the magnitude curve of the frequency response and two 
half-power points, which are 3 dB down from the peak. The value of the damping ratio £ is given by 



where o>, and co 2 are the frequencies at the two half-power points. For light damping, the natural 
frequency co n corresponds to the frequency at the peak or is approximated as (co,+co 2 )/2. 

Frequency response is a very important concept in vibration. For harmonic excitations, more informa¬ 
tion on the steady-state response can be extracted using the frequency domain technique than the time 
domain technique. As presented in Chapter 8, the steady-state response of a single-degree-of-freedom 
mass-damper-spring system to harmonic excitation, for example,/© = F 0 sin(a)f), is still harmonic with a 
frequency that is the same as the excitation frequency. Denote the frequency response function of the sys¬ 
tem as G(j(o); then, the steady-state response is x(t) = Xsin(o)f + 4>), where X~F 0 |G(jco)| and 4> = zG(jco). 
The dimensionless ratio of the dynamic amplitude X and the static deflection x st is given by 


X _ 1 


x * V[l-(co/co n ) 2 ] 2 + [2^(co/co n )] 2 


Rotating eccentric masses and harmonically moving supports are two common harmonic excita¬ 
tion sources in engineering applications. The steady-state responses to these two excitations can be 
obtained using the same approach as in the general case. The results are summarized in Table 9.1. 
The magnitude of the dimensionless ratios MX/me or X/Z 0 versus the driving frequency can be plot¬ 
ted using MATLAB. These plots provide significant information on harmonic responses. 

Vibrations are undesirable in many systems. The reduction of vibration can be achieved through 
vibration isolators or vibration absorbers. A vibration isolation system attempts either to protect delicate 
equipment from vibration transmitted to it from its support system or to prevent the vibratory force 
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TABLE 9.1 

Summarized Results for Rotating Unbalance and Harmonic Base Excitation 


Rotating Unbalance 

Mx + bx + kx = me(0 2 sia((0t), 

where the effect of a rotating unbalance mass is to exert 
harmonic force meto 2 sin(a)f) 


1 - (co/co n ) 2 + j2£co/co n 
x(t) = 2fsin(arf + ()>), 


Harmonic Base Excitation 

x(t) + 2£co n x(t) + a>lx(t) = 2£to 11 z(0 + co 2 z(0> 
where the motion of the base is harmonic, for example, 
z(t) = Z 0 sin(o)f) 

G (j «,) = 1+j2 f° /(0 ° . 

1 - (co/co n ) + j2^co/to n 

x(t) = 2fsin(wt + 4>), 


X = 


_ mew 2 Ik _ 

V[l-(co/(B n ) 2 ] 2 +[2C(co/ro n )] 2 


Vl + (2^co/co n ) 2 
- (m/coj 2 ] 2 + (2£a>/a> n ) 2 


4> = 


2^(ot/to n ) 

l-(to/to n ) 2 


4 ): 


1 - (to/co n ) 2 + (2^to/co n ) 2 


MX _ (co/co,,) 2 

me V[l-(co/co n ) 2 ] 2 +[2^(to/(n n )] 2 


\ -Cl t (Kialtoji « 

z o \J[ 1 - (a>/co n ) 2 ] 2 + (2£a>/a> n ) 2 


generated by a machine from being transmitted to its surroundings. The essence of these two objectives 
is the same. The concept of displacement transmissibility X/Z 0 can be used for displacement isolation 
design, whereas force transmissibility F T /F 0 can be used for force isolation design, where X/Z 0 = F r /F 0 . 

To prevent harmonic resonance for a single-degree-of-freedom system, it is not always possible 
to prevent the natural frequency from being close to the driving frequency by changing either the 
mass or the spring stiffness. To address this issue, a vibration absorber consisting of a second mass 
and spring can be added to the system and protect the original single-degree-of-freedom system 
from harmonic excitation. The vibration of the original mass can be reduced to zero, provided that 
the natural frequency of the absorber is the same as the driving frequency. One disadvantage of the 
vibration absorber is that two new resonant frequencies are created. 

For multi-degree-of-freedom systems, more advanced mathematical tools are needed to solve the 
equations of motion due to coordinate coupling. Modal analysis is an approach that utilizes the orthogo¬ 
nality of modal vectors to reduce the equations of motion to a set of independent second-order differen¬ 
tial equations in modal coordinates. The basic steps in obtaining the response of an n-degree-of-freedom 
undamped system to initial excitations or external forces using modal analysis are summarized as follows. 

Step 1: Solve the eigenvalue problem associated with the mass and stiffness matrices, that is, 

(K - co 2 M)X = 0, 

and obtain the natural frequencies, which are the square roots of eigenvalues ..., 

and co^, and the modal vectors, which are eigenvectors X,, X 2 , ..., and X„. The natural 
frequencies are usually arranged in increasing order of magnitude, that is, «, < a) 2 < < co„. 

The modal vectors represent the shape of the normal modes physically. 

Step 2: Normalize each modal vector to satisfy the relations X, MX r = 1 and X r KX, = co,, 
where r = 1, 2, ..., n. Then, the orthonormal modal matrix O = [Xi • ■ • X„] satisfies 


O r MO = I„, O r KO = Q, 
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TABLE 9.2 

Responses to Initial Excitations or External Harmonic Excitations Using Modal Analysis 

Initial Excitations External Harmonic Excitations 


Equations of motion ]yjx + Kx = 0 

Modal equations q r +(olq r =0, #!=jl,2 


Modal responses q r (t) = q r (0) cos(to r f)+S® s in((a r f). 

where the modal initial conditions are 
q r ( 0) = JCMx(O), q,(0) = XrMi(O) 


Mx + Kx = f 0 sin(cof) 
q r +co?q r = N r , r = 1,2,..., n where the 
modal forces are N r = X r f 0 sin(cof) 

q r ( t ) = 2 sin(cot) 


System responses " „ 

x(t) = 2 j q r (0Xr 


x(t) = ^q r (t)X r 


where Q is a diagonal matrix of the squares of the natural frequencies. Introducing the 
modal coordinate vector q and the coordinate transformation x = Oq, we can decouple the 
original equations into n independent modal equations. 

Step 3: Determine the modal responses and combine them to determine the response of the 
original system using the expansion theorem. Table 9.2 lists the responses to initial excita¬ 
tions or external harmonic excitations. 

For many vibration systems, theoretical models are too difficult to develop. In these cases, experi¬ 
mental modal techniques can be used to obtain experimental models. There are two phases involved 
in obtaining an experimental model of a vibration system. The first phase is the measurement phase, 
in which the frequency response functions of the system are measured. Two of the most common 
excitation mechanisms are the shaker and the impact hammer. The second phase is the analysis 
phase, in which the system parameters are estimated from the measured frequency response func¬ 
tions. The basic information that can be determined from the frequency response functions includes 
natural frequencies, the damping ratio associated with each mode, and mode shapes. 

REVIEW PROBLEMS 

1. Consider the single-degree-of-freedom system shown in Figure 5.42. 

a. Determine the undamped natural frequency co n , the damping ratio C,, and the damped 
natural frequency co d . 

b. Assume/(f) = 0. Find the free vibration response of the system subjected to the initial 
conditions x(0) = 0.05 m and i(0) = Om/s. 

c. <4 Write a MATLAB m-file to plot the system’s response obtained in Part (b). 

d. 4V Construct a Simulink® block diagram based on the differential equation of motion 
of the system and find the free vibration response. 

e. <4V Build a Simscape model of the physical system and find the free vibration response. 

2. Consider the single-degree-of-freedom system shown in Figure 5.42. 

a. Assume /(f) = 500sin(40f) and initial conditions x(0) = 0 and i(0) = 0- Determine the 
dynamic amplitude X and the static deflection x st of the system. Find the forced vibra¬ 
tion response of the system. 

h. 4V Write a MATLAB m-file to plot the system’s response obtained in Part (a). 
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c. Construct a Simulink block diagram based on the differential equation of motion 
of the system and find the forced vibration response. 

d. Build a Simscape model of the physical system and find the forced vibration 


response. 


e. 4fV Assume that the driving frequency varies from 0 to 100 rad/s. Write a MATLAB 
m-file to plot the dimensionless ratio Xlx st versus the driving frequency co. 

3. A machine can be considered as a rigid mass with a rotating unbalanced mass. To reduce 
the vibration, the machine is mounted on a support system with a stiffness of 10 kN/m. 
Assume that the total mass is M = 10 kg and the unbalanced mass is m = 0.5 kg. Determine 
the range of the damping ratio of the support system so that the vibration amplitude will 
not exceed 10% of the rotating mass’s eccentricity when the machine operates at a speed 
of 350 rpm. 

4. As shown in Figure 9.31, a machine of a mass M = 150 kg is mounted on a fixed-fixed 
steel beam with negligible mass. The parameters of the beam are given as follows: Young’s 
modulus of the beam E = 210 GPa, width b = 0.75 m, and thickness h = 3 cm. The rotating 
unbalance in the machine is me = 0.015 kg-m. The machine runs at a speed of 2400 rpm 
and the maximum allowable displacement is 4 mm. Determine the length of the beam. 
Assume damping to be negligible. 

5. A 110-kg machine is placed on a floor that vibrates with a frequency of 20 Hz. The maximum 
acceleration of the floor is 15 cm/s 2 . A vibration isolator consisting of four parallel-connected 
springs is designed to protect the machine from the vibration of the floor. Assume that the 
damping ratio of the isolator is 0.1 and the maximum allowable acceleration is 2.25 cm/s 2 . 
Determine the stiffness of each spring. 

6 . Many vibration measuring instruments consist of a case containing a mass-damper¬ 
spring system, as shown in Figure 9.32. The displacement of the mass relative to the case 
is measured electronically. Denote the displacement of the mass, the displacement of the 
case, and the displacement of the mass relative to the case as x(t), z(t), and y(t), respectively, 
where y(t) = x(t) - z(t). Assume harmonic excitation, z(t) = Z 0 sin(cof). 



FIGURE 9.31 Problem 4. 



FIGURE 9.32 Problem 6. 
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a. Show that the amplitude Y of y(t) is given by 
y _ (to/tOn) 2 

V[1 - (co/co n ) 2 ] 2 + (2£co/co n ) 2 

h. Using MATLAB, write an m-file to plot the frequency response F/Z 0 versus co/o)„ 
for different values of damping ratio: 'C, = 0.1, 0.25, 0.5, 0.7, and 1.0. 

7. A 2000-kg rotating machine is mounted on a vibration isolator consisting of four parallel- 
connected springs. The machine operates at a speed of 1800 rpm. Determine the stiffness 
of each spring so that the force transmitted to the ground is reduced by 90%. Assume that 
the springs are identical and damping is negligible. 

8 . Consider the single-degree-of-freedom system shown in Figure 9.15a, where m = 10 kg. 
When the mass is in equilibrium, the static deformation of the spring is 2.5 mm. When 
the mass is allowed to vibrate freely, the maximum displacement amplitude during the 
fifth cycle is 20% of the first. Assume that a harmonic excitation force is applied to the 
system. 

a. Determine the minimum allowable driving frequency if the force transmitted to the 
ground is less than the excitation force. 

h. If the allowable force transmissibility is 20%, determine the stiffness of the spring. 

9. Consider the vibration absorber shown in Figure 9.16. It is known that two new resonant 
frequencies in the neighborhood of the excitation frequency are created. Denote the two 
new natural frequencies as oo nl and co n2 . Assume v = 1. Determine oj n ,/ai, and to n2 /t!), for the 
following cases: p = 0.05, 0.1, 0.15, 0.2, and 0.25. 

10. A 75-kg table saw is driven by a motor that runs at a constant speed of 180 rpm and pro¬ 
duces a 13-N force. Assume that the stiffness provided by the table legs is 2500 N/m and 
the damping is negligible. 

a. Determine the dynamic amplitude of the table. 

h. Design a vibration absorber to reduce the table oscillation to zero. Assume that the 
maximum allowable displacement of the absorber is 2 mm. What is the value of the 
mass ratio p? 

11. Consider the linearized model of the double pendulum system in Example 5.15. Assume 
m = 1 kg and L = 1 m. 

a. Use the modal analysis approach to determine the response of the system to the initial 
excitations 0,(0) = 0.05 rad, 0 2 (O) = 0.1 rad, 0,(0) = 0 rad/s, and 0 2 (O) = 0 rad/s. 

b. Write a MATLAB m-file to plot the response of the system. 

c. Construct a Simulink block diagram based on the linearized model and find the 
response of the system. 

12. Consider the two-degree-of-freedom mass-spring system in Figure 5.118. 

a. Use modal analysis to determine the response of the system to the harmonic excitation 
/= 40sin(7jtf) N. 

b. 4V Write a MATLAB m-file, plot the response of the system, and compare the result 
with those obtained with Simulink and Simscape simulations. 

13. A single-degree-of-freedom system undergoes free vibration. Figure 9.33 is the recorded 
displacement response of the first three cycles. The mass of the system is known to be 1750 kg. 
Determine the stiffness k and the damping b of the system. 

14. The frequency response function of a single-degree-of-freedom system is shown in Figure 
9.34. Determine the system’s parameters including the mass m, the stiffness k, and the 
damping b. 
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FIGURE 9.34 Problem 14. 













Introduction to Feedback 
Control Systems 


Control deals with the modeling of a variety of dynamic systems and the design of controllers that 
will ensure these systems behave in a desired manner. In Chapters 5 through 7, we discussed how 
to derive a mathematical model for a dynamic system, which can be mechanical, electrical, fluid, 
or thermal. In this chapter, we focus on how to design a controller for a dynamic system based on 
its mathematical model. Basic concepts such as feedback, open-loop control, closed-loop control, 
regulators, and servos, as well as basic terminologies in control are introduced in Section 10.1. In 
general, there are two main reasons why control is needed. One is to maintain the system stabil¬ 
ity, and the other is to improve the system performance. Section 10.2 covers how to determine the 
stability of a system and how to define the performance in either time domain or frequency domain. 
Section 10.3 discusses the advantages of feedback control, which is utilized in most situations. 
Following the overview of feedback in Section 10.3, the classical structure of proportional, integral, 
and derivative control is introduced in Section 10.4. Three different control design methods based 
on root locus. Bode plot, and state variable feedback are presented in Sections 10.5 through 10.7, 
respectively. The chapter concludes with controller design and implementation using MATLAB®, 
Simulink®, and Simscape™ computer tools. 

10.1 BASIC CONCEPTS AND TERMINOLOGIES 

Control is the process of manipulating, manually or automatically, the input of a dynamic system 
so that the system output will behave as desired. If the output signal is measured and fed back for 
use in computing the input signal, the system is called feedback control. A familiar example is the 
cruise control of an automobile. To maintain a constant vehicle speed set by the driver, the actual 
speed of the vehicle is measured by the speedometer and fed back to the controller, which adjusts 
the engine’s throttle position. Then, the engine torque is changed accordingly, which influences the 
vehicle’s actual speed. 

To analyze and design a feedback control system, a block diagram is usually drawn to show the 
major components and their interconnections in graphical form. Figure 10.1 is a general block dia¬ 
gram of an elementary feedback control system. The essential components of this feedback control 
include a system we want to control, a controller we need to design, an actuator used to drive the 
controlled system, and a sensor used to measure the system output. The connecting lines in the 
block diagram carry signals. As shown in Figure 10.1, the important signals in this feedback control 
system include the output, the control signal, and the reference. 

In the example of the automobile’s cruise control, the controlled system is the auto-body, whose 
output is the speed. The speedometer, which acts as a sensor, measures the vehicle speed. The mea¬ 
sured speed is fed back and compared with the desired speed, which is the reference signal. Based 
on the error between the measured and the reference signals, the controller computes the control 
signal, which is the engine’s throttle position in our case. The engine is the actuator, and the torque 
provided by the engine is applied to the auto-body, which influences the vehicle speed. 

Any control system must have these four essential components. Generally, the controlled system 
and the actuator are intimately connected, and they are combined as one component called the 
plant. There are two other signals shown in Figure 10.1, disturbance and sensor noise. Both of them 
are undesired system inputs that adversely affect the performance of a system. 
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FIGURE 10.1 Block diagram of an elementary feedback control system. 

Example 10.1: Block Diagram of a Feedback Control System 

Consider the electromechanical system described in Problem 3 of Problem Set 6.4. It consists of a 
cart that moves along a linear track and a DC motor that drives the cart. An encoder is included to 
measure the position of the cart. Assume that a controller is designed to control the position of the 
cart. Draw a block diagram for this feedback control system. Clearly label essential components 
and signals. 


Solution 

Note that the essential components of this feedback control are the cart (the controlled system), 
the controller, the DC motor (the actuator), and the encoder (the sensor). The corresponding block 
diagram is shown in Figure 10.2. The actual position of the cart is the output, the desired position 
is the reference, and the voltage applied to the DC motor is the control signal. 

Transfer functions are usually used to represent the mathematical model of each block in a block 
diagram. The input and output signals of each block are also expressed in the Laplace domain, and 
they are denoted by capital letters. If the disturbance and noise signals are negligible, then the gen¬ 
eral block diagram of a feedback control system given in Figure 10.1 can be redrawn as shown in 
Figure 10.3, in which G(s) represents the dynamics of the plant, C(.v) is the controller, H(s) is the sen¬ 
sor, U(s) is the control signal, Y(s) is the actual system output, K m (.y) is the measured output, and R(s) 
is the reference. The difference between the reference and the feedback is defined as the error signal, 

E(s) = R(s) - YJs). (10.1) 


Disturbance 



FIGURE 10.2 Block diagram of a cart position control system. 


R(s) - 


FIGURE 10.3 General block diagram of a feedback control system with transfer function representation. 
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For an ideal sensor, its output is exactly the same as its input, that is, H(s) = 1. Therefore, we have 
YJs) = Y(s) and 


E(s) = R(s) - Y(s). (10.2) 

A control system with feedback is also called a closed-loop control. If the feedback is sub¬ 
tracted, it is called negative feedback, whereas feedback that is added is called positive feedback. 
Negative feedback is usually required for system stability, whereas positive feedback tends to make 
the system unstable. Unlike feedback control, open-loop control does not use the measured output 
to compute the control signal. The advantages of closed-loop control over open-loop control will be 
discussed in Section 10.3. 


Example 10.2: Closed-Loop Transfer Function 

Reconsider the cart position control system in Example 10.1. The transfer functions of the plant 
(combining the cart and the DC motor), the controller, and the sensor are 

G(s)= , 3 778 —, C(s) = 85, H£s) = 1. 
s 2 +16.883s 

Derive the closed-loop transfer functions Y(s)/R(s) and E{s)/R(s). 


Solution 

Using the result presented in Section 4.5, the equivalent transfer function for a negative feedback 
control system is 


Y{s) _ C(s)C(s) 
R(s) 1 + C(s)C(s)H(s) 


Substituting the given transfer functions results in 


V(s) = 85(3.778/(s 2 + 16.883s)) = 321,13 

R(s) 1 + 85(3.778/(s 2 +16.883s)) s 2 + 16.883s + 321.13' 

Because £(s) = R{s) - Y(s), we have 


E(s) _ R(s)-Y(s) Y(s) 
R(s) R(s) R(s) 


Inserting Y(s)/R{s) gives 

£(s) _ 321.13 = s 2 +16.883s 

R(s) s 2 + 16.883s + 321.13 s 2 +16.883s+ 321.13 

Note that the system in Example 10.1 is designed to track a reference signal. This type of control 
system is called a tracking or servo system, in which the reference signal usually varies with time. 
If the reference signal is constant, usually zero, and the system is designed to hold an output steady 
against unknown disturbances, then the control system is known as a regulator. 
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FIGURE 10.4 Problem 3. 



FIGURE 10.5 Problem 4. 


PROBLEM SET 10.1 

1. Draw a block diagram for the feedback control of a liquid-level system, which consists of 
a valve with a control knob (0%-100%) and a liquid-level sensor. Clearly label essential 
components and signals. 

2. Draw a block diagram for the feedback control of a single-link robot arm system, which 
consists of a DC motor to produce the driving force and an encoder to measure the joint 
angle. Clearly label essential components and signals. 

3. Determine the transfer functions U(,s)/E(s), Y(s)IR(s), and E(s)/R(s) in Figure 10.4. 

4. The block diagram in Figure 10.5 represents a rocket attitude control system. Determine 
the transfer function 0(s)/0 r (s). 

5. Consider the control system in Example 10.2. Build a Simulink block diagram to simu¬ 
late reference tracking control, in which the signal R(s ) is a sine wave with a magnitude of 
0.1 m and a frequency of 2 rad/s. Show the actual position response and the reference signal 
in the same scope. 

6 . Reconsider the control system in Example 10.2. 

a. Convert the transfer function G(s) = Y{s)HJ(s) to a differential equation of y(t). 

b. 4V Using the differential equation obtained in Part (a) to represent the plant, build a 
Simulink block diagram to simulate regulation control, in which the reference signal 
R(s) is zero. Assume that the initial conditions are y(0) = 0.1 m and y(0) = 0 m/s. 


10.2 STABILITY AND PERFORMANCE 

Stability and performance are two important subjects in control. Generally, before designing a con¬ 
troller for a dynamic system, control designers check the stability and performance of the uncon¬ 
trolled system. Then they come up with reasonable control design objectives from the perspective 
of stability and performance. After a controller is designed, the stability and performance of the 
closed-loop control system are verified to meet the design objectives. In this section, we introduce 
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the stability condition, time-domain performance specifications, and frequency-domain perfor¬ 
mance specifications. 

10.2.1 Stability of Linear Time-Invariant Systems 

Intuitively, a system is stable if its transient response decays and is unstable if it diverges. Thus, we 
can determine the stability of a system by solving and plotting the transient response of the system. 
However, this is not the only way to determine the system stability. 

Consider a linear time-invariant system, whose transfer function is given by 



(10.3) 


a(s ) s n + a jj" 1 + • • • + a^s + a n 


Assume that the numerator and denominator polynomials, Ms) and a(s), have no common factors. 
Setting the denominator of the transfer function equal to zero leads to the characteristic equation 


<2(5) = s n + a x s n ~ l + ■•• + a^s + a n = 0. 


(10.4) 


The roots of the characteristic equation are called the poles (see Section 2.3), which are complex 
and can be defined in terms of real and imaginary parts, p = a + jto. A complex 5-plane is usually 
sketched to show pole locations. 

The following is the condition for stability: a linear time-invariant system is said to be stable if 
all the poles of its transfer function have negative real parts and is unstable otherwise. In terms of 
the pole locations in the 5-plane, a linear time-invariant system is stable if all the poles of the system 
are inside the left-half 5-plane, that is, o < 0. If the system has any poles, even only one pole, in the 
right-half 5-plane, that is, ct > 0, then the system is unstable. Thus, the imaginary jco-axis is the sta¬ 
bility boundary. If the system has nonrepeated poles on the jco-axis, that is, a = 0, then the system is 
marginally stable. If the system has repeated poles on the jco-axis, then the system is unstable. The 
roots of the numerator of the transfer function are called zeros, which are not related to the stability 
of the system. 

Essentially, the transient response of a linear time-invariant system is associated with its pole 
locations in the 5-plane. For example, consider a first-order system whose transfer function is 
Y(s)/U(s) = 1/(5 - p). Assume that the input is an impulse function. We can obtain the response y(t) 
by applying the inverse Laplace transform, y(t) = eP‘. The transient response eP‘ approaches zero if 
and only if the real part of the pole p is negative. This simple example explains the reason why poles 
can be used to determine stability. 

It is not an easy task to find the roots of a high-order characteristic equation by hand. Routh’s 
stability criterion is a method for obtaining information about pole locations without solving for 
the poles. Consider the characteristic equation given in Equation 10.4. Routh’s stability criterion 
consists of two conditions: 

• A necessary (but not sufficient) condition for stability is that all the coefficients of the 
characteristic polynomial are positive. 

• A necessary and sufficient condition for stability is that all the elements in the first column 
of the Routh array are positive. 


If any of the coefficients in the characteristic polynomial is negative, we can conclude that the 
system is unstable by applying the first condition. If all of the coefficients in the characteristic 
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polynomial are positive, then we need to check the second condition by constructing a Routh array 
as shown in Equation 10.5. For an nth order characteristic polynomial, the Routh array has n+ 1 rows. 
The first two rows are obtained by arranging the coefficients of the characteristic polynomial, begin¬ 
ning with the first and second coefficients and followed by the even-numbered and odd-numbered 
coefficients, respectively. Starting from the third row, the elements are formed from the two previ¬ 
ous rows using determinants, with two elements in the first column and the other two elements from 
successive columns. Equation 10.6 shows how to compute the elements in the third and fourth rows. 
The rest of the rows can be obtained in the same manner as rows 3 and 4. 


1 


ci\ 

by 



(10.5) 


*,= 


b 2 = 


b 3 = 


a x 

a i 

1 ^ 

by 

-4 1 

Uh a 5- 

l CI 1&4 #5 


bya 5 - a x b 3 

a x 

a x 

C2 by 

by 


«l a 6-«7 


byd-j ~ dyb A 

a, 

Oy ’ 

C3 by 

by 


( 10 . 6 ) 


Example 10.3: Stability 

The transfer function of a dynamic system is given by 


s 5 + 2s 4 + 3s 3 +8s 2 + 4s + 5 


Determine the stability of the system 

a. Using Routh's stability criterion without solving for the poles of the system. 

b. Using MATLAB to solve for the poles. 
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Solution 

a. The characteristic equation is s 5 + 2s 4 + 3s 3 + 8s 2 + 4s + 5 = 0. The Routh array can be 
formed as follows: 


11= A 

-1 

43 _ 11(1.5) ~(-1)(5) 


2(4)-5 
2 

(—1)(5)—0 


Because the elements in the first column of the Routh array are not all positive, we conclude 
that the system is unstable. 

b. 4 One °f two MATLAB commands can be used to solve for the poles, pole or roots 

» num = [1 4] ; 

» den = [1 2 3 8 4 5]; 

>> sys = tf(num,den); 

>> pole(sys) 

The command pole returns the poles of the system: -2.16, 0.31 ±1.65j, and -0.23 ± 0.88j. There 
are two poles that have positive real parts, and thus the system is unstable. We can also use the 
command roots to solve for the roots of the characteristic equation. 

>> roots(den) 

Routh’s stability criterion was especially useful before the availability of mathematical and sci¬ 
entific computing software, such as MATLAB. However, it is still useful for determining the ranges 
of system parameters for stability (see Example 10.5 in Section 10.3). It should be pointed out that 
the study of stability discussed here is limited to only linear time-invariant systems. The study of 
stability for nonlinear and time-varying systems is very complex and is beyond the scope of this 
text. 


10.2.2 Time-Domain Performance Specifications 

Performance specifications are certain requirements associated with the response of the system. In 
the time domain, the requirements are usually given for the step response. Consider a second-order 
system whose transfer function is given by 


Y(s) _ 

U(s) s 2 + 2£gv + cc>n' 


(10.7) 


Figure 10.6 shows the unit-step response of this system, in which the vertical axis is normalized 
so that the steady-state value is equal to 1. Four quantities are defined to specify the performance of 
the system: rise time (f r ), overshoot (M p ), peak time (f p ), and settling time (f s ). 
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Step response 



Time (s) 

FIGURE 10.6 A unit-step response with time-domain performance specification indicated. 

The rise time t r is the time required for the response to rise from 10% to 90% of its steady-state 
value. The shorter the rise time, the faster the system reaches the vicinity of the steady-state value. 
The approximated relationship between t T , the natural frequency co n , and the damping ratio C, for a 
second-order system without zeros (see Equation 10.7) is given by 

oo n f r » 1.12 - 0.0781; + 2.30i; 2 . (10.8) 

The overshoot M p is the maximum amount of the response of the system exceeding the steady-state 
value divided by the steady-state value. It is usually expressed as a percentage value. The peak time t p is 
the time it takes the response to reach its maximum value. As discussed in Section 8.2, assuming zero 
initial conditions, the unit-step response for the second-order system in Equation 10.7 is 

y{t) = 1 - e~ ?0)n ' |cos (co d f) + ^ ^ ^ sin (co d oJ. (10.9) 


Differentiating y(t ) with respect to t and setting it equal to zero yields the peak time 


t= —. (10.10) 

co d 

Substituting Equation 10.10 into Equation 10.9 gives the value of y at the peak time. The overshoot 
M p can be determined by computing y(f p ) - 1, as 


M p - e^ 7 ^ . (10.11) 

The detailed derivation will be left to the reader as an exercise. As shown in Equation 10.11, the 
overshoot of the step response is related to the damping of the system. Figure 10.7 is the plot of M p 
versus The larger the damping ratio, the smaller the overshoot. 
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FIGURE 10.7 Plot of overshoot versus damping ratio for a second-order system. 

The setting time t s is the time required for the transient to decay to a small value so that y(t) 
almost reaches the steady-state value. Note that Equation 10.9 can be rewritten as 


y(t)= i- 




sin (co d r + <|>) ; 


( 10 . 12 ) 


where 


c|) = tan 


? 


It is observed from Equation 10.12 that the value of y(f) is within the bounds 


(10.13) 


and 


1- A 


e -S°v s 


(10.14) 




(10.15) 


where A is a small value, such as 1%, 2%, and 5%. Thus, we have 


(10.16) 
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and for small damping, 


In A 


(10.17) 


As indicated by Equations 10.8, 10.10, and 10.11, as well as by Equations 10.16 and 10.17, the 
time-domain performance specifications are related to the system parameters, specifically the 
undamped natural frequency co n and the damping ratio C,. From Equation 10.7, the poles of a second- 
order system are also related to oo n and £, 

Pi, 2 = + jco n yjl - C 2 = -C<B n + jco d , (10.18) 


which is a pair of complex conjugate poles for 0 < £ < 1. Figure 10.8 shows the plot of the poles in 
the s-plane. The two poles are equidistant from the origin with magnitude 

VRe 2 + Im 2 = VKcoJ 2 + cd 2 (1-£ 2 ) = co n (10.19) 


and the angle between the pole and the imaginary axis satisfies 


sinO 


VRe 2 ^ 


( 10 . 20 ) 


Therefore, the time-domain performance specifications are associated with the pole locations. 
In control design, one or more of these requirements are often specified to determine the allowable 
region for the poles in the .v-plane. The three plots in Figure 10.9 show the regions graphed based on 
the transient requirements t n M p , and t s , respectively. 



FIGURE 10.8 Relationship between a pair of complex conjugate poles and system parameters. 
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FIGURE 10.9 Regions graphed based on (a) rise time, (b) overshoot, and (c) settling time. 


Example 10.4: Time-Domain Performance Specifications 

Consider a second-order system whose transfer function is given by Equation 10.7. Assume that 
the requirements for the system unit-step response are overshoot M p < 20% and 2% settling time 
t s <. 2 s. Sketch the allowable region for the poles in the s-plane. 

Solution 

To express the damping ratio in terms of the overshoot, we take the natural logarithm of both sides 
of Equation 10.11, 


In 


Squaring both sides and solving for £', 


^7t 2 + (lnM p ) 2 


As shown in both Figures 10.7 and 10.9b, £ is mono decreasing with respect to M p . That is, £ 
will increase if M decreases and vice versa. Thus, for M < 20%, we have 


Vrc 2 + (ln0.2) 2 


The corresponding angle 0 is 


0 = sin-’C > sin _1 0.46 = 27°. 


ln(A 


Equation 10.16 indicates that 
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FIGURE 10.10 Allowable region of the poles in the .v-plane. 


and £(o„ will increase when t s decreases. Thus, for 2% settling time t,s2 s and the smallest pos¬ 
sible damping X, = 0.46, we have 


The area to the left of the gray boundary shown in Figure 10.10 is the allowable region for the 
poles in the s-plane so that the two performance requirements are met. 


Note that Equations 10.8 through 10.17 are derived based on the assumption that the system 
has no zeros and has two complex poles. Thus, they do not provide precise design formulas for all 
systems. However, they can he used as qualitative guides to provide a starting point for design. The 
transient time response of the system is often checked to verify the time-domain specifications after 
control design. 


10.2.3 Frequency-Domain Performance Specifications 

System performance can also he specified in terms of frequency response. Figure 10.11 illustrates 
the ideal frequency response magnitude of a closed-loop control system. Two frequency-domain 
specifications are defined: bandwidth co BW and resonant peak M r . 

Assume that the transfer function of the closed-loop system is Y(s)/R(s), where Y(s) is the sys¬ 
tem output and R(s) is the reference input. The bandwidth is defined as the frequency at which the 
magnitude of the closed-loop transfer function crosses -3 dB (or 0.707). Recall that the steady-state 
response of a linear system to sinusoidal excitations is called the system’s frequency response. As 
shown in Figure 10.11, if the excitation frequency is lower than co BW , the magnitude Y(s)/R(s) is 
close to 0 dB (or 1). This indicates that the system output follows the reference input. If the excitation 
frequency is higher than ra BW , the magnitude Y(s)/R(s) is reduced to a small value, and the system 
output no longer follows the reference input. The higher the bandwidth, the faster the reference sig¬ 
nal the system can follow. Thus, the bandwidth is a measure of the speed of the response. 

The resonant peak M r was introduced previously in Section 8.3. It is defined as the maximum 
value of the magnitude of the frequency response. As shown in Section 8.3, the resonant peak 
is related to the damping of the system. The smaller the damping, the higher the resonant peak. 
Compared with the time-domain performance specifications, the resonant peak M r is similar to 
overshoot M p , both of which are related to the damping ratio i^, whereas the bandwidth ra BW is simi¬ 
lar to the rise time f r , both related to the natural frequency co n . 
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FIGURE 10.11 An ideal frequency response with performance specifications indicated. 

PROBLEM SET 10.2 

1. The transfer function of a dynamic system is given as 


3 s 5 + 6s 4 + 2s 3 + 5s 2 + ^ + 4 


a. Using Routh’s stability criterion, determine the stability of the system. 

b. 4V Using MATLAB, solve for the poles of the system and verify the result obtained 
in Part (a). 

2. The transfer function of a dynamic system is given as 


G(J) = 


205 + 50 

5 3 + 105 2 — 45 — 40 


a. Using Routh’s stability criterion, determine the stability of the open-loop system. 

b. Suppose that a negative unity feedback is applied to this open-loop system. Using 
Routh’s stability criterion, determine the stability of the resulting closed-loop system. 

c. Using MATLAB, solve for the poles of the open-loop and closed-loop systems and 
verify the results obtained in Parts (a) and (b). 

3. The unit-step response for a second-order system Y(s)/U(s) = (0 2 /(s 2 + 2£co n 5 + co 2 ) is 
given by 


y{t) = 1 - e i =“ n ' jcos(to d t) + ^ ^ sin(to d t)J 


Prove that the relationship between the overshoot M p and the damping ratio is 
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4. Consider a second-order system Y(s)/U(s) = co \l(s 2 + 2£co n s , + co^), which has two poles 
at -3 ± 4j. 

a. Determine the undamped natural frequency co n , damping ratio and damped natural 
frequency co d of the system. 

b. Estimate the rise time f r , overshoot M p , peak time t p , and 2% settling time t s in the unit- 
step response for the system. 

5. Consider a second-order system Y(s)/U(s) = co^/(s 2 + 2£co n s + co^). Sketch the allowable 
region of the poles in the s-plane if the requirements for the system’s unit-step response are 
M p < 10% and rise time t r < 0.25 s. 

6. Consider a second-order system Y(s)/U(s) = co \l{s 2 + 2i^ot n .s' + co^). Sketch the allowable 
region of the poles in the s-plane if the requirements for the system’s unit-step response are 
M p < 15%, 2% settling time t s < 2 s, and rise time t x < 0.4 s. 

7. WV Consider a second-order system Y(s)/U(s) = co 2 J(s 2 + 2£ov + co p ). Write aMATLAB 
m-file to plot the magnitude of the system’s frequency response function for the following 
cases: oo n = 2 rad/s and C, = 0.01,0.1, 0.5, and 1. Summarize the effects of the damping ratio 
on the frequency-domain performance. 

8. Repeat Problem 7 for the following cases: t, = 0.1 and co n = 1,2, and 6 rad/s. Summarize 
the effects of the natural frequency on the frequency-domain performance. 

10.3 BENEFITS OF FEEDBACK CONTROL 

As introduced in Section 10.1, a closed-loop controller uses feedback to control the output of a plant. 
The input to a plant has an effect on its output, which is measured with a sensor and fed back to the 
controller, and then the computed control signal is used as the input to the plant, closing the loop. 
Feedback control has several advantages over open-loop control, such as stabilization, disturbance 
rejection, improved reference tracking performance, and reduced sensitivity to parameter varia¬ 
tions. In this section, we show these benefits one by one using MATLAB or Simulink. The control¬ 
ler in each discussion and example is assumed to be a gain denoted by K. 


10.3.1 Stabilization 


Consider a plant represented by a transfer function G(s) = b(s)/a(s), in which a(s) and b(s) are the 
denominator and numerator polynomials, respectively. Assume that G(s) is unstable. This assump¬ 
tion implies that not all the poles, or the roots of the characteristic equation a(s) = 0, have negative 
real parts. If an open-loop control system is implemented as shown in Figure 10.12, in which the 
output is F(s) and the input is R(s), then the transfer function is 


ns) 

m 


KG(s) = 


Kb(s ) 
a(s) 


( 10 . 21 ) 


It is obvious that the open-loop control system has the same poles as the plant G(s), and thus it is 
still unstable. 

Now, we use a negative feedback control system. Figure 10.13 shows the corresponding block 
diagram. The closed-loop transfer function is 


y(j) _ KG(s) _ Kb{s) 

R{s ) ~ 1+A'G(i) " a(s)+Kb(s)' 


FIGURE 10.12 Open-loop control. 
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FIGURE 10.13 Closed-loop control. 


The characteristic equation of the closed-loop system is therefore a(s) + Kb(s ) = 0. Properly 
choosing the control gain K can possibly make the closed-loop system stable. Routh’s stability 
criterion introduced in Section 10.2 is one way to determine the range of K such that the closed-loop 
control system is stable. 


Example 10.5: Stabilization Using Feedback 

Consider an unstable plant 


C(s) = 


s + 2 

s 3 +4s 2 -5s' 


with feedback control as shown in Figure 10.13. 

a. Using Routh's stability criterion, determine the range of the control gain K for which the 
closed-loop system is stable. 

b. ^ Use MATLAB commands to find the unit-step responses for open-loop and closed- 
loop control. Assuming that the control gain is K = 20, compare the open- and closed-loop 
responses. 


Solution 

a. Solving the characteristic equation of G(s) gives the poles 0, 1, and -5. The positive real 
pole, 1, indicates that the plant C(s) is unstable. The closed-loop transfer function is 

V(s) = K{s + 2)/(s 3 + 4s 2 - 5s) = Ks + 2K 

R(s) ~ 1 + k(s + 2)/(s 3 + 4s 2 -5s) _ s 3 +4s 2 +(k-5)s + 2/C ' 


The closed-loop characteristic equation is 


s 3 + 4s 2 + (K- 5 )s + 2K=0, 
for which we can construct the Routh array as follows: 


s 3 : 1 

s 2 : 4 

s ,. K 5= 4(K-5)-2K 
2 4 

s°: 2K 


K -5 
2 K 
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To make the closed-loop system stable, all elements in the first column of the Routh 
array must be positive. Therefore, 



which leads to K > 10. 

b. For the open-loop control system shown in Figure 10.12, the controller block is con¬ 
nected with the plant in series. The following is the MATLAB session: 

» G = tf ([1 2] , [1 4 -5 0]) ; 

>> K = 20; 

» olp = K*G; 

>> Step(olp); 

Figure 10.14 is the unit-step response of the open-loop control system, which is obvi¬ 
ously unstable because the response diverges. Therefore, the unstable plant cannot be sta¬ 
bilized using open-loop control. 

As introduced in Section 4.5, the MATLAB command feedback can be used to find the 
transfer function of the closed-loop system for the feedback control system in Figure 10.13. 

>> clp = feedback(K*G,1); 

>> step(clp); 

As shown in Figure 10.15, the unit-step response of the closed-loop control system con¬ 
verges and the unstable plant is stabilized. 
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FIGURE 10.14 Unit-step response of the open-loop control system in Example 10.5. 
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Step response 



Time (s) 

FIGURE 10.15 Unit-step response of the closed-loop control system in Example 10.5. 


10.3.2 Disturbance Rejection 

To compare the capabilities of the open-loop and the closed-loop control for disturbance rejection, 
assume that a disturbance is an input to the plant G(s). Figure 10.16 is the block diagram for the 
open-loop control, where 

7(5) = G(s)U(s) + G{s)D{s) = KG(s)R(s) + G(s)D{s). (10.23) 

Equation 10.23 shows that the output 7(5) depends on the reference input R(s) and the disturbance 
input D(s). Letting R(s) = 0 yields the transfer function relating the disturbance D(s) and the output 
7(5), 


m 

D(s) 


= G(5). 


(10.24) 


Note that K does not appear in Equation 10.24 and it has no control over the disturbance in the 
open-loop case. 

Using closed-loop control as shown in Figure 10.17, we have 

7(5) = G(s)U(s) + G(s)D(s) = KG(s)[R(s) - 7(5)] + G(s)D(s). (10.25) 


m- 



Ks) 


FIGURE 10.16 Open-loop control with disturbance input. 
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FIGURE 10.17 Closed-loop control with disturbance input. 
Solving for Y(s) gives 


r(j) = 


KG(s) 

I + KG(s') 


m+ 


G(s) 

I + KG(s) 


D(s). 


The transfer function relating the disturbance D(s) and the output Y(s) is 

Y(s) _ G(s) 

D(s ) 1 + KG(s) ’ 


which indicates that K in the closed-loop case has control over the disturbance. 


(10.26) 


(10.27) 


Example 10.6: Disturbance Rejection Using Feedback 

Consider a plant whose transfer function is 


a. 40V Build a Simulink block diagram associated with Figure 10.16 to simulate open-loop con¬ 
trol with disturbance input. Assume that the controller is K= 2.5, the disturbance is a con¬ 
stant of -1, and the reference is a unit-step function with the step time at t = 0 s. Compare 
the steady-state values of the responses without and with the disturbance. 

b. Build a Simulink block diagram associated with Figure 10.17 to simulate closed-loop 
control with disturbance input. Assume that the controller is K = 50. The disturbance and 
the reference are the same as those in Part (a). Compare the steady-state values of the 
responses without and with the disturbance. 


Solution 

a. The Simulink block diagram of the open-loop control is shown in Figure 10.18, in 
which the Constant block is used to represent the disturbance signal. We first set the 



Constant 


Step Gain 


FIGURE 10.18 Simulink block diagram of open-loop control with disturbance input. 
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FIGURE 10.19 Unit-step responses of open-loop control without and with disturbance input. 


0 


0 



FIGURE 10.20 Simulink block diagram of closed-loop control with disturbance input. 


Constant block to be 0 and run the simulation. Then, we change the Constant block 
to be -1 and rerun the simulation. The responses for those two cases are plotted in Figure 
10.19. The steady-state value of the unit-step response is 1 without disturbance and 0.6 with 
disturbance. 

b. 4^V The Simulink block diagram of the closed-loop control is shown in Figure 10.20. The 
responses are plotted in Figure 10.21. The steady-state value of the unit-step response is 
0.95 without disturbance and 0.93 with disturbance. 

Although the closed-loop control is not as good as the open-loop control in the absence of dis¬ 
turbance, the error resulting from a constant disturbance can be made smaller in a closed-loop 
feedback system compared with an open-loop system. 


10.3.3 Reference Tracking 

As stated in Section 10.1, there are two types of control systems: regulators and servos. The for¬ 
mer are designed for disturbance rejection and the latter are designed for reference tracking. With 
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Time (s) 

FIGURE 10.21 Unit-step responses of closed-loop control without and with disturbance input. 


feedback, a control system can achieve improved reference tracking performance. To show this, let 
us consider the closed-loop control case in Figure 10.17, in which the disturbance D(s) is now set as 
zero. As a result, the closed-loop transfer function of the system is 


Y\sl = _KG(s)_ 
R(s ) l + KG(s)' 


(10.28) 


A typical frequency response plot of the closed-loop system was given in Figure 10.11. As we 
discussed in Section 10.2, the output follows the reference input when |F(5)//?(^)| = 1. Equation 10.28 
implies that Y(s) is approximately equal to R(s) if the magnitude KG(s) ~^> 1. In general, this can 
be achieved by increasing the value of the control gain K. Thus, a large control gain can reduce the 
steady-state error of the response. 

Example 10.7: Reference Tracking Using Feedback 

Consider the closed-loop control system shown in Figure 10.22. 

a. ^ Using MATLAB, plot the unit-step responses of the system for the following values of K: 

5, 50, and 500. 

b. Compute the steady-state errors for the different values of K. 



FIGURE 10.22 A reference tracking control system with feedback. 
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Solution 

a. The following is the MATLAB script. The unit-step responses of the system for the three 
different values of the control gain are shown in Figure 10.23. It is observed that the steady- 
state error becomes smaller as the control gain increases. 

K = [5 50 500] ; 

G = tf ( [4] , [1 10] ) ; 
for i = 1:length(K) 

clp = feedback (K(i) *G, 1) ,- 
step(clp); 
hold on; 


b. The value of the steady-state error can be computed by applying the final-value theorem. 
The closed-loop transfer function is 


E(s) _ 1 

R(s) 1 + KC(s) ' 


For a unit-step input, we have 


e ss =lims£(s) = lims/?(s)-^— = lims- 


10 

10+4 K ' 


The steady-state errors for K = 5, 50, and 500 are 0.3333, 0.0476, and 0.005, respectively. 
It should be pointed out that a large control gain may also result in unsatisfactory transient 
response and even destabilize the system. Details will be discussed in Section 10.4. 


Step response 



Time (s) 


FIGURE 10.23 Unit-step responses for the system in Figure 10.22 with different values of K. 
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10.3.4 Sensitivity to Parameter Variations 

In model-based control, a controller implemented for a practical system is designed based on a 
mathematical model of the system. Therefore, it is important to obtain a precise model of the plant 
for control design. However, modeling errors do exist due to uncertainties in system parameters. 
For example, the dynamic behavior of a mass-spring system depends on the values of the mass and 
stiffness. The values used for modeling might be different from the actual values due to inevitable 
measurement errors from the start or slight parameter changes caused by external effects. To main¬ 
tain control performance, a controller should be insensitive to parameter changes. 

Consider a function/that depends on a parameter a. Denote the change in the parameter as 8a. 
If the change in/because of the parameter change is 8/ then the sensitivity of the function/with 
respect to the parameter a is defined as 


S f= ML 

8a/a’ 


(10.29) 


where the first-order variation 8/is proportional to the derivative d//da and is given by 


= — & 
dfl 


Thus, the sensitivity S f a can be written 


S f a = 


a € 
/ d a 


(10.30) 


(10.31) 


To compare the sensitivity of open-loop control with that of closed-loop control, we assume that 
one or more parameters in the plant change. Without loss of generality, the disturbance is assumed 
to be zero. For the open-loop control shown in Figure 10.16, denote the transfer function from the 
reference signal to the system output as T 0 (s), which is KG(s). By Equation 10.31, the sensitivity of 
the open-loop control system T 0 (s) to the plant G(s) is 


G dT a _ G d (KG) _ G KdG 
T a d G ~ KG d G ~ KG d G 


(10.32) 


which implies that open-loop control is very sensitive to the parameter variations in the plant. For 
example, a 5% error in the plant would yield the same percentage error in the open-loop transfer 
function. 

For the closed-loop control case as shown in Figure 10.17, in which the disturbance is still set as 
zero, denote the closed-loop transfer function as T c (s). Applying Equation 10.31 gives 


Sq 


G d T e 
T c d G 


(10.33) 


The closed-loop transfer function T c (s) is given by Equation 10.28. Thus, we have 

dT 0 d / KG \ _ K(1 + KG)-KG(K) _ K 

dG ~ dG\l+KG)~ (1 + KG) 2 ~ (l + KG) 2 


(10.34) 
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Substituting it into Equation 10.33 yields 

$Tr _ G(l +KG) K _ 1 

G ~ KG (1 + KG) 2 ~ l + KG ’ 


(10.35) 


which can be made much less than 1 by adjusting the controller gain K. Thus, the overall transfer 
function in feedback control is less sensitive to variations in the plant gain compared with the one 
in open-loop control. 


Example 10.8: Sensitivity to Parameter Variations 

Consider a mass-damper-spring system G(s) = Y(s)/U(s) = M(ms 2 + fas + k), where m = 1 kg, fa = 8 
N ■ s/m, and k = 40 N/m. 

a. Assume that the system is controlled in an open-loop control system with a controller K = 
40. Determine the steady-state value of the response to a unit-step input. If the spring stiff¬ 
ness is actually 50 N/m, recalculate the steady-state value of the response and determine 
the fractional change in the steady-state value. 

b. Repeat Part (a) assuming that the mass-damper-spring system is controlled in a feedback 
control system with a controller K = 2000. 


Solution 

a. In the open-loop case, the steady-state value of the response to a unit-step input is 


y„ =limsR(s)^^ = lims-kC(s) = lim———-= 1. 

wO R( S ) w0 5 w0 s 2 + 8s + 40 

If the spring stiffness is 50 N/m, then the steady-state value becomes 

VNl 1 40 

y„ =limsR(s)-= lims — KG(s) = lim —-= 0.8. 

/ss wo ’r(s) WO S wos 2 + 8s + 50 

Note that y ss is reduced by 20%, which is the same as the relative error in k. 
b. In the closed-loop case, the steady-state value of the response to a unit-step input is 


If the spring stiffness is 50 N/m, then the steady-state value becomes 


Note that y ss is reduced by 0.49% only, which is much less than the relative error in k. 
Although the closed-loop control is not as good as the open-loop control in the absence of 
modeling error, the tracking error resulting from parameter variations can be made smaller 
in a closed-loop feedback system compared with an open-loop system. 
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PROBLEM SET 10.3 

1. Consider the feedback system shown in Figure 10.24. 

a. Using Routh’s stability criterion, determine the range of the control gain K for which 
the closed-loop system is stable. 

b. 4V Use MATLAB commands to find the unit-step responses for open-loop and 
closed-loop control. Assume that the control gain is K = 50. Compare the open-loop 
and closed-loop responses. 

2. Consider the feedback system shown in Figure 10.25. Using Routh’s stability criterion, 
determine the range of the control gain K for which the closed-loop system is stable. 

3. Reconsider Example 10.6. Using the final-value theorem, verify the steady-state errors to a 
unit-step input for open-loop and closed-loop control without and with disturbance. 

4. A stable system can be classified by a system type, which is defined as the degree of the 
polynomial for which the steady-state error is a nonzero finite constant. For instance, if the 
error to a step input, which is a polynomial of zero degree, is a nonzero finite constant, then 
such a system is called type 0, and so on. Consider the system in Figure 10.26. 

a. Compute the steady-state errors for: (1) a unit-step reference input, (2) a unit-ramp 
reference input u = t, and (3) a parabolic reference input u = 0.5 1 2 . 

b. Determine the system type. 

5. Reconsider Example 10.8. Build Simulink block diagrams to simulate open-loop and 
closed-loop controls with parameter variations. Verify the steady-state response values y ss 
obtained in Example 10.8. 

6. Consider the feedback control system shown in Figure 10.27. 

a. Compute the sensitivity of the closed-loop transfer function to changes in the 
parameter x. 



FIGURE 10.24 Problem 1. 



FIGURE 10.25 Problem 2. 



FIGURE 10.26 Problem 4. 

















Introduction to Feedback Control Systems 


473 



FIGURE 10.27 Problem 6. 

b. Compute the sensitivity of the closed-loop transfer function to changes in the 
parameter K. 

c. Assuming x = 1 and K = 1, use MATLAB to plot the magnitude of each of the 
sensitivity functions for s = jco. Use the logarithmic scale for the y-axis. Comment on 
the effect of parameter variations in x and K for different driving frequencies co. 

10.4 PROPORTIONAL-INTEGRAL-DERIVATIVE CONTROL 

A proportional-integral-derivative (PID) controller is a generic feedback control structure widely 
used in industries. The PID controller involves three terms. The proportional term determines the 
control signal based on the current error, the integral term determines the control signal based on 
the integral of error, and the derivative term determines the control signal based on the derivative of 
error. The expression of the PID controller in the time domain is given by 


u(t) = k v e{t) + k x e(x) dx + k D - 


(10.36) 


where k p is the proportional control gain, is the integral control gain, and k D is the derivative 
control gain. Taking the Laplace transform of Equation 10.36 yields the transfer function of the PID 
controller 


(10.37) 


Figure 10.28 shows a block diagram of feedback control using a PID controller denoted by C(s). 
In this section, we discuss the advantages and disadvantages of PID control. 



FIGURE 10.28 A block diagram of PID feedback control. 
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10.4.1 Proportional Control 

For proportional feedback control, the controller transfer function is 


m =k 

E(s) p ' 


(10.38) 


Note that the controller structures in the previous sections are the most basic proportional feed¬ 
back control. As discussed in Section 10.3, a high proportional control gain can result in smaller 
steady-state error. However, if k p is made too large, the closed-loop system may experience damping 
reduction and even become unstable. 


Example 10.9: Proportional Control 

4V Consider the mass-damper-spring system in Example 10.8, 


C(s) = 


s 2 + 8s + 40 ' 


Use Simulink to build a block diagram for proportional feedback control. Find the unit-step 
responses for k p = 25, 250, and 2000. Discuss the effects of the proportional feedback on the 
unit-step response. 


Solution 

The Simulink block diagram is shown in Figure 10.29. Note that Figure 10.29 also includes integral 
and derivative control loops, which will be used later in this section. Set k, and k D to be zero. Run 
the simulation for k p = 25, 250, and 2000. 

Figure 10.30 illustrates the effects of proportional feedback control. On the one hand, as k p 
increases, the steady-state error to the unit-step input becomes smaller. Applying the final-value 
theorem gives 


40 

40 + /c p ' 




Response 


FIGURE10.29 Simulink block diagram for PID feedback control. 
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FIGURE 10.30 Responses of proportional control. 
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Substituting the three different proportional control gains yields e ss = 0.62, 0.14, and 0.02, 
and k p = 25, 250, and 2000, respectively. For this particular system, the steady-state error will 
approach zero as k p increases. However, it will never be zero. 

On the other hand, the larger proportional gain results in less satisfactory oscillatory response. 
This is caused by reduced damping. Note that the characteristic equation of the closed-loop sys¬ 
tem with proportional control is 


s 2 + 8s + 40 + k p = 0. 

For a second-order system, the coefficients in the characteristic equation are related to the natural 
frequency and the damping ratio of the system, that is, 

8 = 2£co n , 40 + k p =co 2 . 

Obviously, if k p is made large, the natural frequency is increased. However, the damping ratio 
becomes smaller. This leads to a faster response, but with a bigger overshoot and much more 
severe oscillations. 


10.4.2 Proportional-Integral Control 

As seen in Example 10.9, increasing the proportional gain k p can reduce steady-state error, but 
cannot achieve zero steady-state error. Adding an integral term to the controller in Equation 10.38 
results in a proportional-integral (PI) controller 


E(S) p 5 


(10.39) 


If PI control is used in the previous example, the steady-state error becomes 


s 1 + (k p + k t /s)G(,s) *->o s + ( k p s + k : )G(.s) 


(10.40) 


Substituting the transfer function G(s) given in Example 10.9, we can obtain the result by evaluat¬ 
ing the limit in Equation 10.40. The system with PI control has a zero steady-state error. Thus, the 
primary reason to introduce the integral control is to reduce, or possibly eliminate, the steady-state 
error. 


Example 10.10: PI Control 

Use the Simulink block diagram built in Example 10.9 to find the unit-step responses for k, = 
50, 500, and 1550. Set k p = 250 and k D = 0. Discuss the effects of the integral term on the unit- 
step response. 

Solution 

Figure 10.31 shows the unit-step responses of PI feedback control for k, = 50, 500, and 1550. The 
system response will achieve zero steady-state error for each case if the simulation time is long 
enough. However, a large integral control gain results in lightly damped oscillations. 
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FIGURE 10.31 


Responses of PI control. 
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10.4.3 PID Control 

The final term in a PID controller represents the derivative control. The complete three-term con¬ 
troller is given by Equation 10.37. The main reason to introduce the derivative control is to increase 
the damping and thus to improve the stability of the system. 


Example 10.11: PID Control 

.^Use the Simulink block diagram built in Example 10.9 to find the unit-step responses for k D = 
1, 10, and 50. Set k p = 250 and k , = 500. Discuss the effects of the derivative term on the unit-step 
response. 


Solution 

Figure 10.32 shows the unit-step responses of PID feedback control for k D = 1, 10, and 50. As k D 
increases, the overshoot of the unit-step response becomes smaller. This implies that the damping 
of the feedback control system becomes larger. However, a large derivative control gain k D leads 
to a slower response. 

In summary, a larger proportional gain k p results in a faster response and a smaller steady-state 
error. However, an excessively large proportional gain k p leads to lightly damped oscillations and 
even instability. A larger integral gain k t eliminates steady-state errors more quickly, but reduces 
damping and leads to a larger overshoot. A larger derivative control decreases the overshoot, but 
slows down the speed of the response. 

If a PID feedback control system is second-order, then any two free control gains (among k p , k h 
and k D ) can be determined based on the system stability and performance requirements. 


Example 10.12: Proportional-Derivative Control of a DC Motor-Driven Cart 

Consider the feedback control system shown in Figure 10.33, in which the plant is the DC motor- 
driven cart given in Example 10.2. The input to the plant is the voltage applied to the DC motor, 
and the output is the position of the cart. Design a proportional-derivative (PD) controller such 
that the maximum overshoot in the response to a unit-step reference input is less than 10%, and 
the rise time is less than 0.15 s. 


Solution 

The closed-loop transfer function is 

V(s)_ C(s)G(s) _ (k p +k D s)(3.778/(s 2 +16.883s)) _ 3.778k D s + 3.778k p 

R(s) ~ 1 + C(s)G(s) “ 1 + (k p + k D s)(3.778/(s 2 +16.883s))" s 1 fj $^+3,778^ 

which is a second-order system. The closed-loop characteristic equation is 
s 2 + (16.883 + 3.778k D )s + 3.778k p = 0, 

where the coefficients are related to the natural frequency and the damping ratio of the closed- 
loop system via 


16.883 + 3.778k D = 2£co n , 
3.778k p =co 2 . 
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FIGURE 10.32 Responses of PID control. 
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FIGURE 10.33 Block diagram of a feedback control system. 


Note that there are two requirements for the transient response of the closed-loop system, that 
is, M P < 10% and t r < 0.15 s. To satisfy these two requirements, a set of reasonable values of w n 
and £ can be approximated using the relationships given in Section 10.2. 


H,=e-^<10%, 

1.12-0.078^ + 2.230C 2 <Q15 


The requirement for overshoot yields 

£ > 0.59. 

Letting £ = 0.59 and substituting it into the requirement for rise time gives 
o> n > 12.33 rad/s. 

This region is shown in Figure 10.34, which can be used as a starting point for control design. 
Note that damping slows the motion of the system. Thus, for a damping ratio higher than 0.59, 
the critical value of natural frequency should be higher than 12.33 rad/s to speed up the motion 
of the system. If the closed-loop poles are located to the left of the gray boundary in Figure 10.34, 
then the closed-loop response to a unit-step reference input will very likely meet the desired 
requirements. 

Choosing £ = 0.65 and a>„ = 13.5 rad/s yields k p = 48.24 and k D = 0.18. Figure 10.35 shows the 
response of the closed-loop system to a unit-step reference input. 


f = 0.59 im 



FIGURE 10.34 Allowable region of the closed-loop poles in the .s-plane. 
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Step response 


M p = 6.79% 



0^1-L-1-^ 

0 0.2 0.4 


0.6 


0.f 


Time (s) 


FIGURE 10.35 Unit-step response of the cart system with PD control C(s) = 48.24 + 0.18,s. 

10.4.4 Ziegler-Nichols Tuning of PID Controllers 

As mentioned earlier, all the methods considered in this chapter are model-based control, which requires 
that a dynamic model of the plant be available. To avoid this requirement, in the early 1940s, Ziegler and 
Nichols conducted numerous experiments and proposed two useful tuning methods for determining the 
PID control gains. The form of the PID controller used by Ziegler and Nichols is given by 



(10.41) 


where 7) is the integral time and T n is the derivative time. The gain parameters 7] and 7 D are related 
to the parameters k p , k h and k D through = k p /7J and k D = k p T u . 

For the first method, known as the reaction curve method, a step response of the plant is mea¬ 
sured. As shown in Figure 10.36, the .S'-shaped curve is characterized by two constants, lag time L 


A 



± 


L 


FIGURE 10.36 Reaction curve method. 
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and reaction rate R, which are determined by drawing a line tangent to the curve and finding the 
intersections of the tangent line with the time axis and the steady-state level line. The values of k p , 
7J, and T n can be set using the parameters L and R according to the rules in Table 10.1. 

For the second method, known as the ultimate sensitivity method, the frequency of the oscilla¬ 
tions of the plant at the limit of stability is measured. To use this method, a proportional feedback 
control is applied to the plant and the proportional gain is increased until the closed-loop system 
becomes marginally stable. The corresponding proportional gain is defined as K u , also called the 
ultimate gain. Figure 10.37 shows the response of a marginally stable system. It is a pure harmonic 
response, in which the period of oscillation P u can be measured, also known as the ultimate period. 
The values of k p , 7], and 7 D can then be set using the parameters K u and P u according to the rules in 
Table 10.2. 


TABLE 10.1 

Ziegler-Nichols Tuning Based on Reaction Curve 
Type of Controller Optimum Gains 

P £p = IKRL) 

PI k p = 0.9KRL), 7", = Z/0.3 

PID k p = 1 ,2J(RL), T, = 2L, T n = 0.5 L 


FIGURE 10.37 Response of a marginally stable system. 



TABLE 10.2 

Ziegler-Nichols Tuning Based on Ultimate Gain 
and Ultimate Period 


Type of Controller 

P 

PI 

PID 


Optimum Gains 

k p = 0.5 K a 

k p = 0.45 K a , T t = PJ1.2 
yfcp = 0.6A;, T, = PJ2, T d = PJ8 
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PROBLEM SET 10.4 

1. Figure 10.38 shows a negative feedback control system. 

a. Design a P controller such that the damping ratio of the closed-loop system is 0.7. 

b. Estimate the rise time, overshoot, and 1% settling time in the unit-step response for the 
closed-loop system. 

2. Consider the negative feedback control system shown in Figure 10.39. 

a. Design a P controller such that the maximum overshoot in the response to a unit-step 
reference input is less than 15%, the 2% settling time is less than 1 s, and the rise time 
is less than 0.2 s. 

b. 4V Use MATLAB to plot the unit-step response of the closed-loop system. Find the over¬ 
shoot, 2% settling time, and rise time. If the time-domain specifications exceed the require¬ 
ments, fine-tune and reduce them to be approximately the specified values or less. 

3. Consider the feedback control system shown in Figure 10.40. 

a. Design a PD controller such that the closed-loop poles are at p 12 = -3 ± 3j. 

b. 4V Use MATLAB to plot the unit-step response of the closed-loop system. Find the 
rise time, overshoot, peak time, and 1% settling time. 

4. Consider the feedback control system shown in Figure 10.41. 

a. Find the values for k p and 7 D such that the maximum overshoot in the response to a 
unit-step reference input is less than 10% and the 1% settling time is less than 0.5 s. 



FIGURE 10.38 Problem 1. 



FIGURE 10.39 Problem 2. 



FIGURE 10.40 Problem 3. 



0.1s 2 + 0.75 + 1 


FIGURE 10.41 Problem 4. 
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b. Compute the steady-state error of the closed-loop system to a unit-step reference input. 

c. Verify the results of Parts (a) and (b) using MATLAB by plotting the unit-step 
response of the closed-loop system. If the maximum overshoot and the settling time 
exceed the requirements, fine-tune and reduce them to he approximately the specified 
values or less. 

5. Consider the feedback control system shown in Figure 10.42a. 

a. If the desired closed-loop poles are located within the shaded regions shown in Figure 
10.42b, determine the corresponding ranges of oo n and £ of the closed-loop system, 
h. Design a PI controller such that the closed-loop poles are at p 12 = -9 ± 12j. 

c. Compute the steady-state errors of the plant and the closed-loop system to a unit-step 
reference input. 

d. 4V Verify the results of Part (c) using MATLAB by plotting the unit-step responses of 
the plant and the closed-loop system. 

6. Consider the feedback control system shown in Figure 10.43. 

a. Find the values for k p and 7j such that the maximum overshoot in the response to a 
unit-step reference input is less than 15% and the peak time is less than 0.25 s. 
h. 4V Verify the results in Part (a) using MATLAB by plotting the unit-step response of 
the closed-loop system. If the maximum overshoot and the peak time exceed the require¬ 
ments, fine-tune and reduce them to be approximately the specified values or less. 

7. The unit-step response of a plant is shown in Figure 10.44. 

a. The lag time L and the reaction rate R can be determined from the figure. Find the P, 
PI, and PID controller parameters using the Ziegler-Nichols reaction curve method, 
h. 4V Assume that the transfer function of the plant is 3/(l0.v 2 + 8,y + 1). Use MATLAB 
to plot the unit-step response of the closed-loop system with P, PI, or PID control. 

8. Consider a proportional feedback control system. As shown in Figure 10.45, the closed- 
loop system becomes marginally stable when the proportional gain is 0.75. Find the P, PI, 
and PID controller parameters using the Ziegler-Nichols ultimate sensitivity method. 



FIGURE 10.42 Problem 5 (a) A feedback control system, (b) closed-loop pole locations. 



FIGURE 10.43 Problem 6. 
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Step response 



FIGURE 10.44 Problem 7. 



FIGURE 10.45 Problem 8. 

10.5 ROOT LOCUS 

Beginning with this section, and for the remainder of this chapter, the discussion focuses on how 
to design a feedback controller to meet stability and performance requirements. Root locus, Bode 
plot, and state-space techniques are three control design methods that are introduced in Sections 
10.5 through 10.7, respectively. To simplify the discussion, all controllers in those three sections are 
limited to proportional feedback control. 

As presented in Section 10.2, the time-domain specifications, such as rise time t„ overshoot M p , 
peak time f p , and settling time f s , are related to the natural frequency co n and the damping ratio 
both of which can be used to express the pole locations of a second-order system in the .s-plane. 
Thus, the dynamic response of a system can be influenced by changing the system’s pole locations. 
Root locus, developed by W.R. Evans in the late 1940s, is a graphical design technique that shows 
how changes in one of the system parameters will modify the roots of the closed-loop characteristic 
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equation, or the closed-loop poles, and thus change the dynamic response of the system. In this sec¬ 
tion, we first introduce the procedure to sketch the root locus of a feedback control system. Then, 
we discuss ways to analyze the stability and performance of the closed-loop system based on the 
root locus. Finally, we will learn how to design a proportional feedback controller using the root 
locus technique. 

10.5.1 Root Locus of a Basic Feedback System 

Consider a basic feedback control system as shown in Figure 10.46, in which G(s ) is the transfer 
function of the plant. The controller is assumed to he a proportional gain, C(s) = K. The closed-loop 
transfer function is 


r(g) _ C(s)G(s ) _ KG(s) 
R(s ) ~~ 1 + C(s)G(s) ~ l + KG(s) 


and the characteristic equation is 


1 + KG(s) = 0. (10.43) 

Note that the roots of the closed-loop characteristic equation are the poles of the closed-loop system. 
As observed from Equation 10.43, the closed-loop poles are affected by the value of K. When K 
varies from 0 to °°, the closed-loop poles will move around the s-plane and create a trajectory, or a 
locus of poles. 

Intuitively, a root locus can be constructed by changing the value of K from 0 to °°, solving the 
characteristic equation for the roots, and plotting the poles in the s-plane. However, it was difficult to 
obtain the poles for high-order systems before the availability of mathematical and scientific com¬ 
puting software. In the late 1940s, Evans developed rules to plot a locus without actually solving for 
the roots of the characteristic equation. The following example shows the step-by-step procedure to 
manually construct a root locus. 

Example 10.13: Root Locus Sketching 

For the system in Figure 10.47, find the locus of closed-loop poles with respect to K. 



FIGURE 10.46 Block diagram of a basic feedback control system. 



FIGURE 10.47 Block diagram for the feedback control in Example 10.13. 
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Solution 

Step 1: Express the closed-loop characteristic equation in the form of 

1 + K^ = 0. (10.44) 

a(s) 

From Figure 10.47, the closed-loop transfer function is 

Y(s) _ C(s)C(s) 

R(s) 1 + C(s)C(s)H(s) ' 

Thus, the closed-loop characteristic equation is 


1 + C(s)G(s)H(s) = 1 + K 


s + 1 _1 

(s + 3)(s 2 + 2s + 2) s + 2 


= 0 , 


which is in the form of 1 + Kb(s)/a(s) = 0 with 


a(s) = (s + 3)(s 2 + 2s + 2)(s + 2), 
b(s) = s + 1. 


Denote L(s) = b(s)/a(s), where L(s) is the loop gain. Note that the roots of a(s) are the poles of L(s) 
and the roots of b{s) are the zeros of L(s). The number of poles determines the number of branches 
of the root locus. 

Step 2: Draw the axes of the s-plane to a suitable scale and mark a cross symbol "x" for each 
pole of L(s) and a circle symbol "o" for each zero of T(s). 

RULE 1: Assume that L(s) has n poles and m zeros. The n branches of the locus start at the poles 
of L(s) and the m of these branches end at the zeros of L(s). 

Solving a(s) = 0 for the poles gives 

Pi = -3, Pi, 3 = -1 ± j, p 4 = -2 

Solving b(s) = 0 for the zero gives 


The locations of the four poles and one zero are shown in Figure 10.48. 

Step 3: Find the real axis portions of the locus 

RULE 2: The portions of the root locus on the real axis are to the left of an odd number of poles 
and zeros. 

This implies that a point on the real axis is part of the root locus if there is an odd number of 
poles and zeros to its right. As shown in Figure 10.48, there are two poles, -2 and -3, and one 
zero, -1, located on the real axis, which is divided into four segments, (-<», -3), (-3, -2), (-2, -1), 
and (-1, +oo). To demonstrate RULE 2, consider a point within (-2, -1). There are two complex 
poles and one zero (three in total), to its right. Because three is an odd number, this portion of 
the real axis is part of the root locus. Similarly, the segment (-«>, -3) is also part of the root locus 
because there are four poles and one zero (a total of five), to its right. The thick solid lines in Figure 
10.48 represent the portions of the root locus on the real axis. 
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FIGURE 10.48 Real axis portions of the root locus and asymptotes for Example 10.13. 


Step 4: Draw the asymptotes for large values of K. 

RULE 3: For large s and K, n - m branches of the locus are asymptotic to lines radiating out 
from the point s = a on the real axis at an angle tj>/, where 


^Re(p,.)-^Re(z ; ) 

n-m 


(10.45) 


_ 180° + 360°(/-1) 


(10.46) 


In our case, n = 4 and m = 1. Thus, there are three asymptotes, which radiate from a centroid 
a on the real axis 


_ (-1-1-2—3}—(—1) _ 


with angles of 


x 180° + 360°(1-1) rno 
<t>i =-2-= 60°, 

4) 2 = 180° + 3 60°(2 ~ D _ 1 8Q o, 
= 180° + 360°(3 ~ D _ 3 0QO 


-60°. 


The centroid and asymptotes are shown in Figure 10.48. 

Step 5: Compute the departure and arrival angles. 

RULE 4: The angle of departure of a branch of the locus from a pole is given by 


dep=5>'-X '- 180 °' 


(10.47) 
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where ^ ,■ is the sum of the angles from this pole to the remaining poles and ^v|/, is the sum 
of the angles from this pole to all the zeros. The angle of arrival of a branch at a zero is given by 

\|/ arr = ^ ,-^\|/,+180°, (10.48) 


where \j/ ; is the sum of the angles from this zero to the remaining zeros and , is the sum 
of the angles from this zero to all the poles. 

Note that Equations 10.47 and 10.48 are valid for nonrepeated poles and zeros. The formula 
used for computing the departure or arrival angles from a repeated pole or to a repeated zero can 
be found in control books. 

In Figure 10.48, two branches of the locus on the real axis have been completely drawn. One 
of them starts from the pole at -2 and ends at the zero at -1, and the other starts from the pole 
at -3 and ends at by approaching the second asymptote. There is no need to compute the 
departure or arrival angles for the poles and the zero on the real axis. Note that there is a pair of 
complex conjugate poles at -1 ± j, from each of which one branch of the locus starts. Selecting 
the pole at -1 + j and applying Equation 10.47 gives 


dep = 5>-X ,-180° = \|/i-( ,+ 2 + 3 )-180°. 


As sketched in Figure 10.49, ip, = 90°, which is the angle of the line connecting the complex 
pole at -1 + j and the zero with respect to the positive real axis. Similarly, we can determine the 
angles q>„ as tp, = 90°, <p 2 = 45°, and 3 = tan -1 = 26.57°. Thus, 

(Pdep = 90° - (90° + 45° + 26.57°) - 180° = -251.57° = 108.43°. 

The departure angle from the pole at -1 - j is -108.43° because the root locus is symmetric 
about the real axis. 

Step 6: Determine the points where the root locus crosses the imaginary axis. 



FIGURE 10.49 Departure angles for Example 10.13. 
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RULE 5: The root locus crosses the imaginary axis at points where the characteristic equation 
satisfies 


a(jco) 


(10.49) 


a(ja>) + Kb(]m) = 0. (10.50) 

Note that if a point on the imaginary axis is part of the root locus, then it must be a root of the 
characteristic equation given by Equation 10.44. The point on the imaginary axis can be expressed 
as s = jco and substituting it into Equation 10.44 leads to Equation 10.49 or 10.50. Solving either 
one of them yields the jco-axis crossing points and the corresponding values of K. 

In this example, we have 


(s + 3)(s 2 +2s + 2)(s + 2) + K(s + 1) = 0. 
Substituting s = jco and rearranging the equation gives 

(jco) 4 + 7(joo) 3 + 18 (jco) 2 + 22joo + 12 + /Cjco + K = 0. 
Separating the real and imaginary terms results in 


(co 4 - 18co 2 + 12 + K) + j(-7oo 3 + 22co + Km) = 0, 
which is equivalent to two equations 


[co 4 -18co 2 +12 + /C = 0, 
1-7 k> 3 + 22co + Kto = 0. 


Solving for co, we obtain 


co, = 0, co 23 = ±3.44, co 45 = ±0.92j, 

where the last two roots are invalid because co represents frequency and is real. The correspond¬ 
ing values of K are 


/C, = -12, K 23 = 60.91, 

where the first value is rejected because the gain K varies from 0 to +°°. Thus, the root locus 
crosses the jco-axis at ±3.44j when K = 60.91. 

Step 7: Complete the sketch. 

As shown in Figure 10.50, two complex branches of the locus depart from the complex poles, 
cross the imaginary axis, enter the right-half s-plane, and end at infinity by approaching the 
asymptotes. Combining the complex branches with the real axis portions of the locus, we have 
the sketch completed. 

Rules 1 through 5 can be used to roughly sketch a root locus. One more rule is available for 
computing the so-called break-in or break-away points, but this will not be covered in this text. 
With the availability of MATLAB, these rules are not necessary to plot a root locus. However, 
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Root locus 



FIGURE 10.50 Root locus for Example 10.13. 


learning these rules can help understand classical control design techniques and evaluate the cor¬ 
rectness of a computer-generated root locus. 

The MATLAB command used to sketch a root locus is rlocus. The following is the MATLAB 
session to generate the root locus shown in Figure 10.48: 

» num = [1 1] ; 

>> den = conv (conv ( [1 3] , [1 2 2] ) , [1 2] ) ; 

>> sysL = tf(num,den); 

>> rlocus(sysL); 

10.5.2 Analysis Using Root Locus 

Using the root locus technique, it is very easy to determine the stability of a closed-loop system 
when the proportional gain K varies from 0 to °°. For a particular value of K, if any of the poles are 
in the right-half 5-plane, then the corresponding closed-loop system is unstable. If all of the poles 
are in the left-half 5-plane, then the closed-loop system is stable. If any of the poles are on the imagi¬ 
nary axis and they are nonrepeated, then the closed-loop system is marginally stable. 

From the root locus, we can also obtain information about the performance of a closed-loop 
system using the concept of a dominant pole. For a system with multiple poles, the pole closest to 
the origin is called the dominant pole. If the dominant poles are a pair of complex conjugates, the 
distance between either one of them and the origin is associated with the natural frequency if the 
system is approximated as a second-order system. If the dominant pole is a real pole, the distance 
between the pole and the origin is associated with the time constant if the system is approximated 
as a first-order system. Both the natural frequency and the time constant determine the speed of 
transient response. The dominant pole has the slowest speed of response, and it dominates the effect 
of all other poles with higher frequencies or lower time constants. 


Example 10.14: Analysis Using Root Locus 

Refer to the root locus obtained in Example 10.13. Comment on the stability and performance 
of the closed-loop system when K varies from 0 to °°. 
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Solution 

When K = 0, which corresponds to having no control, the root locus starts from the poles of the 
loop gain L(s). As shown in Figure 10.51, all four open-loop poles are located in the lefts-plane. 
This implies that the open-loop system is stable. As K increases, the four closed-loop poles move 
along four different branches of the root locus. For 0 < K< 60.91, all of the poles are in the left-half 
s-plane, and thus the closed-loop system is stable. When K = 60.91, two complex poles, ±3.44j, 
appear on the imaginary axis, and thus the closed-loop system becomes marginally stable. For K > 
60.91, the two complex branches of the root locus cross the imaginary axis and enter the right-half 
s-plane and the closed-loop system becomes unstable. 

When K varies between 0 and 60.91, the pair of complex poles is always closer to the origin than 
the other poles. Consequently, they dominate the effects of all other poles and thus the closed-loop 
system exhibits underdamped oscillations. For example, the closed-loop poles are -3.29, -1.66, and 



Real axis 

FIGURE 10.51 Root locus for Example 10.13 with poles highlighted when K = 60.91. 

Step response 



FIGURE 10.52 Unit-step response of the closed-loop system when K = 1. 
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Step response 



FIGURE 10.53 Unit-step response of the closed-loop system when K = 30. 

-1.03 ± 1.15j when K = 1. Figure 10.52 is the corresponding closed-loop unit-step response, which 
has an overshoot of 21.1%. As K increases, the closed-loop system will exhibit severe oscillations 
because the dominant complex poles move toward the imaginary axis and the damping decreases. For 
example, the closed-loop poles are -5.16, -1.06, and -0.39 ± 2.74j when K = 30. Figure 10.53 is the 
corresponding closed-loop unit-step response, in which the overshoot is as high as 110%. 

Note that although the root locus is constructed based on the loop gainL(s), it also gives informa¬ 
tion on the stability and performance of the closed-loop system varying with respect to the propor¬ 
tional gain K. This is what makes the root locus technique attractive. 

10.5.3 Control Design Using Root Locus 

As we learned in Subsection 10.5.1, the root locus is a plot of all possible roots of the closed-loop 
characteristic equation 1 + KL(s) = 0 for real positive values of K, which is generally the gain of a 
proportional controller. It is very easy to select K from a particular root locus so that the closed-loop 
system meets the performance specifications. 

Example 10.15: Proportional Control Design Using Root Locus 

Design a proportional controller for the cart system in Example 10.12 using the root locus 
technique. 

Solution 

For proportional feedback control of the DC motor-driven cart, the loop gain L(s) is equal to 
the transfer function of the plant C(s), 


L(s) = G(s) = 


. 3.778 
s 2 +16.883s ’ 


The root locus is plotted in Figure 10.54 using the MATLAB command rlocus. Note that the 
closed-loop system is a second-order system. Two closed-loop poles that are real appear for small 
values of K , specifically K < 18.9. When K > 18.9, the closed-loop system has a pair of complex 
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Root locus 



Real axis 


FIGURE 10.54 Root locus for Example 10.15 with grid lines. 

conjugate poles, which move along the complex portion of the root locus as K varies between 18.9 
and °°. 

To select the value of the proportional control gain that will meet the performance specifica¬ 
tions, we can turn on the grid lines to the root locus using the command 

>> grid on 

As discussed in Subsection 10.2.2, the semicircles in Figure 10.54 indicate lines of constant natural 
frequencies co n and the diagonal lines indicate constant damping ratios C. In this example, we need an 
overshoot that is less than 10% (which implies £ > 0.59) and a rise time that is less than 0.15 s (which 
implies a>„ > 12.33 rad/s). In Figure 10.54, the solid diagonal lines indicate pole locations with a damp¬ 
ing ratio of approximately 0.59. In between these lines, the poles have £ > 0.59 and outside of the lines 
C, < 0.59. The solid semicircle is the locus of all poles with co n = 12.33 rad/s, whereas those inside the 
semicircle have co n < 12.33 rad/s, and those outside correspond to w n > 12.33 rad/s. Thus, only the part 
of the root locus in between the two diagonal lines and outside of the semicircle is acceptable. 

Figure 10.55 zooms in on the desired region, in which the vertical line is a part of the root 
locus. Left-clicking on the root locus, you will see the values of the pole and the gain that are 
required to place one of the closed-loop poles at that particular location. Holding down the left 
mouse button and moving the mouse along the root locus, you can see the values of the pole and 
the gain varying correspondingly. 

Let us select K = 50. Figure 10.56 is the corresponding unit-step response of the closed-loop 
system with proportional feedback control. The closed-loop system meets the given specifications. 

Note that the closed-loop poles cannot be placed arbitrarily in the s-plane with only a static 
proportional controller because the shape of the root locus is fixed for a given plant. A more useful 
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Root locus 



FIGURE 10.55 Zoom-in of the designed region in Example 10.15. 


Step response 



Time (s) 


FIGURE 10.56 Unit-step response of the cart system with proportional feedback control K = 50. 
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design can be obtained by adding a pole or zero to the controller and making it a dynamic control¬ 
ler. This results in so-called lead or lag compensators, C(s) = K(s + z)/(s + p). The reader can refer to 
control systems books for more details. 


PROBLEM SET 10.5 

1. Roughly sketch the root locus with respect to K for the equation of 1 + KL(s) = 0 and the 
following choices for L(s). Make sure to give the asymptotes, arrival or departure angles, 
and points crossing the imaginary axis. Verify your results using MATLAB. 


h. L(s) = 


(s + lXs + 3) 

1 


0 + 1)0 + 3)0 + 11) 
s+5 

0 +1)0' + 3)0' + 11) 
s0 + 5) 

0 +1)0' + 3)0' + 11) 

2. Repeat Problem 1 for the following choices for L(s). 
a. L(s) = — 


L(s) = — 


£- 0 ) = 


b. L(s) = — 


s 2 + 2s + 5 

_L_ 

0 + 4)0 2 + 2.? + 5) 
s 2 + 4s + 5 


m =; 


L(s) = - 

0 + 4)0+2^ + 5) 

_ 0 + l)0 2 + 4^ + 5) 

(s + 4)(s 2 + 2^ + 5) 

3. A control system is represented using the block diagram shown in Figure 10.57. Sketch the 
root locus with respect to the proportional control gain K. Determine all the values of K for 
which the closed-loop system is stable. 

4. 4V A control system is represented using the block diagram shown in Figure 10.58, where 
the parameter a is subject to variations. Sketch the root locus with respect to the parameter 
a. Determine all values of a for which the closed-loop system is stable. 

5. 4V Figure 10.59 shows the root locus of a unity negative feedback control system, where 
K is the proportional control gain. 

a. Determine the transfer function of the plant. Use MATLAB to plot the root locus 
based on your choice of the plant, compare it with the root locus shown in Figure 10.59, 
and check the accuracy of your plant transfer function, 
h. Give comments on the stability of the closed-loop system when K varies from 0 to °°. 


FIGURE 10.57 Problem 3. 
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FIGURE 10.58 Problem 4. 



FIGURE 10.59 Problem 5. 


c. Give comments on the transient performance of the closed-loop system when K = 0.5, 
1.25, and 5. Use MATLAB to plot the corresponding unit-step responses and verify 
your comments. 

6. 4V Figure 10.60 shows the root locus of a unity negative feedback control system, where 

K is the proportional control gain. 

a. Determine the transfer function of the plant. Use MATLAB to plot the root locus 
based on your choice of the plant, compare it with the root locus shown in Figure 10.60, 
and check the accuracy of your plant. 

h. Find the range of values of K for which the system has damped oscillatory response. 
What is the largest value of K that can be used before pure harmonic oscillations 
occur? Also, what is the frequency of pure harmonic oscillations? Use MATLAB to 
plot the corresponding unit-step response and verify the accuracy of your computed 
frequency. 

7. Consider the feedback system shown in Figure 10.61. 

a. Find the locus of the closed-loop poles with respect to K. 

b. Find a value of K such that the maximum overshoot in the response to a unit-step refer¬ 
ence input is less than 10%. What is the corresponding steady-state error of the closed- 
loop system? 

c. Plot the unit-step response of the closed-loop system to verify the result for Part (b). 

8. 4V Consider the feedback system shown in Figure 10.62. 

a. Find the locus of the closed-loop poles with respect to K. 

b. Find a value of K such that the maximum overshoot in the response to a unit-step refer¬ 
ence input is less than 20% and the 2% settling time is less than 1.1 s. 

c. Plot the unit-step response of the closed-loop system to verify the result in Part (b). 
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Real axis 


FIGURE 10.60 Problem 6. 



0.1s 2 + 0.7s + 1 




FIGURE 10.61 Problem 7. 



FIGURE 10.62 Problem 8. 

10.6 BODE PLOT 

The Bode plot technique is widely used to display a frequency response function. It also gives useful 
information for analyzing and designing control systems. Stability criteria can be interpreted using 
the Bode plot and numerous control design techniques are based on the Bode plot. In Section 8.3, 
we introduced the concept of the Bode plot and presented the Bode plot of the frequency response 
function for two fundamental systems: first-order and second-order. In this section, we first show 
how to use the Bode plot to display the frequency response function for a general dynamic system. 
Subsequently, we will learn how the Bode plot is utilized to determine stability. Finally, we will see 
how the Bode plot technique is used to design a proportional feedback controller. 

10.6.1 Bode Plot of a Basic Feedback System 

Consider the basic feedback control system shown in Figure 10.63. The open-loop transfer function 
is KG(s), which can be written in the form 


xow = x (i - z ' X8 - 2i) - (j - z - ) , 

(s-p l Xs-p 2 y-(s-p n ) 


(10.51) 
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m 



FIGURE 10.63 Simplified feedback control system. 


explicitly showing the poles and zeros. Replacing s with jco yields the frequency response function 


^TG(jco) = K 


(jto — z 1 )(jco — z 2 )-• -O'CD — z m ) 
(jco - pOCj® - p 2 y ■ • 0'CO - pj 


(10.52) 


The frequency response function can be displayed using two curves: the Bode magnitude plot 
and the Bode phase plot. By definition, the magnitude of A'G^co) in decibels is 

|^G(jco)| dB = 201og 10 A'G(jco) 

= 20 log 10 1 A"| + 20 log 10 1 jco - Zi | + 20 log 10 1 jco - z 2 1 + * * • (10.53) 

- 20 log 10 1 jco - p l | - 20 log 10 1 jco - p 2 - 

and the phase of ATG(jco) is 


z[ZG(j(o)] =ZK+ z(jco - Zi) + Z(j(D - Zj) +-z(jco -p x ) - z(jco -p 2 )-. (10.54) 

Equations 10.53 and 10.54 show that the magnitude (in decibels) and phase of the frequency response 
function each is the sum of the magnitudes and phases of simple terms, which are similar to each 
other. If we know how to draw the Bode plot for each individual term, then the composite curve can 
be obtained by combining all the terms involved. 

Depending on the locations of poles or zeros, there are four classes of basic terms: 

1. Constant terms K (no pole or zero) 

2. Integral or derivative terms (jco) ±n (with pole(s) or zero(s) at the origin) 

3. First-order terms (jcox + l)* 1 (with a real pole or zero at -1/t) 

4. Second-order terms [(jco/co n ) 2 + 2£jco/co n + l]* 1 (with a pair of complex conjugate poles or 
zeros at -£co n + jco n ^l-^ 2 ) 

Figure 10.64 is an example of a plot with a constant term K = 10. Because K is independent of 
the frequency, both magnitude and phase in the entire frequency region are horizontal lines. The 
magnitude in decibels is 


\K\ 


\k\ 


(10.55) 


and the phase is 


AK= 0°. 


( 10 . 56 ) 
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Frequency (rad/s) 


FIGURE 10.64 Bode plot for K = 10. 


For integral or derivative terms, the magnitude of (ja)) ±M in decibels is 

|(jc°) ± id B = 201°g 10 (jco) ±n =±nx 201og 10 |jto| = +20«log 10 co. (10.57) 

Note that the magnitude plot is drawn using the logarithmic scale for the frequency, that is, log 10 co. 
Thus, the magnitude plot of an integral or derivative term is a straight line with a slope ±20« dB/decade, 
which means that the magnitude will change by ±20n dB as the frequency increases by a factor 
of 10. Geometrically, a straight line is uniquely determined by its slope and one point that it goes 
through. By Equation 10.57, this line always crosses (1 rad/s, 0 dB) regardless of the value of n. 
Figure 10.65 shows Bode plots for an integral term 1/jco and a derivative term jco. Their magnitude 



Frequency (rad/s) 


FIGURE 10.65 Bode plot for 1/jco and jco. 
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plots intersect at (1 rad/s, 0 dB) and the slope is -20 dB/decade for 1/jco and +20 dB/decade for jco. 
The phase of (jco)*" is 


z(jco) ±n = ±«z(jco) = ±nx 90°, (10.58) 

which is independent of frequency. As shown in Figure 10.65, the phase is a horizontal line and it 
is -90° for 1/jco and +90° for jco. 

The Bode plots of the frequency response function for a first-order and a second-order system 
are shown in Figures 8.23 and 8.25. In this section, we discuss the plotting of asymptotes for more 
general cases as indicated in the third and fourth classes. 

For the first-order terms (jcox + l)- 1 , Figure 10.66 shows the magnitude plots with the asymptotes. 
Let us take jcox + 1 as an example. At low frequencies, cox <3C 1, we have jcox +1 = 1. Thus, the mag¬ 
nitude approaches a horizontal line crossing 0 dB. At high frequencies, cox » 1, we have jcox + 1 « 
jcox, for which the magnitude is 

20 log 10 |jcox| = 20 log 10 (cox) = 20 log 10 co + 20 log 10 x = 20 log 10 CD. (10.59) 

Note that x is a finite number for a given frequency response function, and its effect on the magni¬ 
tude can be ignored at very high frequencies. Thus, the magnitude approaches a straight line with a 
slope of 20 dB/decade. When cox = 1 (or co = 1/x), the magnitude is 

201og 10 1 j*l| = 201og 10 \f2 — 3 dB. (10.60) 

The corresponding frequency 1/x is the corner frequency, in which the slope of the asymp¬ 
tote changes from 0 to 20 dB/decade. The magnitude plot in the entire frequency region can be 
obtained by drawing a smooth curve following the asymptotes with 3 dB above the line at the corner 
frequency. 


Slope / 

20 dB/decade / 
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FIGURE 10.66 Magnitude plots for (a) (jcox + 1) +1 and (b) (jcox + 1) _1 . 
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Figure 10.67 shows the asymptotes of the phase plots for the terms (jcox + I)* 1 . Again, let us take 
jcox + 1 as an example. The phase can be approximated as zl = 0° at low frequencies and Z(jcox) = 
90° at high frequencies. The phase at the corner frequency 1 /t is z(j + 1) = 45°. 

The Bode plot of the second-order terms [(j(o/(o n ) 2 + 2ijoo/co n + l]* 1 can be drawn in a similar 
manner as the first-order terms. The asymptotes for magnitude and phase plots are shown in Figures 
10.68 and 10.69, respectively. Unlike the first-order terms, the corner frequency is to = co n , at which the 
magnitude changes slope from 0 to +40 dB/decade if the term is in the numerator or to -40 dB/decade 
if the term is in the denominator. Correspondingly, the phase changes from 0° to +180° or -180°. 


(b) 

r 

Asymptotes 

i / 
i / 


1 / 

1 -40 

\ 

\ 

/ -60 

/ 1 

\ 

J ^ -80 

_ / | 

i-%1 
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Frequency (rad/s) 


FIGURE 10.67 Phase plots for (a) (jcox + 1) +1 and (b) (jcox + l) -1 . 




FIGURE 10.68 Magnitude plot for a second-order term in the (a) numerator and (b) denominator. 
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The magnitude at the corner frequency co n greatly depends on the damping ratio As shown in 
Equation 8.35, a rough sketch can be made by noting whether the peak is either 1/(2Q below or 
above the asymptotes. 

For a general dynamic system, the frequency response function can always he written as the 
product of several basic terms. Equations 10.53 and 10.54 suggest that the composite magnitude 
curve and the phase curve are the sum of their respective individual curves. The following example 
shows how to obtain a quick sketch of the composite curve using the asymptotes of the basic terms. 


Example 10.16: Bode Plot Sketching 

Plot the Bode magnitude and phase for the 

KC(s) = 


system with the transfer function 

^ s + 2 
s(s 2 +8s + 400) ' 


where K = 1. 


Solution 

Step 1: Convert the transfer function to the frequency response function 

kC(jco) =_J2±*_= 0.005((j<n/2)+1) 

jco[(jco) 2 + 8jco + 400] jco[(joo/20) 2 + 2(0.2)(jco/20)+1] 

Note that first-order and second-order terms are expressed in their corresponding basic forms, 
jwT + 1 and (jo)/a> n ) 2 + 2ijB>/a> n + 1. 

Step 2: Identify the basic terms and the corner frequencies associated with first-order and 
second-order terms. 
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The basic terms in this example are listed as follows: 

1. One constant term 0.005 

2. One integral term 1/jw 

3. One first-order term jco/2 + 1 in the numerator with 1/x = 2 rad/s 

4. One second-order term in the denominator with a> n = 20 rad/s and £ = 0.2 

Step 3: Draw the asymptotes for the magnitude curve. 

We start with indicating the corner frequencies on the frequency axis. Then, the asymptote 
for the derivative term is drawn through the point (1 rad/s, 0 dB) with a slope of -20 dB/decade. 
The asymptote is extended until the first corner frequency 2 rad/s is met, which is associated with 
the first-order term in the numerator. At the first corner frequency, the slope increases by 20 dB/ 
decade and changes to 0 dB/decade. We then continue extending the asymptote until the second 
corner frequency 20 rad/s is met, which is associated with the second-order term in the denomi¬ 
nator. At the second corner frequency, the slope decreases by -40 dB/decade and changes from 
0 dB/decade to -40 dB/decade. Finally, we consider the effect of the constant term 0.005 by 
sliding the asymptotes downward by 46 dB (i.e., 20log 10 0.005 = -46 dB). This completes the 
composite magnitude asymptotes. 



FIGURE 10.70 Bode plot for the system in Example 10.16: (a) magnitude plot with asymptotes and (b) phase 
plot with asymptotes. 
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The approximate Bode magnitude plot can be obtained by drawing a smooth curve following 
the asymptotes. The magnitude is 3 dB above the asymptote at the first-order numerator corner 
frequency. A resonant peak is sketched at the second-order denominator corner frequency. Note 
that the associated damping ratio £ is 0.2. Thus, the magnitude above the asymptote is approxi¬ 
mately 1/0.4 = 2.5 or 7.9588 dB. The accurate value of the peak above the asymptote is 1/(20 
l°gi 0 (2C)) = 8 dB. Figure 10.70a shows the magnitude plot and the asymptotes. 

Step 4: Draw the asymptotes for the phase curve. 

Following the same procedure as in Step 3, we can sketch the asymptotes for the composite 
phase plot. We start with sketching the asymptote for the derivative term with a horizontal line at 
-90°. The phase changes by 90° at the first-order numerator corner frequency 2 rad/s, and -180° 
at the second-order denominator corner frequency 20 rad/s. Because the phase of a constant is 
0° for any frequency, the constant is not considered when sketching the phase plot. Figure 10.70b 
shows the phase plot and the asymptotes. 

In summary, the asymptote for a composite magnitude or phase curve is plotted by starting with the 
(joo) ±M term, and changing the slope or the phase at each corner frequency depending on whether the 
corner frequency is associated with a first-order or second-order term in the numerator or denominator. 
For first-order terms, the changes of slope and phase are +20 dB/decade and +90°, respectively, when 
in the numerator, and -20 dB/decade and -90°, respectively, when in the denominator. For second- 
order terms, the changes of slope and phase are +40 dB/decade and +180°, respectively, when in the 
numerator, and -40 dB/decade and -180°, respectively, when in the denominator. The asymptote for 
the magnitude is completed by shifting it up or down depending on the value of the constant term. 


10.6.2 Analysis Using Bode Plot 

As with the root locus technique, a Bode plot can be used to determine the stability of a closed-loop 
system without solving for the poles. Consider the proportional feedback control system shown in 
Figure 10.63. Often, the Bode plot for K = 1 is first drawn. Two margins can be read from the mag¬ 
nitude and phase plots. As shown in Figure 10.71, the gain margin (GM) is the amount of the gain 
that can be added before the magnitude curve reaches 0 dB at the frequency where the phase plot 
crosses -180°. The phase margin (PM) is the amount of the phase that can be subtracted before the 
phase curve reaches -180° at the frequency where the magnitude plot crosses 0 dB. 



Frequency (rad/s) 


FIGURE 10.71 GM and PM. 
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The stability criteria are given by 

stable 

marginally stable (10.61) 

unstable 


GM> OdB 
GM=0dB 
GMcOdB 


or 


PM > 0° stable 

PM = 0° marginally stable 

PM < 0° unstable 


(10.62) 


Example 10.17: Stability Analysis Using a Bode Plot 

Consider the feedback control system in Figure 10.63, where 


KC(s) = K 


100 

s(s + 5)(s + 20) ' 


and K is assumed to be 1. Plot the Bode magnitude and phase curves using MATLAB. Give com¬ 
ments on the stability of the closed-loop system. 


Solution 

4V Note that the Bode plot is drawn based on the loop gain 


L(s) = K 


100 

s(s + 5)(s + 20) ' 


The MATLAB command used to sketch the Bode plot is bode. Assuming K = 1, the following 
is the MATLAB session: 

» num = [100] ; 

>> den = conv (conv ( [1 0] , [1 5] ) , [1 20] ) ; 

>> sysL = tf (num, den) 

>> bode(sysL),- 

As observed in Figure 10.72, the phase curve crosses -180° at frequency 10 rad/s, and the cor¬ 
responding magnitude is approximately -28 dB. This implies that a gain of 28 dB can be added 
before the magnitude plot reaches 0 dB at that frequency. Thus, the GM is 28 dB. The magnitude 
curve crosses 0 dB at frequency 1 rad/s, and the corresponding phase is -104°. This implies 
that a phase of 76° can be subtracted before the phase plot reaches -180°. Thus, the PM is 76°. 
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FIGURE 10.72 Bode plot for the system in Example 10.17. 

According to Equations 10.61 and 10.62, the closed-loop system with the proportional controller 
K = 1 is stable. 

More information on stability can be extracted from the GM. Specifically, the GM when K = 1 
gives the stability range of K for which the proportional feedback control system is stable. In our 
case, GM = 28 dB or 25, and this indicates that the closed-loop system is stable for 0 < K < 25. 
We can also use the MATLAB command margin as follows: 

>> [gm,pm,wcg,wcp] = margin(sysL) 

which returns GM, PM, and the associated frequencies as defined in Figure 10.72. In our case, the 
GM returned by the command margin is 25. Note that the stability range of K can be determined 
in this way only for systems that change from being stable to unstable as K increases. 

10.6.3 Control Design Using Bode Plot 

Unlike the root locus technique, which uses time-domain performance specifications, the Bode plot 
technique deals with control design in the frequency domain. The requirements are defined in terms 
of GM, PM, bandwidth, resonant peak, and so on. If a time-domain specification is given, it will 
usually be converted to one in the frequency domain. 


Example 10.18: Proportional Control Design Using a Bode Plot 

Design a proportional controller for the cart system in Example 10.12 using the Bode plot technique. 


Solution 

4(V The Bode plot for the open-loop transfer function KG(s), where 
3.778 


G(s) = 


+ 16.883s 


and K = 1 


is shown in Figure 10.73. 
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FIGURE 10.73 Bode plot for the system in Example 10.18 with K=\. 


Note that the requirements are given as overshoot M p < 10% and rise time t r < 0.15 s. These 
conditions correspond to £ > 0.59 and w n > 12.33 rad/s. It can be shown that the relationship 
between the damping ratio and PM is 


PM«100£, (10.63) 

which, for the current example, yields the requirement PM > 59°. In addition, the closed-loop 
natural frequency a> n is related to the closed-loop bandwidth, which is somewhat greater than the 
frequency when the Bode magnitude plot of KG(s) crosses -3 dB. Denote this crossover frequency 
as o), , and we have 


co c < w BW < 2co c . (10.64) 

The higher the crossover frequency, the higher the bandwidth and the natural frequency. 

As shown in Figure 10.73, PM = 89.2°, which meets the requirement. However, the crossover 
frequency co c is only approximately 0.3 rad/s, which is too small. We must adjust the value of the 
proportional control gain K to meet both requirements. Because the current PM is way above the 
requirement, let us decrease it and pick PM = 60°. Based on the definition of PM, this implies 
that the frequency at which the magnitude plot crosses 0 dB should be -120°. It is observed from 
Figure 10.73 that the frequency corresponding to -120° is 9.7 rad/s, at which the magnitude is 
-34 dB. To make the magnitude 0 dB, the magnitude plot should slide upward by 34 dB. This is 
the effect of multiplying a constant term of 


10 34/2 ° = 50, 


which is the value of the proportional control gain K. 

Let us set K to be 50, which is also what was found in Example 10.15 using the root locus design 
method. The Bode plot of the open-loop transfer function KG(s) with the new value of K is shown 
in Figure 10.74. The PM is 60.1° and the crossover frequency w c is 12.6 rad/s. The Bode plot with 
K = 1 is also shown in Figure 10.74. Comparing the two magnitude plots, we find the magnitude 
plot corresponding to K = 50 to be 34 dB above the one corresponding to K = 1, as designed. 
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Frequency (rad/s) 

FIGURE 10.74 Bode plots for the system in Example 10.18 with K = 50 and K = 1. 


PROBLEM SET 10.6 

1. Sketch the asymptotes of the Bode plot magnitude and phase for the following open-loop 
transfer functions. Make sure to give the corner frequencies, slopes of the magnitude plot, 
and phase angles. Verify the results using MATLAB. 

a. G(s) = - +l ° 


y + 100 


h. G(s) = 


y + 10 


(y+100)0 + 5000) 


G(s) = 


s + 10 


d. G(s) = - 


s(s +100)0 + 5000) 

Q + 10) 2 

s(s + 100)0 + 5000) 

2. Repeat Problem 1 for the following open-loop transfer functions. 

a. G(s) = 


h. G(s) = 


G(s) = 


s 2 + 4i + 100 
■s + 0.5 
s 2 + s + 25 
s 2 + 0.1s + 25 
y 2 + 0.24y+ 144 
100(y 2 + 7y+ 49) 


d. G(y) = - 

(s + l)(y + 500) 

3. 4V For each of the following open-loop transfer functions, construct a Bode plot for K = 
1 using the MATLAB command bode. Estimate the GM, PM, and their associated cross¬ 
over frequencies from the plot. Verify the results using the MATLAB command margin. 
Determine the stability of the corresponding closed-loop system. 


y(y 2 + 2s + 25) 


a. KG(s) = 
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b. KG(s) = 


(5 + 4)(5 z + 2 1 y + 2) 
i + 0.5 


c. KG(s) = K 

s(s + 2) 

d. KG(s ) = K - 1 - T 

0 + 10)(.s + l) 2 

4. Reconsider Problem 3. Each plant G(s) is controlled by a proportional controller K via 
unity negative feedback. Determine the stability range of K by sliding the magnitude plot 
up or down until instability occurs. Verify the results by sketching a root locus. 

5. Figure 10.75 shows the Bode plot for an open-loop transfer function KG(s) with K = 500. 

a. Determine the stability of the closed-loop system. 

b. Determine the value of K that would yield a PM of 45°. 



FIGURE 10.75 Problem 5. 



-150 


10- 1 10° 10 1 102 



FIGURE 10.76 Problem 6. 

































Introduction to Feedback Control Systems 


511 



40(s + 20) 
s(s + 3 )(s + 10) 


n S ) 


FIGURE 10.77 Problem 7. 

6. The Bode plot for an open-loop transfer function KG(s ) is shown in Figure 10.76. 

a. Determine the stability of the closed-loop system. 

b. Assume that the proportional control gain K is increased by a factor of 100. Will the 
closed-loop system still be stable with the new value of K1 

7. Consider the unity negative feedback system shown in Figure 10.77. 

a. Use MATLAB to obtain the Bode plot for KG(s) when K= 2. 

b. Determine the stability of the closed-loop system when K = 2 using the stability 
margins. 

c. Determine the value of K that would yield a PM of 30°. 

d. Verify the result obtained in Part (c) by using the MATLAB command margin. 

8. 4V Reconsider the feedback system in Figure 10.62. Using the Bode plot technique, find a 
value of K such that the maximum overshoot in the response to a unit-step reference input 
is less than 20% and the 2% settling time is less than 1.1 s. Plot the unit-step response of 
the closed-loop system to verify the result. 

10.7 FULL-STATE FEEDBACK 

Unlike the root locus and Bode plot techniques, the state-space method works directly with math¬ 
ematical models in state-space form instead of transfer function form. Often, use of the state-space 
method is referred to as modern control design, and use of transfer function-based methods, such as 
the root locus and Bode plot, is referred to as classical control design. Compared with the techniques 
based on transfer functions, the state-space method provides a convenient and compact way to 
model and analyze systems with multiple inputs and multiple outputs. This is one of the advantages 
of state-space design because most practical systems have more than one control input or more than 
one measured output. In this section, we only discuss single-input/single-output systems to show the 
basic ideas of state-space design. We first show how to analyze stability of a system whose model 
is given in state-space form. Two other important properties of control systems, known as control¬ 
lability and observability, are also briefly introduced. Then, we will learn how to design a full-state 
feedback controller using the pole placement method. 


10.7.1 Analysis of State-Space Equations 

Consider a linear dynamic system with single input, single output, and n states. The state-space 
representation is written in the form (see more details in Section 4.2) 


x = Ax + Bw, 
y-Cx + Du, 


(10.65) 


where u, y, and D are scalars. The stability characteristics of a dynamic system in state-space form 
can be determined by the eigenvalues of matrix A, which are the roots of 

[si —A| = 0 (10.66) 


known as the characteristic equation (see more details in Section 3.3). 
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Example 10.19: Stability Analysis in State Space 


a. Compute the poles of the system described by 


0 1 
_0 -16.883_ 


r»' 

|_3.778_ 


Y= [1 0]x. 


b. Verify the results by converting the state-space representation to a transfer function and 
then identifying the poles of the transfer function. 

Solution 

a. The characteristic equation is 



-1 

s+16.883 


: s 2 +16.883s = 0 


which yields the poles s-, = 0 and s 2 = -16.883. 
b. As presented in Section 4.4, state-space equations for a single-input/single-output system 
can be converted to a transfer function using 


C(s) = C(sl - A)- 1 B + D. 


Substituting the system matrices A, B, C, and D, which is 0 in this example, gives 



3.778 

s 2 +16.883s 


The characteristic equation is s 2 + 16.883s = 0, which yields the poles at 0 and -16.883. The 
results agree with the poles obtained in Part (a). 

Two other important properties for a control system are controllability and observability. Before 
we introduce their definitions, let us consider the following example. 

Example 10.20: Controllability and Observability 

Consider a dynamic system described by C(s) = 2/(s + 4), which can be converted to state-space 
form as 


x, = -4x, + 2 u, 


y = x,. 
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a. A new state is added and the resulting state-space equation is 

x, = -4x, + 2 u, 

y = x, + 3 x 2 . 

Determine the transfer function for this new model. 

b. Determine the transfer function for another model with state-space form 

x, = -4x, + 2 u, 

re¬ 


solution 

a. The system matrices A, B, C, and D are 


A =[^ B= [ol c - n 3, ' D=0 - 


The transfer function is 


CfeM’ 3] [ s + 4 s °J g] + 0» 
b. Similarly, we have 

A = ^ °J B = C = [1 0], D = 0 


s + 1 0 2 

. 0 s + 4j LoJ = 2 
(s + 1)(s + 4) s + 4 


cw - | 10 i [ S o 4 s °j'[?] +0 - 


(s + IKs + 4) s + 4 


Note that the dynamic models in Parts (a) and (b) are second-order systems, with state- 
space forms that differ from the original first-order system. However, they both end up with 
the same transfer function as the given first-order system due to pole-zero cancellation. As 
seen in Part (a), the second state cannot be affected by the input matrix B, 


C(s) = 


[5 + 1 3(5 + 4)] 

(s + Ufs + 4) 
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This implies that the second state is uncontrollable by the actuator defined by matrix B. Similarly, 
in Part (b), the second state cannot be observed by the output matrix C, 



This implies that the second state is unobservable by the sensor defined by matrix C. 

Now we introduce more rigorous definitions of controllability and observability. A system is 
controllable if there exists a control signal u{t ) that will take the state of the system from any initial 
state x 0 to any desired final state x f in a finite amount of time. A system is observable if for any 
initial state x 0 there is a finite time x such that x 0 can be determined from u(t) and y(f) for 0 < f <x. 

An nth-order single-input/single-output system is controllable if and only if the square matrix 
given by 


P = [B AB A 2 B A Kl B] 


(10.67) 


is nonsingular, where P is called the controllability matrix. Similarly, the system is observable if 
and only if the square matrix given by 


C 

CA 


Q= CA 2 


( 10 . 68 ) 


.CA'- 1 


is nonsingular, where Q is called the observability matrix. Because a nonsingular square matrix 
is of full rank, we can also check the rank of matrix P or Q to determine the controllability or 
observability. 

Example 10.21: Controllability and Observability 

Determine the controllability and observability for the second-order systems given in Example 

10.20. 

Solution 

For the system in Part (a), the controllability matrix P is 



which is singular. Thus, the system is uncontrollable. The observability matrix Q is 



which is nonsingular. Thus, the system is observable. 
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For the system in Part (b), the controllability matrix P is 


P = [B AB] = 



which is nonsingular. Thus, the system is controllable. The observability matrix Q is 



which is singular. Thus, the system is unobservable. 

Note that the two systems in Example 10.20 have the same transfer function representation but 
different controllability and observability properties. This implies that controllability and observ¬ 
ability are functions of the state of the system and cannot be determined from a transfer function. 

10.7.2 Control Design for Full-State Feedback 

Consider an nth-order dynamic system given by Equation 10.65. If all of the states are measurable, 
then they can be fed back and used for computing the control input 



-Kx = —[kj k 2 ••• k n ] 


u = 


(10.69) 


where K is the feedback gain matrix. The control law defined by Equation 10.69 is called full-state 
feedback. Figure 10.78 shows the block diagram of a closed-loop system with full-state feedback. 

Substituting Equation 10.69 into Equation 10.65 gives the state equation of the closed-loop sys¬ 
tem, that is. 


x = (A-BK)x. 


(10.70) 




FIGURE 10.78 Block diagram of a closed-loop system with full-state feedback. 
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Note that the closed-loop poles are the eigenvalues of the matrix A - BK, and the closed-loop char¬ 
acteristic equation is 


si —(A - BK) -0, (10.71) 

where the left-hand side is an nth-order polynomial in s containing the gains k t , k 2 , ..., k n . These 
gains, and hence the feedback gain matrix K can be determined using the pole placement method. 

As discussed in Section 10.2, the performance of a controlled system is associated with the 
closed-loop poles. If a feedback gain matrix K is determined based on desired pole locations, then 
the closed-loop system with the feedback control law u = -Kx will achieve the desired performance. 
This is the basic idea of pole placement. Assume that the desired locations of the closed-loop poles 
are s lt s 2 , ..., and s n . Note that poles of a system are the roots of the characteristic equation of the 
system. Thus, the desired characteristic equation is 

= (10.72) 

which is essentially the same as the closed-loop characteristic equation given by Equation 10.71, 

si -(A-BK) = (.v-.v, )(s -s 2 )...(s - .v„). (10.73) 

Equating the coefficients of like powers of s on both sides yields the values of the gains k t , k 2 , 
and k n . 


Example 10.22: Full-State Feedback Control Design 

Consider the DC motor-driven cart discussed in Example 10.12, in which a PD controller was 
designed to achieve the requirements: overshoot M p < 10% and rise time t r < 0.15 s. 

a. Find a full-state feedback controller such that the closed-loop system achieves the same 
requirements. 

b. ^ Use MATLAB to find the control gain matrix K. 


Solution 

a. The transfer function of the cart is given by 


U(s) s 2 +16.883s 


where the output y is the position of the cart and the input u is the voltage applied to the 
DC motor. Using the position and the velocity as the state variables, that is, x, = y and x 2 = 
y, we find the state-space model as 

*.[• 1 14 ° i* 

L0 -16.883 J |_3.778j 
y = [i o]x. 


For a second-order system, the gain matrix K is 1 x 2 and 


K = [k, k 2 \. 
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Applying Equation 10.71 yields the theoretical characteristic polynomial 


|sl-A + BK| 



0 1 
_0 -16.883 




-1 

s+16.883 +3.778k 2 


: s 2 + (16.883 + 3 .778k 2 )s + 3.778k,. 


The time-domain specifications, M p < 10% and t r < 0.15 s, indicate that £ > 0.59 and co„ > 
12.33 rad/s. Choose the same values of w n and £ as in Example 10.12, that is, w n »f |.5 rad /s 
and £ = 0.65. The desired closed-loop poles are then located at p, 2 = -£ra n ± jm n J 1-£ 2 = 
-8.775 ± 10.26j. Applying Equation 10.72 gives the desired characteristic polynomial 

(s - p,)(s - p 2 ) = s 2 + 2£co n s + CO 2 = s 2 +17.55s +182.25. 

Equating the two characteristic polynomials, we have 


16.883 + 3.778k 2 = 17.55, 
3.778k, =182.25, 


which gives K = [48.24 0.18], So the full-state feedback controller is 


u = -Kx = -48.24x, - 0.1 8x 2 . 


b. The following is the MATLAB session used to compute a full-state feedback control 
gain matrix K using pole placement design: 

» A = [0 1; 0 -16.883]; 

» B = [0; 3.778]; 

>> p = [-8.775 + 10.26j -8.775-10.26j] ; % desired poles 
>> K = place(A,B,p); 

The command place returns the gain matrix K, for which the full-state feedback u = -Kx 
places the closed-loop poles at the desired locations. 

It is interesting to see that the values of the gains k, and k 2 are the same as the values of the 
proportional and derivative gains k p and k D found in Example 10.12. This is because of the way we 
selected the states. In this example, u = -48.24y-0.18y, and in Example 10.12, u = 48.24(r-y) + 0.18 
d(r - y)/dt. If the reference signal r is zero, the two controllers will end up with the same expres¬ 
sion. This implies that the closed-loop system with full-state feedback is a regulation system. For 
tracking control, the control law u = -Kx needs to be modified (more details can be found in con¬ 
trol texts). Note that if a different set of state variables is selected, the corresponding gain matrix 
K will be different. The reader can solve Problem 5 in Problem Set 10.7 to verify this conclusion. 

The full-state feedback control method requires that all state variables are measured. However, 
this is usually not a practical assumption. To make a full-state feedback controller practically imple- 
mentable, an estimator or observer can be designed to compute an estimate of the state variables 
based on the measurements of the system. Then, the control law calculations are based on the esti¬ 
mated state rather than the actual state. 


518 


Modeling and Analysis of Dynamic Systems 


PROBLEM SET 10.7 

1. For the system shown in Figure 10.79, derive the state-space equations using the state vari¬ 
ables indicated. Make sure to give the A, B, C, and D matrices. Also determine the poles 
of the system. 

2. Repeat Problem 1 for the system shown in Figure 10.80. 

3. Determine the controllability and observability for each of the following systems: 


U1 

-5 

-3 0" 

U' 


" 2 " 



r 2 l = 

2 

0 0 

j X 2 

■ + 

0 

u, y = [0 1 6]< 

X 2 \ 

UJ 

.0 

1 o. 

[ X 3 


.0. 




M 

-i -l 

-2 



Y 


'jc,' 

h. |*2 r = 

4 0 

0 


4 * 

0 

u, y=[ 2 2 1], 

^2 


.0 0 

2. 


UJ 

.0. 


x 3 




"l 

0 

o" 

M 


V 


'jCjl 

c. I* 2 


0 

-2 

0 


p 

i 

u, y = [ 1 1 0] 

x 2 1 



.0 

7 


-6. 

IT 


_i_ 


X 3 J 

U' 


’l 

0 

o" 



V 

u 


d. j*2 


0 

1 

0 


x 2 [■ + 

0 

U, y = [l l 1] L 


1*3. 


.0 

4 

3. 


X 3 J 

_ 1 _ 

[•*3 



4. Consider the two-degree-of-freedom mass-spring system shown in Figure 10.81, in which 
two masses are to be controlled by two equal and opposite forces f. The equations of 
motion of the system are derived as 



FIGURE 10.79 Problem 1. 



FIGURE 10.80 Problem 2. 
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FIGURE 10.81 Problem 4. 


mx l + 2 kXi -kx 2 = f, 
mx 2 -kx l + 2kx 2 = -/. 

Show that the system is uncontrollable. Using the concept of mode discussed in Section 
9.4, associate a physical meaning with the controllable and uncontrollable modes. 

5. Reconsider Example 10.22. Using the approach in Section 4.4.1, find the controllable 
canonical form for the plant transfer function and then design a full-state feedback control¬ 
ler that places the closed-loop poles at the same locations as in the example. 

6. A regulation system has a plant with the transfer function 


G(s) = 


Y(s ) 
U(s) 


-2 

.y 3 + 2s 2 + 5s+ 10' 


a. Transform the plant transfer function into the state-space form with the state vector 

x = [y y yf. 

b. Determine the state-feedback gain matrix K such that the closed-loop poles are located 
at p 12 = -3 ± 3j and p 3 = -5. 

c. Verify the result in Part (b) by using the MATLAB command place. 

7. Consider the system 



0 ] 


a. Design a state-feedback controller so that the closed-loop poles have a damping ratio 
£ = 0.8 and a natural frequency co n = 5 rad/s. 

b. Verify the result in Part (a) by using the MATLAB command place. 

8. Consider the system 


G(s) = 


k(s) 

U(s) 


1 _ 

(s + 2)(s + 3)(s + 4)' 


a. Design a state-feedback controller so that the closed-loop response has an overshoot of 
less than 5% and a rise time under 0.5 s. Set one of the closed-loop poles at -10. 

b. Verify the result in Part (a) by using the MATLAB command place. 
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10.8 INTEGRATION OF SIMULINK AND SIMSCAPE INTO CONTROL DESIGN 

In this chapter, we introduced root locus. Bode plot, and state-space techniques, all of which are 
model-based control design methods. The main steps in a model-based control design method are 
plant modeling, controller analysis and synthesis, computer simulation, and real-time implemen¬ 
tation. To control a dynamic system, a mathematical model is first derived by applying physical 
laws (such as Newton’s second law, Kirchhoff’s law, conservation of mass, etc.) or identified using 
experimental data. Then, closed-loop stability and performance requirements are determined by 
analyzing the dynamics of the plant, and a controller is designed based on the mathematical model 
of the plant to meet all requirements. Before implementing the controller on a real dynamic sys¬ 
tem, computer simulation is usually conducted to verify the closed-loop stability and performance 
requirements. Examples given in this section illustrate how to integrate Simulink and Simscape into 
control design to investigate the closed-loop system characteristics. 

10.8.1 Control System Simulation Using Simulink 

Simulink is a graphical tool that allows us to simulate a feedback control system. A Simulink model 
representing the block diagram in Figure 10.1 can be constructed, in which the plant could be a 
simple linear time-invariant or even a nonlinear model. Compared with the Simulink examples of 
system modeling discussed in Chapters 5 through 7, there is another important and necessary com¬ 
ponent in control system simulation, which is the controller. Several examples in Sections 10.3 and 
10.4 have shown us how to build a Simulink block diagram of a control system, in which the plant 
is represented by a transfer function. In this section, we will consider simulation of a state feedback 
control system, in which the plant is represented in state-space form. 

Example 10.23: Full-State Feedback Control of a DC Motor-Driven Cart 

Consider the full-state feedback control system discussed in Example 10.22, in which the state- 

space representation of the plant is 



y = [i o]x, 


and the mathematical model of the controller is 


u = -Kx 


with K = [48.24 0.18], Build a Simulink block diagram of the feedback control system and find the 
closed-loop response if the cart is initially 1 m away from the equilibrium position. 


Solution 


There are two ways to construct a Simulink block diagram of a full-state feedback control system. 
If we treat the state-space model as its scalar counterpart, 


x = ax + bu, 
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FIGURE 10.82 Simulink block diagram of a full-state feedback control system. 



x' = Ax + Bu 

x 


□ 

* 

y = Cx + Du 




State-space 

c 


u 









-K 

FIGURE 10.83 Alternative Simulink block diagram of a full-state feedback control system. 


then we can build a block diagram as shown in Figure 10.82, in which the state-space model is 
represented by using one Integrator block and three Gain blocks (A, B, and C). Note that all 
the gains, including the control gain K, are in matrix form. This should be specified explicitly in 
Simulink. Double-click on each Gain block, define the corresponding matrix, and choose Matrix 
(K*u) for the Multiplication parameter. Recall that we have chosen x, = y and x 2 = y. Thus, the 
physical position variable is the same as the first state variable. To specify the nonzero initial posi¬ 
tion, double-click on the Integrator block and type [1; 0] for the Initial conditions 
parameter. 

Figure 10.83 presents an alternative Simulink block diagram, in which the state-space model 
is built using the State-Space block instead of the Integrator block. Note that all state- 
variables must be available for a full-state feedback control system because the control signal is 
u = -Kx. To simulate this, double-click on the State-Space block and define C as an identity 
matrix and D as a zero matrix with compatible dimensions (eye(2) for C and zeros (2,1) for D in 
this example). The parameter of Initial conditions has the same value as defined in Figure 
10.82. To obtain the output y, a Gain block is included to define the real matrix C. It should be 
pointed out that the value of the Gain block corresponding to the full-state feedback controller 
is -K, not K. 

Running both simulations yields the same curve as shown in Figure 10.84, which is the result¬ 
ing displacement response y(t) due to the nonzero initial condition of 1 m. It is interesting to note 
that the curve in Figure 10.84 is a mirror image of the unit-step response curve in Figure 10.35 
about the x-axis. The reason is left to the reader to find out. 


10.8.2 Integration of Simscape into Control System Simulation 

Instead of Simulink blocks, such as Transfer Fen, State-Space, etc., Simscape models can 
also be integrated into control system simulation to model the open-loop plant dynamics and test 
closed-loop system performance. 
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FIGURE 10.84 Closed-loop response of the cart system with full-state feedback control. 


Example 10.24: Control of a Single-Degree-of-Freedom Mass-Spring-Damper System 

Consider a single-degree-of-freedom mass-spring-damper system as shown in Figure 5.29, where 
m = 2 kg, b = 2 N-s/m, and k= 50 N/m. A PD controller, f = -k p x-k D x, is designed to adjust the 
input force f so that the mass block can be maintained in the equilibrium position regardless of 
disturbance forces applied to the block. The performance requirements of the closed-loop system 
are overshoot M p < 5% and rise time t r < 0.25 s. 

a. Design a PD controller to meet the performance requirements. 

b. 4V Build a block diagram of the feedback control system, in which the plant is constructed 
using Simscape blocks and the controller is constructed using Simulink blocks. Find the 
closed-loop response if the mass block is initially 0.1 m away from the equilibrium position. 


Solution 

a. The dynamics of the plant is described by 


mx + bx + kx = f 


where the control force is 


f = -kpX 




Combining the two equations gives the dynamics of the closed-loop system, 


ix+(b+ k D )x + {k+k p )x= 0, 
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which is a second-order system. Thus, the coefficients in the above differential equation 
can be related to the natural frequency and damping ratio of the closed-loop system via 


= 2 £ra n , 


+ /C P = m 


The requirement for overshoot indicates 

£ > 0.69. 

Pick % = 0.75 and substitute into the requirement for rise time to obtain 
G> n > 9.26 rad/s. 

Pick co n = 10 rad/s. Simultaneous solution of the two relations given above yields k p = 150 
and k D = 28. 

b. Figure 10.85 is the block diagram of the resulting feedback control system built using 
Simulink and Simscape. The plant is constructed based on the physical mass-spring- 
damper system and the details on Simscape modeling can be found in Example 5.4. The 
controller is constructed using Simulink blocks and its structure is similar to the PD control 
discussed in Section 10.4 with the reference signal r set as 0. To specify a nonzero initial 


Mechanical 



FIGURE 10.85 Simscape block diagram of the feedback control system in Example 10.24. 
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FIGURE 10.86 Closed-loop response of the mass-damper-spring system with PD control. 

position, double-click on the Translational Spring block, type 0.1 for the Initial 
deformation, and choose the unit as m. This implies that the spring is initially elongated 
by 0.1 m. Also, double-click on the Ideal Translational Motion Sensor block, 
type 0.1 for the Initial position, and choose the unit as m. The corresponding displacement 
response of the system is shown in Figure 10.86. 

PROBLEM SET 10.8 

1. 4V Consider the control system shown in Figure 10.40 (Problem Set 10.4, Problem 3). Using 
the results obtained in Part (a) of the cited problem, build a Simulink block diagram to simu¬ 
late the feedback control system and find the unit-step response of the closed-loop system. 

2. Repeat Problem 1 for the control system shown in Figure 10.41 (Problem Set 10.4, 
Problem 4). 

3. Repeat Problem 1 for the control system shown in Figure 10.42 (Problem Set 10.4, 
Problem 5). 

4. 4V Repeat Problem 1 for the control system shown in Figure 10.43 (Problem Set 10.4, 
Problem 6). 

5. 4\ Consider the control system shown in Figure 10.61 (Problem Set 10.5, Problem 7). 
Using the results obtained in Part (b) of the cited problem, build a Simulink block diagram 
to simulate the feedback control system and find the unit-step response of the closed-loop 
system. 

6. Repeat Problem 5 for the control system shown in Figure 10.62 (Problem Set 10.5, 
Problem 8). 

7. 4V Consider Problem 6 in Problem Set 10.7. Using the state-space model obtained in Part 
(a) and the full-state feedback controller obtained in Part (b), build a Simulink block dia¬ 
gram to simulate the resulting feedback control system. Find the closed-loop response if 
the initial conditions are y(0) = 0.1, y(0) = 0, and y(0) = 0. 

8. Consider Problem 7 in Problem Set 10.7. Using the full-state feedback controller obtained 
in Part (b), build a Simulink block diagram to simulate the resulting feedback control system. 
Find the closed-loop response if the initial conditions are x,(0) = 0.1 and x 2 (0) = 0. 

9. Consider the rotational mass-spring-damper system in Example 5.20. A PD controller, 
T = —k p 9 — k D 0, is designed to adjust the input torque t so that the rotational disk can 
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quickly return to the equilibrium position regardless of disturbances applied to the system. 
The performance requirements of the closed-loop system are overshoot M p < 5% and rise 
time t r < 0.004 s. 

a. Design a PD controller to meet the performance requirements. 

h. 4\ Build a block diagram of the feedback control system, in which the plant is con¬ 
structed using Simscape blocks and the controller is constructed using Simulink 
blocks. Find the closed-loop response if the disk is initially 0.1 rad away from the 
equilibrium position. 

10. <4 Consider the mass-spring-damper system shown in Figure 5.118 (Problem Set 5.6, 
Problem 3). Assume that/is a control force to maintain the system at equilibrium regard¬ 
less of disturbances applied to the system. 

a. Design a full-state feedback controller such that the closed-loop poles are located at 
-10 ± lOj, -15, and -16. Assume the state vector is x = [x, x 2 x t x 2 ] T . 

b. Build a Simulink block diagram of the feedback control system. Find the closed-loop 
response if mass 1 is initially 0.1 m from the equilibrium position. 

10.9 SUMMARY 

This chapter presented an introduction to feedback control systems. The essential components of 
a feedback control include a system we want to control, a controller we need to design, an actuator 
used to drive the controlled system, and a sensor used to measure the system output. Generally, 
the controlled system and the actuator are intimately connected, and they can be combined as one 
component called the plant. Unlike open-loop control, the output signal of the plant in a feedback 
control system is measured and fed back for use in computing the control signal. In contrast to open- 
loop control, feedback can be used to stabilize unstable systems, reduce steady-state errors to dis¬ 
turbances, improve reference tracking performance, and reduce sensitivity to parameter variations. 

Stability and performance are two important considerations in control. A linear time-invariant 
system is said to be stable if and only if all its poles have negative real parts and is unstable other¬ 
wise. In terms of the pole locations in the s-plane, the imaginary axis is the stability boundary 
between the stable left-half s-plane and the unstable right-half 5-plane. Solving for the poles of 
a high-order linear system by hand is not an easy task. Routh’s stability criterion is a method of 
obtaining information about pole locations without solving for the poles. A system is stable if and 
only if all the elements in the first column of the Routh array are positive. 

The locations of poles in the 5-plane are also associated with performance measures, which 
are rise time t r , overshoot M p , peak time t p , and settling time f s in the time domain, and band¬ 
width ci) BW and resonant peak M r in the frequency domain. For a second-order system with poles 
at —£co n ± jco n Jl -^ 2 , the correspondences between the system parameters and the time-domain 
specifications are given by 


1.12-0.078C + 2.230C 8 



n 



Co» n 
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where A is a small value, such as 1%, 2%, and 5%. The resonant peak M r is similar to the overshoot 
M p , both of which are related to the damping ratio whereas the bandwidth co BW is similar to the 
rise time f r , both of which are related to the natural frequency co n . 

The PID controller is a generic feedback control structure widely used in industries and is 
described by the transfer function 


In general, a larger proportional gain k p results in a faster response and a smaller steady-state error. 
However, an excessively large proportional gain k p leads to lightly damped oscillations and even 
instability. A larger integral gain reduces steady-state errors more quickly, but reduces damping 
leading to a larger overshoot. A larger derivative control decreases the overshoot, hut slows down 
the speed of response. The PID gains can be tuned using the reaction curve method or the ultimate 
sensitivity method developed by Ziegler and Nichols. 

Three different methods were introduced in this chapter for stability analysis and proportional 
feedback control design: root locus, Bode plot, and state-space methods. The root locus and Bode 
plot work with graphs obtained from open-loop transfer functions, whereas the state-space method 
works directly with mathematical models in state-space form. 

For a negative feedback system with KL(s) as the open-loop transfer function, a root locus is a 
graph of the closed-loop poles or the roots of the closed-loop characteristic equation 

1 + KL(s) = 0, 

with respect to the control gain K. The rules for sketching a root locus are presented in Section 10.5. 
Using the root locus technique, it is very easy to determine the stability of a closed-loop system 
when the proportional gain K varies from 0 to °°. For a particular value of K, the closed-loop system 
is stable if and only if all of the poles are in the left-half s-plane. 

The Bode plot is a graph of the frequency response function, using a linear scale for magnitude 
(in decibels) and phase (in degrees) and a logarithmic scale for frequency (in rad/s). For a frequency 
response function in the form of 


KG(j(0) = K 


(jt« ~ ZiXjto - Z2)—(jttt - zj 
(j®-A)(j®-ft)-"(j“-PJ ’ 


the Bode plot can be easily drawn by hand using the rules described in Section 10.6. The stability 
of the corresponding closed-loop system can be determined by the GM and PM, both of which can 
be found directly by inspecting the open-loop Bode plot. 

A dynamic system described in state-space form is stable if all eigenvalues of the state matrix 
have negative real parts. If all the states are measurable, a full-state feedback controller given by 

u = -Kx 


can he designed to improve stability and performance. The feedback gain matrix K can be deter¬ 
mined using the pole placement method. Closed-loop poles are selected depending on the desired 
transient response. Equating the theoretical and desired closed-loop characteristic polynomials 


|5l-(A-BK)| = (5-^)(s-^)...(i-5 n ) 


yields the values of the elements k u k 2 , ..., and k n of the gain matrix K. 
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REVIEW PROBLEMS 

1. Consider the feedback control system shown in Figure 10.87. Determine the range of K for 

closed-loop stability. 

2. Consider the feedback control system shown in Figure 10.88. 

a. Design a PD controller such that the closed-loop poles are at p l2 = —1± \/3 j. 

b. Estimate the rise time, overshoot, peak time, and 1% settling time for the unit-step 
response of the closed-loop system. 

c. Use MATLAB to plot the unit-step response of the closed-loop system. Verify the 
estimates obtained in Part (b). 

3. Consider the feedback control system shown in Figure 10.89. 

a. Assuming C(s) = k p , determine the value of the proportional gain that makes the 
closed-loop system marginally stable. Find the frequency of the sustained oscillation. 

b. Using the gain and the frequency obtained in Part (a), apply the ultimate sensitivity 
method of Ziegler-Nichols tuning rules to design a PID controller. 

c. Plot the unit-step response of the resulting closed-loop system. Find the values of 
the rise time t n overshoot M p , peak time f p , and 1% settling time t s . 

4. 4\ Consider the feedback control system shown in Figure 10.90. 

a. Determine the value of the gain K such that the undamped natural frequency co n and 
the damping ratio ^ of the dominant closed-loop poles are roughly 2 rad/s and 0.5, 
respectively. 

b. Determine the values of all closed-loop poles. 

c. Plot the unit-step response of the resulting closed-loop system. Find the values of the 
rise time t n overshoot M p , peak time f p , and 1% settling time f s . 

5. Consider a unity negative feedback system with the open-loop transfer function 


KG(s ) = 


K 

■y(s + 2)(s + 4) 


FIGURE 10.87 



FIGURE 10.88 Problem 2. 



FIGURE 10.89 Problem 3. 
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FIGURE 10.90 Problem 4. 


a. Use MATLAB to draw the Bode plots for K= 1. Determine the range of K for which 
the closed-loop system will be stable. 

b. Determine the range of K for closed-loop stability by sketching the root locus. 

c. Using Routh’s criterion, determine the range of K for closed-loop stability. 

6. Consider the unity negative feedback system with a PD controller shown in Figure 10.91. 
a. 4V Determine the value of the proportional gain k p such that the damping ratio of the 

closed-loop system is 0.7. 

h. What is the GM of the system if k p is set to the value obtained in Part (a)? Answer this 
question without creating the Bode plots. 

c. Verify your answer in Part (b) by creating the Bode plots using MATLAB. 

7. Consider the system 



a. Design a state-feedback controller so that the closed-loop unit-step response has an 
overshoot of less than 5% and a peak time under 1.5 s. 
h. 4K Verify the results of Part (a) in MATLAB. 

8. 4\ Consider the cart-inverted-pendulum system shown in Example 5.13. Assume that the 
mass of the cart is 0.8 kg, the mass of the pendulum is 0.2 kg, and the length of the pendu¬ 
lum is 0.6 m. 

a. Determine the poles of the linearized system. Is the linearized system stable or 
unstable? 

h. Design a full-state feedback controller for the linearized system such that the closed- 
loop poles are located at p 12 = -2.90 ± 2.15j, p 3 = -10, and p A = -20. 
c. Assume that the initial angle of the inverted pendulum is 5° away from the vertical 
reference line. Using the state feedback gain matrix K obtained in Part (b), examine 
the responses of the nonlinear and linearized closed-loop systems using Simulink. 

9. 4 \ Consider the two-degree-of-freedom quarter-car model shown in Figure 5.34, in which 
the force/, applied between the car body and the wheel-tire-axle assembly, is controlled 
by feedback and represents the active components of the suspension system. Assume that 



FIGURE 10.91 Problem 6. 
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/ = 20568.C, - 30493x 2 -1278X, + 3189x 2 . Build a Simulink block diagram of the feed¬ 
back control system. Find the displacement responses x,(f) and x 2 (t) if initially x l = -0.05 
m and x 2 = -0.05 m. Ignore the displacement input z(t). What are the system responses x,(r) 
and x 2 (t) without control? 

10. Consider the DC motor-driven wheeled mobile robot shown in Figure 6.83, in 
which the voltage applied to the DC motor is computed by a controller. Assume that 
v a = 2.56i-0.37x + 4.61x + 0.37x r , where x r is a reference trajectory that the cart should 
follow. Build a block diagram of the feedback control system, in which the mobile robot 
is constructed using Simscape blocks and the controller is constructed using Simulink 
blocks. Find the displacement response x(t) of the mobile robot if a unit-step reference 
command signal is sent to the system. 
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Appendix A 


TABLE A.1 

The International System (SI) of Units 


Quantity 

Basic Units 

Unit Name 

Symbol or Unit 

Length 

meter 

m 

Mass 

kilogram 

kg 

Time 

second 

s 

Electric current 

ampere 

A 

Voltage 

volts 

V 

Temperature 

Kelvin 

K 

Amount of substance 

mole 

mol 

Solid angle 

radian 

rad 

(Circular) frequency (m) 

SI Derived Units 


Acceleration (a) 

m/s 2 


Angular acceleration (a) 

rad/s 2 


Angular velocity (ra) 



Area (A) 

m 2 


Area moment of inertia (/) 

m 4 


Density, mass density (p) 

kg/m 3 


Dynamic viscosity ( b,c ) 

N-s/m 


Electric capacitance (C) 

farad (F) 

A-s/V 

Electric charge ( q ) 

coulomb (C) 

A-s 

Electric resistance ( R ) 

ohm (£2) 

V/A 

Force (/) 

newton (N) 

kg-m/s 2 

Frequency 

hertz (Hz) 

1/s 

Inductance (L) 

henry (H) 

V-s/A 

Magnetic flux 

weber (Wb) 

V-s 

Magnetic flux density 

tesla (T) 

Wb/m 2 

Mass moment of inertia (/) 


kg-m 2 

Power 

watt (W) 

J/s 

Pressure, mechanical stress 

pascal (Pa) 

N/m 2 

Specific heat (c, c p , c v ) 


J/(kg-K) 

Specific volume (v) 


m 3 /kg 

Thermal conductivity (k) 


W/(s-m-K) 

Velocity, speed (v) 


m/s 

Volume (V) 


m 3 

Wave length (X) 


1/m 

Work (W), energy (£), heat ( Q ) joule (J) 

Nm 
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TABLE A.2 
Conversion Factors 

Density 1 g/cm 3 = 62.43 lb m /ft 3 


Energy 

Force 

1 cal = 4.184 J 

1 lb, = 4.45 N 

1 in. = 2.54 cm 

1 ft = 0.3048 m 

1 mi. = 1609 m = 5280 ft 

Mass 

1 lb m = 0.4536 kg = 16 oz. 

1 slug = 32.174 lb m 

1 ton = 2000 lb m 

Pressure 

Temperature 

1 w = 3.413 Btu/h 

1 atm = 1.0132 x 10 5 Pa 
°C = (°F-32)/1.8 
°F = °C(1.8) + 32 

K = °C +273.16 

°R = °F + 459.69 

1 K = 1.8°R 

Thermal conductivity 

Volume 

1 W/(m.°C) = 0.5778 Btu/(hft°F) 

1 Uter (L) = 1000 cm 3 = 0.0353 ft 3 = 1.0564 quart 

1 ft 3 = 28.316 L 

1 gal = 3.785 L = 4 quarts 

1 quart = 2 pints = 67.2 in. 3 = 0.9466 L 

1 pint = 16 oz. 




Appendix B: Useful Formulas 


Trigonometric Expansions 


Sum to Product 

Product to Sum 

sin(a ±b) = sinacosfc ± cosasinfe 

sinasinfe = y [cos(a -b)- cos (a + b )] 

cos(a ±b) = cosacosb + sinasini 

cosacosfe = \ [cos(a + b) + cos(a - b )] 

. , ,. tana±tanf> 
tm(a ±b) = -- 

sinacosfc = y [sin(a + b) + sin(a - b )] 

1=F tanatanb 

cosasinfc = y [sin(a + b)~ sin(a - b)] 


Double-Angle and Half-Angle Formulas 

Double-Angle Formulas Half-Angle Formulas 

sin 2 a = y(l-cos2a) coSya = .^y(l + cosa) 

cos 2 a = y(l + cos2a) sin^a = ^y(l-cosa) 

sin2a = 2sinacosa 
cos2a = 2cos 2 a - 1 


Hyperbolic Functions 

sinha = i(e* — e~“) sinh(a ±b) = sinhacoshf; ± coshasinhfc 

cosba = i(e a + e ~ a ) cosh(a ±b) = coshacoshfe ± sinhasinhf; 

cosh 2 a - sinh 2 a = 1 sinh 2 a = i(cosh2a -1) 

cosh 2 a = y (1 + cosh2a) 
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Integration 

JV'<&=£^+c («*-1) 

j 

/■ 

Jtanx dx = - In 

J ! 

Jh 

id 

J'" 


dx = JbrJs 
sinx dx = -co 


| secx dx = ln|secx + tan 
x dx = x\ax-x+c 


' (a sin&x - b cos bx) + 


a 2 +b 2 

cosbxdx — ■ ,, 1 2 e^iacosbx + isinfcx) + c 


j£*c/x = e*+t: 

^= k W« 

J cotx dx = ln|smcj+c = -In cs 
J cscx dx = ln|cscx - cotx| h 
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